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Highly accurate closed-form analytical formula, based on the undepleted pump approximation (UPA), is
derived for pump, Stokes and the gain of a Brillouin fiber amplifier (BFA) operating in themoderately depleted
pump regime. The material loss of the medium, which is a strong effect in optical fibers, is taken into account.
To define validity ranges of the solution, the threshold power of BFA is accurately determined. The obtained
results are numerically and experimentally validated. The presented analysis can be used to accurately predict
the performance of moderate-gain BFAs.
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1. Introduction

Stimulated Brillouin scattering (SBS) is the most efficient nonlinear
amplification mechanism in optical fibers, in which a large gain may be
obtained under the pumppower of severalmilliwatts [1]. This has led to
the design of BFA configuration and has been implemented in a wide
range of applications, such as an active filter due to its narrowband
amplification feature [2] or in the control of pulse propagation in optical
fibers [3]. The BFA can also be used to measure strain and temperature
[4] which has led to the design of distributed Brillouin sensors (DBS). In
these types of sensors, strain and temperature can be measured along
the whole fiber length. The performance of the BFA fiber sensors needs
to account for pump depletion which can be investigated using the
solution of the coupled intensity equations which describe the
interaction between the pump and the Stokes wave due to SBS. The
solution of the mentioned ordinary differential equations (ODEs) is so-
called two-point boundary value problem comprising the initial values
of the pump and the Stokes waves at input points. The exact solution to
the problem is known only for losslessmedia [5]. However, this solution
is not applicable to BFAs where wave interaction occurs over tens of
kilometers and loss is a significant effect which will introduce much
error into the sensing accuracy.

An approximate solution based on the UPA is accurate enough to
answer many practical questions. However, the accuracy of UPA is not
sufficient for the applications which call for the exact solution, e.g.,
Brillouin sensors. To improve the accuracy of the UPA solution, one can
supply highly effective guess expression as a starting point for the
determination of Stokes and thus pumpwave. The accuracy of the UPA
solution is proportional to the success of the intuitive guess expression.
Several attempts have been undertaken to find a general analytical
solution to SBS equations in a lossy medium [6–9]. In Ref. [6], the
system of ODEs is reduced to a single equation which can only be
integrated numerically. In Ref. [7], the proposed solution results in a
system of two transcendental equations to be solved numerically with
no closed-form solution possible. In another approach [8], an
approximate solution is presented but is only valid for moderate
pump powers. Recently, an approximate analytic solution of the
steady state coupled equations has been proposed [9]. However, these
equations include the term of stokes intensity at the fiber input, which
is not known prior to the computation.

In this paper, highly accurate UPA based solution of pump, Stokes
and Gain of the BFA operating in themoderately depleted pump regime
is introduced. Comparisons were made in terms of accuracy with the
proposed solution and the UPA and worst-case analysis is carried out.
The threshold power of BFAs is accurately determined by extending the
expression proposed by the authors in Ref.[10]. The proposed solution is
validated by making comparison with experimental data and full
numerical integration of coupled ODEs. Validity ranges of the found
solution are discussed. Simulation results show that, at the worst case,
the absolute error of the proposed solution is 5 and 2.3 times better than
the UPA solution, for pump and Stokes and respectively.

2. Theoretical model

The coupled ODEs for the evolution of the intensities of pump Ip
and Stokes IS can be written as [5]

dIp = dz = −gBIPIS−α Ip ð1aÞ

dIs = dz = −gBIPIS + α IS ð1bÞ
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Fig. 1. (a) Distribution of pump power along the fiber using numerical solution
and proposed analytical solution. Pp(0)=1.5, 2.5, and 3.3 mW, Ps(L)=410nW,
Aeff=80 μm2, L=30 km, gB=1.091×10−11, α=0.215 dB/km (b) The absolute error
between numerical and proposed solution of Eq. (2) (UPA) and Eq. (7). (c) Maximum
Error ratio of UPA and Proposed Solution (times).
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where 0≤z≤L is the propagation distance along the optical fiber of
the total length L, α is the fiber loss coefficient, gB is the Brillouin gain
coefficient. Here we assume Stokes wave launched from the rear end
of the fiber. Then the known values of the input pump intensity Ip(0)
and the input Stokes intensity Is(L) are the boundary values. If the
pump is attenuated by the fiber loss only, which is said to be
undepleted, the pump dependence with its length is (UPA),

Ip zð Þ = Ip 0ð Þ⋅ exp −α⋅ zð Þ: ð2Þ

The stokes intensity is obtained by substitution of approximation
Eq. (2) into Eq. (1b) with subsequent integration over the whole fiber
length of the latter results in,

Is 0ð Þ = IS Lð Þ⋅ exp gB⋅ Ip 0ð Þ⋅ Lef f Lð Þ−α⋅ L
� �

ð3Þ

where Leff(x)=(1−e−α. x)/α is the effective length of distance x. Using
Eq. (1b), Is(z) can be obtained as,

Is zð Þ = Is 0ð Þ⋅ exp α⋅ z−gBIp 0ð ÞLef f zð Þ
� �

: ð4Þ

Substitution of Eq. (3) into Eq. (4), the known Stokes expression
based on the UPA can be obtained as,

Is zð Þ = Is Lð Þ⋅ exp gBIp 0ð Þ e
−αL

α
eα L−zð Þ−1
� �

−α L−zð Þ
 !

: ð5Þ

Solution of Ip(z) can be obtained by Eq. (1a),

Ip zð Þ = Ip 0ð Þ exp −α⋅∫ z

0
dz−∫ z

0
gBIS zð Þdz

n o
ð6Þ

Substitution of Eq. (5) into Eq. (6), we get,

Ip zð Þ = Ip 0ð Þ exp −α⋅ z + ∫ L−z

L
gBIS Lð Þ exp gBIp 0ð Þ e

−αL

α
eαζ−1
� �

−αζ

" #
dζ

( )

ð7Þ
where,

∫L−z

L
gBIS Lð Þ exp gBIp 0ð Þ e

−αL

α
eαζ−1
� �

−αζ

" #
dζ

= −gB⋅ IS Lð Þ⋅ C1⋅ exp −C2 = αð Þ= α2
:

ð8Þ

The coefficients of Eq. (8) are as follows,

C1 = −α⋅ exp gB⋅ IP 0ð Þ= αð Þ−C3⋅ gB⋅ IP 0ð Þ + α⋅ C4 + C5⋅ gB⋅ IP 0ð Þð Þ ð9Þ

C2 = gB⋅ Ip 0ð Þ⋅ exp −αLð Þ + α2L
� �

ð10Þ

C3 = Ei 1;−gB⋅ Ipð0Þ= α
� �

ð11Þ

C4 = exp α2z + gB⋅Ip 0ð Þ⋅ exp −α⋅ zð Þ
� �

= α
� �

ð12Þ

C5 = Ei 1;−exp −α⋅ zð Þ⋅ gB⋅ Ip 0ð Þ= α
� �

: ð13Þ

In Eqs. (11) and (13), the Ei function implies as

Ei n; zf g = ∫ ∞
1

e−zt

tn
dt n≥0: ð14Þ
The terms Ei{1,−gBIp(0)/α} and Ei(1,−exp(−α ⋅z) ⋅gB ⋅ Ip(0)/α)
can be evaluated using command line of MatlabTM as,

mfun 0Ei0;1;− exp −α⋅ zð Þ⋅ gBIp 0ð Þ= α
� �

mfun 0Ei0;1;−gBIp 0ð Þ= α
� �

:

Pump power evolution based on Eq. (7) is plotted in Fig. 1. As can
be seen from the figure, the pump power is matching very well with
the numerical solution up to the threshold level (PTh=3.3 mW).
When the input pump power threshold is crossed, discrepancy
appears. This is due to the fact that, the proposed analytical solution is
based on the UPA which is started with the intuitive guess expression
of Eq. (2).

Maximum error which occurs at the threshold pump power is 0.1%
of the pump input power which indicates the excellent agreement
with the exact numerical solution below threshold. It is seen in Fig. 1
(c) that, as the pump power decreases, error ratio of UPA/Proposed
solution increases. For pump power of 1 and 3 mW, the absolute error
of the proposed solution is 687 and 9 times better than the UPA
solution, respectively. At the worst case, which it occurs at the
threshold power level, the error performance of the proposed solution
is 5 times better than the UPA solution.



Fig. 2. (a) Distribution of Stokes power along the fiber using numerical solution
and proposed analytical solution. Pp(0)=1.5, 2.5 and 3.3 mW, Ps(L)=410 nW,
Aeff=80 μm2, L=30 km, gB=1.091×10−11, α=0.215 dB/km (b) The absolute error
between numerical and proposed solution of Eq. (5) (UPA) and Eq. (20). (c) Maximum
Error ratio of UPA and Proposed Solution (times).
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The value of the absolute error is an important criterion for the
determination of the Stokes wave evolution. For example, although
Eq. (15) seems to reflect correctly the behavior of the Stokes wave, its
absolute error performance is only 8% better (at PTh) than UPA
solution (Eq. (5)) and this performance is not satisfactory beside its
solution complexity. Details of the solution of Eq. (15) are given in the
Appendix.

IS zð Þ = IS Lð Þ exp α⋅ z−Lð Þ + ∫ z

L
gBIp 0ð Þ exp gBIS Lð Þ e

−αL

α
eαζ−1
� �

−αζ

" #
dζ

( )

ð15Þ

To lessen absolute error, the derivation of the Stokes expression
has to be startedwithmore intuitive pump expression comparedwith
Eq. (2). This can be achieved by using Ip(L) obtained by using Eq. (7).
Thus, by using Ip(L), Ip(z) can be obtained as,

Ip zð Þ = Ip 0ð Þ⋅ e−α⋅k⋅ z ð16Þ

for z=L,

Ip Lð Þ = Ip 0ð Þe−α⋅k⋅ L

= Ip 0ð Þ exp −α⋅L−∫ L

0
gBIS Lð Þ exp gBIp 0ð Þ e

−αL

α
eαζ−1
� �

−αζ

" #
dζ

( )

ð17Þ

k = − 1 = α⋅ Lð Þð Þ⋅ ln Ip Lð Þ = Ip 0ð Þ
� �

: ð18Þ

Substitution of Eq. (18) into Eq. (16), and the latter into Eq. (1b),
IS(z) can be obtained as,

IS zð Þ = IS 0ð Þ= exp gBIp 0ð Þ= α = k
� �

� exp gBIp 0ð Þ⋅ exp −α⋅ k⋅ zð Þ + α2⋅ z⋅ k
� �

= α = k
n o

: ð19Þ

In Eq. (19), IS(0) can be obtained by using the boundary value at
z=L, thus;

IS zð Þ = IS Lð Þ⋅ expffgBIp 0ð Þ⋅ exp −α⋅ k⋅ zð Þ− exp −α⋅ k⋅ Lð Þ½ �

+ α2⋅ k⋅ z−Lð Þg= α = kg Pp 0ð Þ≤ PTh:

ð20Þ

Stokes power evolution based on Eq. (20) is plotted in Fig. 2. As can
be seen from the figure, the calculated output stokes power is
matching very well with the numerical solution below threshold. As
in the case of pump, discrepancy also appears for the Stokes power
over the threshold level. As can be seen in Fig. 2(c), worst-case
relative error is observed near threshold. For the worst case,
maximum error of UPA is 2.3 times more than the maximum error
of proposed Stokes equation (Eq. 20).

The BFA gain is defined as the ratio of the amplified Stokes power
and the launched Stokes power GBFA=Ps(0)/Ps(L). It can be calculated
from Eq. (20) by setting z=0, the gain can be expressed as,

GBFA =
Ps 0ð Þ
Ps Lð Þ

= exp gBIp 0ð Þ⋅ 1− exp −α⋅ k⋅ Lð Þ½ �−α2⋅ k⋅ L
n o

= α = k
n o

Pp 0ð Þ≤PTh:

ð21Þ
Brillouin sensors call for the solution of the steady state equations

(Eq. (1a–1b)). This set of equations is valid for pulses larger than
phonon lifetime (≈10 ns.), which is equivalent to a spatial resolution,
w>1 m. If it is considered that gain is uniform over the spatial
resolution; it can be integrated over [z, z+w]. The variation in the
intensity of the cw signal due to the interaction with the pulse at
position z is given by [11],

G = Is zð Þ= Is z + wð Þ: ð22Þ

G is known as the Brillouin loss amplitude, varies with the sensing
fiber characteristics as g(νB, ΔνB), L, z. The two beams involved in the
sensing process have a measurable effect through w, Ip and Is(L). To
investigate the worst-case analysis, the relative error is introduced as,

RE = Is−Is computed

� �
= Is

��� ���: ð23Þ

The worst-case values of RE occur for z=0 and P≈PTh. For the
worst case, RE is 8.8622% and 22.02% for the proposed solution and
UPA, respectively. For P≈PTh/2, at z=0, RE is 0.2388% and 0.7340%,
and for P≈PTh/4, RE is 0.0065% and 0.1115% for the proposed solution
and UPA, respectively. Obviously the error decreases for both, as P
decreases.

image of Fig.�2


Fig. 4. Schematic of the experimental set-up.
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3. Determination of the threshold point of BFA

In Ref. [10], for the Brillouin fiber generator (BFG), the authors
investigated the Stokes backscattered Ps(0) and transmitted Pp(L)
powers as well as the rate of change of the backscattered power
against input pump power dPs(0)/dPp(L). They observed that the
inflection point of the Ps(0) curve which occurs at themaximumof dPs
(0)/dPp(L) corresponds to the threshold of BFG. Then, they have
verified that the inflection point can also be used for the determination
of BFA threshold. By following their arguments, the investigation of
the derivative of transmitted powers of Stokes versus pump power
(dPs(0)/dPp(L)) is plotted in Fig. 3(a) and the threshold point is found
as 3.3 mW. The threshold level is verified in Fig. 3(b) and seen that
after the threshold value, the error rate abruptly increases. Hence, for
the worst case maximum error occurs at the threshold value.
Maximum error at threshold power value of Pp(L) and Ps(0) is 0.7%
and 8.8%, respectively. These values imply that, proposed solutions of
Eq. (7) and Eq. (20) can be considered as semi-exact analytical
solutions below threshold.

For the determination of the input pump power threshold level,
the analytical power threshold definition can be addressed [10],

Pth =
Aeff

χSBSgBLeff
ln

ζAeff

Ps Lð ÞχSBSgBLeff

" #
ð22Þ

where Aeff is the fiber effective area and χSBS is the depolarization
factor. The authors found that ζ=0.97. However, in order to improve
accuracy, we have estimated ζ values by numerical fitting the maxima
of (dPs(0)/dPp(L)) to the analytical threshold definition in Eq. (22) and
also experimentally verified as

ζ = 2329 × PS Lð Þð Þ0:7763 + 0:03762 PS Lð Þ < 60μW ð23Þ

ζ = 2:04 × 104 × PS Lð Þ + 0:07633 PS Lð Þ > 60μW: ð24Þ

The coefficients of Eq. (23) and Eq. (24) are determined with a
standard error of R=0.9999 and R=0.9986, respectively. The upper
Fig. 3. (a) Derivative of Stokes backscattered power versus input pump (dPs(0)/dPp(L))
for the scheme in Fig. 1 and 2. (b) Absolute error between numerical and proposed
analytical solution of Ps(0) and Pp(L) vs. pump input power.
value of Ps(L) is 120 μW for Eq. (24) and χSBS is 2/3 for both Eq. (23)
and Eq. (24).

To verify Eq. (20) we have performed measurements in a standard
single-mode optical fiber using light from a tunable 1549.5 nm laser
followed by an erbium-doped fiber amplifier as a pump. In our
experimental set-up [Fig. 4], we measured the output Stokes wave Ps
(0) at the pump input. Stokes and pump sources are Erbium doped
fiber lasers, whose linewidths are smaller than 100 kHz. Their
frequency difference is controlled with a phase locked loop and is
locked to the Brillouin frequency, vB of the fiber under test. Power
meters were used to monitor the input pump power Pp(0), the
transmitted pump power Pp(L), the launched seed power Ps(L), and
the amplified Stokes power Ps(0). A 30 km length of fiber was
experimentally studied under these experimental conditions.

The experimental results are plotted in Fig. 5 together with
threshold power level. As in Fig. 1, an increased discrepancy is
observed for the transmitted pump power [Fig. 5(a)] in the regime of
strong input pump over the PTh. As for the amplifier gain (GBFA),
similar trend is observed as in the transmitted pump power evolution.
Discrepancy between predictions of the Eq. (21) and the measured
gain is observed over the PTh [Fig. 5(b)]. However, the accuracies of
Eq. (7) and Eq. (21) are very good agreement with all fiber lengths as
soon as the input pump power is below PTh.

4. Conclusions

In conclusion, highly accurate UPA based solution of pump, Stokes
and Gain of BFA are introduced for the first time, to our best of
knowledge, to the system of SBS equations in a lossy medium that
Fig. 5. (a) Transmitted pump power Pp(L) and (b) BFA gain (GBFA) versus the input
pump power Pp(0). Open circles indicate experimental data. The same values are used
as in Fig. 1.
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partly accounts for depletion. The validity range of the solution is
defined by the accurate determination of the threshold power of the
BFA. The obtained results are numerically and experimentally
validated. Simulation results show that, at the worst case, the absolute
error of the proposed solution is 5 and 2.3 times better than the UPA
solution, for pump and Stokes and respectively. The result obtained
can be used to optimize performance of moderate-gain BFAs which
are widely used in microwave photonics, radio-over-fiber technology,
and sensing.
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Appendix. Solution of Eq.(15)

Eq. (15) is obtained with starting UPA solution of Is(z) in (A1) and
can be solved as follows,

IS zð Þ = IS Lð Þ⋅ exp α⋅ L−zð Þð Þ ðA1Þ

IS zð Þ = IS Lð Þ exp α⋅ z−Lð Þ + ∫ z

L
gBIp 0ð Þ exp gBIS Lð Þ e

−αL

α
eαζ−1
� �

−αζ

" #
dζ

( )

ðA2Þ
∫ z

L
gBIp 0ð Þ exp gBIS Lð Þ e

−αL

α
eαζ−1
� �

−αζ

" #
dζ = ðA3Þ

= −Ip 0ð Þ⋅ − exp gB⋅ IS Lð Þ= αð Þð Þ + exp gB⋅ IS Lð Þ⋅ exp α⋅ L−α⋅ zð Þ =αð ÞÞ = IS Lð Þ⋅ C
ðA4Þ

with,

C = exp − gB⋅ IS Lð Þ⋅ exp α⋅ Lð Þ + α2⋅ L
� �

= α
� �

ðA5Þ
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