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RESEARCH ARTICLE                                       

A new family of q-Bernstein polynomials: probabilistic viewpoint

Ayse Karagenca, Mehmet Acikgoza and Serkan Aracib 

aDepartment of Mathematics, Faculty of Science and Arts, Gaziantep University, Gaziantep, T€urkiye; bDepartment of Computer 
Engineering, Faculty of Engineering, Hasan Kalyoncu University, Gaziantep, T€urkiye 

ABSTRACT 
In this paper, we introduce a new class of polynomials, called probabilistic q-Bernstein poly
nomials, alongside their generating function. Assuming Y is a random variable satisfying 
moment conditions, we use the generating function of these polynomials to establish new 
relations. These include connections to probabilistic Stirling numbers of the second kind and 
higher-order probabilistic Bernoulli polynomials associated with Y: Additionally, we derive 
recurrence and differentiation properties for probabilistic q-Bernstein polynomials. Utilizing 
Leibniz’s formula, we give an identity for the generating function of these polynomials. In 
the latter part of the paper, we explore applications by choosing appropriate random varia
bles, such as Poisson, Bernoulli, Binomial, Geometric, Negative Binomial, and Uniform distri
butions. This allows us to derive relationships among probabilistic q-Bernstein polynomials, 
Bell polynomials, Stirling numbers of the second kind, higher-order Frobenius-Euler numbers, 
and higher-order Bernoulli polynomials. We also present p-adic q-integral and fermionic 
p-adic q-integral representations for probabilistic q-Bernstein polynomials.
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1. Introduction

1.1. Introduction of probabilistic viewpoint

Assume that Y is a random variable satisfying appro
priate moment conditions. Adell and Lekuona (2019) 
introduced a different generalization of Stirling num
bers of the second kind as

X1

n¼m

SY n, mð Þ
tn

n!
¼

E etY½ � − 1ð Þ
m

m!
, 

which is also called probabilistic Stirling numbers of 
the second kind. Note that alternating notation for 
probabilistic Stirling numbers of the second kind is 

SYðn, mÞ :¼
n
m

� �

Y
: In the case Y ¼ 1, one has

X1

n¼m

S n, mð Þ
tn

n!
¼

et − 1ð Þ
m

m!
, 

where Sðn, mÞ is called Stirling numbers of the second 

kind. Obviously that SY¼1ðn, mÞ :¼
n
m

� �

Y¼1
:¼

Sðn, mÞ :¼
n
m

� �

: Thus, various probabilistic general

izations of special functions and polynomials have 
been studied by several mathematicians, as detailed 
in the following section.

1.2. Literature review

In the year 2019, Adell and Lekuona (2019) initiated 
the different generalization of Stirling numbers of 
the second kind, called probabilistic Stirling numbers 
of the second kind. Later, Adell (2022) gave a new 
generalization of the Stirling numbers of the second 
kind associated with each complex-valued random 
variable satisfying appropriate integrability condi
tions, and derived the applications, such as deter
mining asymptotic behavior without utilizing central 
limit theorem, and L�evy processes and cumulants. 
After that, Kim proceeded the probabilistic viewpoint 
to several special numbers and polynomials, such as 
probabilistic degenerate Bell polynomials associated 
with random variables (Kim & Kim, 2023), probabilis
tic Bernoulli and Euler polynomials (Kim & Kim, 
2024a), probabilistic degenerate Stirling polynomials 
of the second kind (Kim, Kim, & Kwon, 2024), prob
abilistic type 2 Bernoulli and Euler polynomials 
(Chen, Dolgy, Kim, & Kim, 2024), probabilistic central 
Bell polynomials (Xu, Ma, Kim, Kim, & Boulaars, 
2024), and probabilistic degenerate Fubini polyno
mials associated with random variables (Xu, Kim, 
Kim, & Ma, 2024). Also, recent investigations includ
ing probabilistic properties of polynomials defined 
over the ring of p-adic integers under the Haar 
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measure (Lei & Poulin, 2020), Appell polynomials 
subject to a random variable (Ta, 2015), a probabil
istic approach to compute the Adomian polyno
mials (Vellaisamy & Viens, 2020) and various 
applications of several special functions and poly
nomials including Hermite based Genocchi polyno
mials (Wani, 2024) and generalized Bell-Based 
Appell polynomials (Muhyi, 2024) have been 
studied extensively.

1.3. Plan of this paper

Let Y be a random variable fulfilling the moment cri
teria by

E Yj jn
� �

<1 n 2N0ð Þand lim
n!1

vj jnE Yj jn
� �

n!

¼ 0, vj j < r; r > 0ð Þ, 

where E means mathematical expectation. 
Henceforth, we see (cf. Adell, 2022) that

E eivY½ � ¼
X1

n¼0

E Yn½ �in vn

n!
, i ¼

ffiffiffiffiffiffi
−1
p

; vj j < r
� �

:

Alternatively, see Adell (2022)

E½ev Yj j� <1, vj j < r:

Let Yjf g
l
j¼1 ¼ Y1, Y2, :::, Ylð Þ be a sequence of 

mutually independent samples of Y and be denoted 
by

Sl ¼ Y1 þ Y2 þ :::þ Yl, l 2 Nð Þ:

with the initial assumption S0 :¼ 0:
The six distributions used in this paper are listed 

below (see Therrien & Tummala, 2018; Ross, 2019), 
assuming the moment generating functions are writ
ten within their appropriate intervals of 
convergence:

1. Poisson distribution. Y � Poisson að Þ with the 
parameter a > 0 with the probability density 
function (pdf) P Y ¼ yð Þ ¼ f yð Þ ¼ e−aay

y!
, y 2 N0 

yielding moment generating function (mgf) as

E eYv½ � ¼ ea ev−1ð Þ: (1) 

2. Bernoulli distribution. Y � Bernoulli p1ð Þ with the 

success probability p1 with pdf f yð Þ ¼

p1
y 1 − p1ð Þ

1−y , y 2 0, 1f gð Þ yielding mgf

E eYv½ � ¼ 1 − p1 þ p1ev: (2) 

3. Binomial distribution. Y � b n, p1ð Þ with pdf f yð Þ ¼
n
y

� �

p1
y 1 − p1ð Þ

n−y , y ¼ 0, 1, 2, :::, nð Þ yielding mgf

E eYv½ � ¼ 1 − p1 þ p1evð Þ
n
: (3) 

4. Geometric distribution. Y � Geo p1ð Þ with pdf 
f yð Þ ¼ p1

y 1 − p1ð Þ
y−1, y ¼ 1, 2, :::, nð Þ yielding mgf

E eYv½ � ¼
p1ev

1 − 1 − p1ð Þev
: (4) 

5. Negative Binomial distribution. Y � NB n, p1ð Þ

with pdf

f y, a, p1ð Þ ¼
y − 1
a − 1

� �

p1
a 1 − p1ð Þ

y−a, y ¼ a, aþ 1, :::

(5) 

yielding mgf

E eYv½ � ¼ p1ev

1− 1−p1ð Þev

� �a
(6) 

6. Uniform distribution. Let Y � U 0, 1ð Þ be a random 
variable (continuous random variable) with pdf

f yð Þ ¼ 1, 0 � y � 1

E eYv½ � ¼
ev − 1

v
:

(7) 

Recently, in Karagenc, Acikgoz, and Araci (2024), 
the authors introduced a probabilistic version of clas
sical Bernstein polynomials, denoted by BY

k, n xð Þ;
using the following generating function:

X1

n¼k

BY
k, n xð Þ

tn

n!
¼

txð Þk

k!
E etY½ �ð Þ

1−x
, (8) 

and derived recurrence, derivative, and relation formulas 
linking these polynomials to other special polynomials, 
such as Euler polynomials, Bernoulli polynomials of 
higher order, Frobenius-Euler polynomials of higher 
order, Stirling numbers of the second kind and Bell poly
nomials. When Y ¼ 1 in Equation (8), we obtain

X1

n¼k

Bk, n xð Þ
tn

n!
¼

txð Þk

k!
e 1−xð Þt , 

which corresponds to the generating function for 
the Bernstein polynomials. This leads us to pose the 
following question:

Is it possible to construct a further generalization of 
the probabilistic Bernstein polynomials within the 
framework of q-analysis?

We first consider q-Bernstein polynomials, which 
were also introduced by Simsek and Acikgoz (2010, 
Equation 3.8):

X1

n¼k

Yn k; x; qð Þ
vn

n!
¼

v x½ �q
� �k

k!
e 1−x½ �qv , 

which was also studied, and different proof was pro
vided by Kim, Jang, and Yi (2010, Equation 2.1), by 
taking Ynðk; x; qÞ ¼ Bk, nðx, qÞ: Throughout this paper, 
we will use Bk, nðx, qÞ, as it closely resembles the clas
sical one. Here, x½ �q is q-extension of x; defined as

x½ �q :¼
qx − 1
q − 1

, 0 < q < 1ð Þ:

Note that limq!1− x½ �q ¼ x:
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Our aim is to give an answer to the question 
above by introducing the following generating func
tion of the probabilistic q-Bernstein polynomials:

Fr;Y x, v, qð Þ ¼
X1

n¼r

BY
r, n x, qð Þ

vn

n!
¼

v½x�q
� �r

r!
E evY½ �ð Þ

1−x½ �q ,

0 � x � 1; r 2 0, 1, 2, :::, nf gð Þ,

(9) 

where BY
r, nðx, qÞ yields Br, nðx, qÞ in the case when 

Y ¼ 1, that is, BY¼1
r, n ðx, qÞ :¼ Br, nðx, qÞ: By introducing 

a new and different family of Bernstein polynomials 
as given in Equation (9), we will derive some new 
interesting identities, relations, and results. Also, by 
considering appropriate random variable Y such as 
Bernoulli, Poisson, Binom, Geometric, Negative 
Binom, and Uniform distributions, we explored inter
esting results among some special polynomials, such 
as Bell polynomials, Bernoulli polynomials of higher 
order, Frobenius-Euler polynomials of higher order, 
Stirling numbers of the second kind, etc., which we 
stated in Section 3.

1.4. Notations

Here we briefly summarize some mathematical tools 
which will be used in deriving main results of this 
paper. We now begin with the following notations:

N :¼ 1, 2, 3, :::f g, N0 :¼ 0, 1, 2, 3, :::f g ¼ N [ 0f g:

Z; Q; R; and C will respectively, be denoted the 
set of integers, rational numbers, real numbers, and 
complex numbers.

For 0 < q < 1; we recall q-extension of x; denoted 
by x½ �q, as follows:

x½ �q ¼
qx − 1
q − 1

:

Note that limq!1 − x½ �q ¼ x: Additionally, we list 
the following properties which will be shown easily 
by making use of the definition q-extension of x:

1. x − y½ �q ¼ x½ �q − qx−y y½ �q,

2. −x½ �q ¼ −q−x x½ �q, x½ �q−1 ¼ q1−x x½ �q,

3. 1 − x½ �q ¼ 1 − x½ �q−1 :

Then we have

1 − x½ �
m
q ¼ q−mx

Xm

l¼0

m
l

� �

−1ð Þ
l x½ �lq: (10) 

See Araci (2021) and Kim (1999, 2002, 2009) for 
more details on q-analysis.

Let Br, n xð Þ represent the Bernstein polynomials of 
degree n (also known as classical Bernstein polyno
mials, Bernstein polynomials, or Bernstein polynomial 
bases) defined by the following generating function. 
For x 2 0, 1½ �, n 2 N0 :¼ N [ 0f g and v 2 C, we have

Fr x, vð Þ ¼
vxð Þr

r!
ev 1−xð Þ

¼
X1

n¼r

Br, n xð Þ
vn

n!
, (11) 

where

Br, n xð Þ ¼
n
r

� �

xr 1 − xð Þ
n−r , r ¼ 0, 1, :::, n:

For further details on Bernstein polynomials, 
please refer to Acikgoz and Araci (2010) and Simsek 
and Acikgoz (2010).

Each Bernoulli polynomial of degree n, Bn xð Þ, can 
be determined using the generating function:

v
ev − 1

exv ¼
X1

n¼0

Bn xð Þ
vn

n!
, vj j < 2pð Þ, (12) 

where, with x ¼ 0 in Equation (12), Bn 0ð Þ :¼ Bn, rep
resenting the Bernoulli numbers (see Chen et al., 
2024; Frontczak & Tomovski, 2022; Kim, Kim, Rim, & 
Dolgy, 2017; Kim & Kim, 2024a; Srivastava & Vignat, 
2012).

In Kim et al. (2017), the Bernoulli polynomials of 
higher order, B að Þ

n xð Þ; can be computed by

v
ev−1

� �aexv ¼
X1

n¼0

B að Þ
n xð Þ

vn

n!
, vj j < 2pð Þ: (13) 

The Euler polynomials, En xð Þ, described in Chen 
et al. (2024), Frontczak and Tomovski (2022), Kim 
(2007, 2009), Kim and Kim (2024a), and Srivastava 
and Vignat (2012), are given by

2
ev þ 1

exv ¼
X1

n¼0

En xð Þ
vn

n!
, vj j < pð Þ, (14) 

where, for x ¼ 0 in 14ð Þ, En 0ð Þ :¼ En denotes Euler 
numbers.

In Kim and Kim (2023), Bell polynomials, /n xð Þ, 
are defined by

X1

n¼0

/n xð Þ
vn

n!
¼ ex ev−1ð Þ, 

which corresponds to the moment generating func
tion of the Poisson distribution with mean x:

Lastly, the Frobenius-Euler polynomials of order 
r 2 R, as described in Araci and Acikgoz (2018), are 
given by

1−u
ev−u

� �rexv ¼
X1

n¼0

H rð Þ
n xjuð Þ

vn

n!
, u 2 C − 1f gð Þ:

We now review several p-adic tools and notations 
that will be used in the final section of this paper. 
Let p be chosen as a fixed prime number for bosonic 
p-adic integral and as an odd prime number for fer
mionic p-adic integrals over Zp: The symbols Zp, Qp 

and Cp represent the ring of p-adic rational integers, 
the field of p-adic rational numbers, and the comple
tion of an algebraic closure of Qp; respectively. Let 
vp denote the normalized exponential valuation of 
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Cp with pj jp ¼
1
p ; see Kim (1999, 2007) and Schikhof 

(1984) for more details.
Let UDðZpÞ be the space of uniformly differenti

able functions on Zp: For f 2 UDðZpÞ; the p-adic 
q-integral (or q-Volkenborn integral) on Zp is defined 
by Kim (1999) as follows:

Iq fð Þ ¼
ð

Zp

f xð Þdlq xð Þ ¼ lim
N!1

1
pN½ �q

Xp
N−1

l¼0

f lð Þql
(15) 

If we set f xð Þ ¼ e x½ �qv in 15ð Þ, it follows that
ð

Zp

x½ �rqdlq
xð Þ ¼ br, q, see Kim ð1999Þ; (16) 

where br, q represents Carlitz’s q-Bernoulli numbers.
Let C Zpð Þ be the space of all continous functions 

on Zp: For f 2 C Zpð Þ; Kim introduced the fermionic 
p-adic q-integral on Zp in Kim (2009) as follows:

I−q fð Þ ¼
Ð

Zp
f xð Þdl−q xð Þ ¼ limN!1

1
pN½ �−q

Xp
N−1

l¼0

f lð Þ −qð Þ
l:

(17) 

By setting f xð Þ ¼ e x½ �qv in 17ð Þ, we see that
ð

Zp

x½ �rqdl−q
xð Þ ¼ ℇr, q, see Kim ð2009Þ; (18) 

where ℇr, q denotes the q-Euler numbers.

2. Main results

In this section, we are now able to present the follow
ing theorems, which include probabilistic Bernoulli 
polynomials of higher order, probabilistic Stirling 
numbers of the second kind, probabilistic Euler poly
nomials, derivatives of probabilistic Bernstein polyno
mials and recurrence relation.

Definition 2.1. Let BY
r, n x, qð Þ be the probabilistic 

q-Bernstein polynomials of degree n given by the 
following generating function: For x 2 0, 1½ �, n 2 N0 :

¼ N [ 0f g and v 2 C;

X1

n¼r

BY
r, n x, qð Þ

vn

n!
¼

v½x�q
� �r

r!
E evY½ �ð Þ

1−x½ �q ,

0 � x � 1; r 2 0, 1, 2, :::, nf gð Þ:

Remark 2.1. In the limiting case as q! 1 in 
Definition 2.1, it turns into Equation (8) introduced 
by Karagenc et al. (2024).

Remark 2.2. In the limiting case as q! 1 and Y ¼
1; it reduces to the classical Bernstein polynomials.

Theorem 2.1. Let Y be a random variable and n 2
N0 with r � n: The probabilistic q-Bernstein polyno
mials subject to a random variable Y can be written 

as the probabilistic Bernoulli polynomials of higher 
order associated with Y:

BY
r, n x, qð Þ ¼

Xn

m¼0

n
m

� �
n − m

r

� �

Y
b

rð Þ
m, Y 1 − x½ �q−1

� �
x½ �rq:

Proof. We first consider generating function of the 
probabilistic q-Bernstein polynomials associated with 
Y in this form:

X1

n¼r

BY
r, n x, qð Þ

vn

n!
¼ x½ �rq

E eYv½ � − 1ð Þ
r

r!
v

E eYv½ � − 1

� �r

E eYv½ �ð Þ
ð1− x½ �q−1 Þ

:

Then,

¼ x½ �rq
X1

n¼r

n
r

� �

Y

vn

n!

 !
X1

n¼0

b
rð Þ

n, Y ð1 − x½ �q−1Þ
� � vn

n!

 !

:

It follows that

¼
X1

n¼0

Xn

m¼0

n
m

� �
n − m

r

� �

Y
b

rð Þ
m, Y 1 − x½ �q−1Þ
� �

x½ �rq

 !
vn

n!

which yields the proofs when compared the 
coefficients vn

n!
:

Since

E eYv½ �ð Þ
x½ �q−1
¼
X1

r¼0

− x½ �q−1

� �

r

r!
E eYv½ � − 1ð Þ

r
, 

we have the following theorem.                         w

Theorem 2.2. Let Y be a random variable and n 2
N0 with r � n:

We have the explicit identity:

BY
r, n x, qð Þ ¼

Xn−r

l¼0

Xl

r¼0

n

r

 !
n − r

l

 !
l

r

( )

Y

− x½ �q−1

� �

r
x½ �rqE Yn−r−l½ �:

Proof. From 9ð Þ; we own

X1

n¼r

BY
r, n x, qð Þ

vn

n!
¼

v x½ �q
� �r

r!
E eYv½ �ð Þ

1− x½ �q−1

¼ E eYv½ �
v x½ �q
� �r

r!
E eYv½ �ð Þ

x½ �q−1

¼ E eYv½ �
v x½ �q
� �r

r!

X1

r¼0

− x½ �q−1

� �

r

E eYv½ � − 1ð Þ
r

r!

¼ E eYv½ �
v x½ �q
� �r

r!

X1

r¼0

− x½ �q−1

� �

r

X1

n¼r

n

r

( )

Y

vn

n!

¼ E eYv½ �
v x½ �q
� �r

r!

X1

n¼0

Xn

r¼0

− x½ �q−1

� �

r

n

r

( )

Y

0

@

1

A
vn

n!

¼
v x½ �q
� �r

r!

X1

n¼0

E Yn½ �
vn

n!

 !
X1

n¼0

Xn

r¼0

− x½ �q−1

� �

r

n

r

( )

Y

0

@

1

A
vn

n!

0

@

1

A

¼
vr x½ �rq

r!

X1

n¼0

Xn

l¼0

Xl

r¼0

− x½ �q−1

� �

r

n

l

 !
l

r

( )

Y

E Yn−l½ �

0

@

1

A

0

@

1

A
vn

n!

¼
X1

n¼r

Xn−r

l¼0

Xl

r¼0

n

r

 !
n − r

l

 !
l

r

( )

Y

− x½ �q−1

� �

r
x½ �rqE Yn−r−l½ �

0

@

1

A
vn

n!
, 
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by matching the coefficients of vn

n!
, we arrive at

BY
r, n x, qð Þ ¼

Xn−r

l¼0

Xl

r¼0

−1ð Þ
r n

r

� �
n − r

l

� �
l
r

� �

Y
− x½ �q−1

� �

r
x½ �rqE Yn−r−l½ �, 

which completes the proof.

Theorem 2.3. Let Y be a random variable, and n 2
N0 with r � n: Then we have

x½ �rq ¼
1

E Yn−r½ �

Xn

l¼0

Xn−l

m¼0

n − l
m

� �

Y

n
l

� �

n
r

� � x½ �q−1

� �

m
BY

r, l x, qð Þ:

Proof. In the following alternative form of the gener
ating function of probabilistic q-Bernstein polyno
mials:

v x½ �q
� �r

r!
E eYv½ � ¼ E eYv½ �ð Þ

x½ �q−1
X1

n¼r

BY
r, n x, qð Þ

vn

n!
:

On one hand,

I1 ¼ E eYv½ � − 1þ 1ð Þ
x½ �q−1
X1

n¼0

BY
r, n x, qð Þ

vn

n!

¼
X1

m¼0

x½ �q−1

� �

m

E eYv½ � − 1ð Þ
m

m!

X1

n¼0

BY
r, n x, qð Þ

vn

n!

¼
X1

m¼0

x½ �q−1

� �

m

E eYv½ � − 1ð Þ
m

m!

 !
X1

n¼0

BY
r, n x, qð Þ

vn

n!

 !

¼
X1

n¼0

Xn

m¼0

x½ �q−1

� �

m

n

m

( )

Y

0

@

1

A
vn

n!

0

@

1

A
X1

n¼0

BY
r, n x, qð Þ

vn

n!

 !

¼
X1

n¼0

Xn

l¼0

Xn−l

m¼0

n − l

m

( )

Y

n

l

 !

x½ �q−1

� �

m
BY

r, l x, qð Þ

0

@

1

A
vn

n!
:

On the other hand, it becomes

I2 ¼
v x½ �q
� �r

r!
E eYv½ �

¼
X1

n¼r

n

r

 !

x½ �rqE Yn−r½ �
vn

n!
:

Since I1 ¼ I2; we obtain the following equation by 
comparing coefficients vn

n!
on both sides o fthe above:

x½ �rq ¼
1

E Yn−r½ �

Xn

l¼0

Xn−l

m¼0

n − l
m

� �

Y

n
l

� �

n
r

� � x½ �q−1

� �

m
BY

r, l x, qð Þ:

An immediate result of Theorem 2.3 when taken 
bosonic and fermionic p-adic integral both sides 
respectively of the above equations gives.            w

Corollary 2.1. The following identity holds true:

br, q ¼
1

E Yn−r½ �

Xn

l¼0

Xn−l

m¼0

n − l

m

( )

Y

n

l

 !

n

r

 !

ð

Zp

x½ �q−1

� �

m
BY

r, l x, qð Þdlq
xð Þ, 

Er, q ¼
1

E Yn−r½ �

Xn

l¼0

Xn−l

m¼0

n − l

m

( )

Y

n

l

 !

n

r

 !

ð

Zp

x½ �q−1

� �

m
BY

r, l x, qð Þdl−q
xð Þ:

Theorem 2.4. Let Y be a random variable and n 2
N0, n � r with r � n: Then we have

Xn

j¼0

n
j

� �

BY
r, j x, qð ÞE

Y
n−j x½ �q−1

� �
¼

n
r

� �

x½ �rqE
Y
n−r 1ð Þ:

Proof. Since

2

E eYv½ � þ 1
E eYv½ �ð Þ

x½ �q−1
X1

n¼r

BY
r, n x, qð Þ

vn

n!
¼

vr x½ �rq
r!

2E eYv½ �

E eYv½ � þ 1

¼
X1

n¼0

EY
n x½ �q−1

� � vn

n!

 !
X1

n¼0

BY
r, n x, qð Þ

vn

n!

 !

¼
X1

n¼0

EY
n 1ð Þ

vnþr x½ �rq
r!n!

¼
X1

n¼0

Xn

j¼0

n

j

 !

BY
r, j x, qð ÞE

Y
n−j x½ �q−1

� �

0

@

1

A
vn

n!
¼
X1

n¼r

n

r

 !

x½ �rqE
Y
n−r 1ð Þ

 !
vn

n!
:

Then, we possess

Xn

j¼0

n
j

� �

BY
r, j x, qð ÞE

Y
n−j x½ �q−1

� �
¼

n
r

� �

x½ �rqE
Y
n−r 1ð Þ:

w

Theorem 2.5. Let Y be a random variable and n 2
N0 with r � n: Then we own

Xn

j¼0

n
j

� �

BY
r, j x, qð Þb

Y
n−j x½ �q−1

� �
¼

n
r

� �

x½ �rqb
Y
n−r 1ð Þ:

Proof. Since

v

E eYv½ � − 1
E eYv½ �ð Þ

x½ �q−1
X1

n¼r

BY
r, n x, qð Þ

vn

n!
¼

vr x½ �rq
r!

vE eYv½ �

E eYv½ � − 1

¼
X1

n¼0

bY
n x½ �q−1

� � vn

n!

 !
X1

n¼0

BY
r, n x, qð Þ

vn

n!

 !

¼
X1

n¼0

bY
n 1ð Þ

vnþr x½ �rq
r!n!

¼
X1

n¼0

Xn

j¼0

n

j

 !

BY
r, j x, qð Þb

Y
n−j x½ �q−1

� �

0

@

1

A
vn

n!
¼
X1

n¼r

n

r

 !

x½ �rqb
Y
n−r 1ð Þ

 !
vn

n!
:

Then, it becomes

Xn

j¼0

n
j

� �

BY
r, j x, qð Þb

Y
n−j x½ �q−1

� �
¼

n
r

� �

x½ �rqb
Y
n−r 1ð Þ, 

which completes the proof.                               w
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Theorem 2.6. The probabilistic q-Bernstein polyno
mials of degree n can be expressed as the terms of 
the probabilistic q-Bernstein polynomials of degree 

n − 1ð Þ as follows:

BY
r, n x, qð Þ ¼ x½ �qBY

r−1, n−1 x, qð Þ þ 1 − x½ �qE Y½ �BY
r, n−1 x, qð Þ:

Proof. Taking the partial derivative with respect to v 
on both sides gives

X1

n¼r

BY
r, n x, qð Þ

vn−1

n − 1ð Þ!
¼

x½ �rq
r!

@

@v
vr E eYv½ �ð Þ

1−x½ �q

� �

¼ x½ �q
v x½ �q
� �r−1

r − 1ð Þ!
E eYv½ �ð Þ

1−x½ �q

þ 1 − x½ �qE Y½ �
v x½ �q
� �r

r!
E eYv½ �ð Þ

1−x½ �q

¼
X1

n¼r−1

x½ �qBY
r−1, n x, qð Þ

vn−1

n − 1ð Þ!

þ
X1

n¼r

1 − x½ �qE Y½ �BY
r, n x, qð Þ

vn

n!
:

Thus, we arrive at the desired result.

Since

log E eYv½ � ¼
X1

¼0

Xn

l¼0

−1ð Þ
l nþ 1

l þ 1

� �

Y

 !
vnþ1

nþ 1ð Þ!
, 

we state the following theorem.                         w

Theorem 2.7. Let Y be a random variable and n 2
N0 with r � n: The partial derivative of the probabil
istic q-Bernstein polynomials with respect to x holds 
true:

@

@x
BY

r, n x, qð Þ ¼nqx ln q
q − 1

BY
r−1, n−1 x, qð Þ

þ q1−x ln q
1 − q

Xn−1

j¼0

Xn−1−j

l¼0

n

j

 !

BY
r, j x, qð Þ −1ð Þ

l n − j

l þ 1

( )

Y

:

Proof. In the generating function of the probabilistic 
q-Bernstein polynomials, when we employ the 
derivative operator with respect to x, it yields

By comparing coefficients vn on both sides of the 
above, we arrive at the desired result.                  w

Theorem 2.8. Let Y be a random variable and m 2
N0 with r � n:

F mð Þ
r;Y x, v, qð Þ ¼

Xm

l¼0

m

l

 !

x½ �lq
rð Þl
r!

r − lð Þ!E Ym−l½ � 1 − x½ �
m−l
q

Fr−l;Y x, v, qð Þ, 

where F mð Þ
r;Y x, v, qð Þ ¼

@m

@vm Fr;Y x, v, qð Þ: w

Proof. Using Leibniz’s formula for the mth derivative 
with respect to v,

f vð Þ ¼
v x½ �q
� �r

r!
and g vð Þ ¼ E eYv½ �ð Þ

1−x½ �q
:

We obtain the following higher order partial 
derivative equation:

@m

@xm
Fr;Y x, v, qð Þ ¼

Xm

l¼0

m
l

� �
@ l

@xl
f vð Þ

� �
@m−l

@xm−l
g vð Þ

� �

, 

substituting f vð Þ and g vð Þ into above, the theorem 
obtained.                                                       w

3. Applications of probabilistic q-Bernstein 
polynomials in special random variables Y

In this section, employing specific random variables, 
such as Poisson, Bernoulli, Binomial, Negative 
Binomial, Geometric, and Uniform distributions, we 
evaluate the probabilistic q-Bernstein polynomials. 
Additionally, we establish explicit identities, integral 
representations, and uncover new relationships 
among higher-order Bernoulli polynomials, Bell poly
nomials, higher-order Frobenius-Euler numbers, and 
Stirling numbers of the second kind.

Theorem 3.1. The probabilistic q-Bernstein polyno
mials associated with the Poisson random variable, 
Y � Poisson að Þ, can be written in terms of Bell poly
nomials as

X1

n¼r

@

@x
BY

r, n x, qð Þ
vn

n!
¼

vr

r!
@

@x
x½ �rq E eYv½ �ð Þ

1− x½ �q−1
� �

¼ v
v x½ �q
� �r−1

r − 1ð Þ!
qx ln q

q − 1
E eYv½ �ð Þ

ð1− x½ �q−1 Þ
þ

vr

r!
q1−x ln q

1 − q
E eYv½ �ð Þ

ð1− x½ �q−1 Þ
log E eYv½ �

¼
X1

n¼r−1

qx ln q
q − 1

BY
r−1, n x, qð Þ

vnþ1

n!
þ
X1

n¼r

q1−x ln q
1 − q

log E eYv½ �BY
r, n x, qð Þ

vn

n!

¼
X1

n¼r−1

qx ln q
q − 1

BY
r−1, n x, qð Þ

vnþ1

n!
þ q1−x ln q

1 − q

X1

n¼r

BY
r, n x, qð Þ

vn

n!

 !
X1

n¼0

Xn

l¼0

−1ð Þ
l nþ 1

l þ 1

( )

Y

0

@

1

A
vnþ1

nþ 1ð Þ!

0

@

1

A

¼
X1

n¼r−1

qx ln q
q − 1

BY
r−1, n x, qð Þ

vnþ1

n!
þ q1−x ln q

1 − q

X1

n¼0

Xn

j¼0

Xn−j

l¼0

nþ 1

j

 !

BY
r, j x, qð Þ −1ð Þ

l n − j þ 1

l þ 1

( )

Y

0

@

1

A
vnþ1

nþ 1ð Þ!
:
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BY
r, n x, qð Þ ¼

n
r

� �

x½ �rq/n−r að1 − x½ �q−1Þ
� �

:

Proof. From 1ð Þ; we have

X1

n¼r

BY
r, n x, qð Þ

vn

n!
¼

vr x½ �rq
r!

eað1− x½ �q−1 Þ ev−1ð Þ

¼
vr x½ �rq

r!

X1

n¼0

/n að1 − x½ �q−1Þ
� � vn

n!

¼
X1

n¼r

n

r

 !

x½ �rq/n−r að1 − x½ �q−1Þ
� � vn

n!
, 

by comparing the coefficients of vn

n!
we arrive at 

the desired result.
Moreover, for the case of that Y is a Poisson ran

dom variable, Y � Poisson að Þ; we own the following 
consequence which can be achieved through series 
manipulations.                                                w

Theorem 3.2. The following relation holds true:

BY
r, n x, qð Þ ¼

Xn−r

m¼0

n
r

� �

am x½ �rqð1 − x½ �q−1Þ
n − r

m

� �

:

Proof. From 1ð Þ; we have

X1

n¼r

BY
r, n x, qð Þ

vn

n!
¼

vr x½ �rq
r!

eað1− x½ �q−1 Þ ev−1ð Þ

¼
vr x½ �rq

r!

X1

m¼0

amð1 − x½ �q−1Þ
ðev − 1Þm

m!

¼
X1

m¼0

amð1 − x½ �q−1Þ
X1

n¼m

n

m

( )
vn

n!

¼
X1

n¼r

Xn−r

m¼0

n

r

 !

am x½ �rqð1 − x½ �q−1Þ
n − r

m

( ) !
vn

n!
:

By comparing coefficients vn

n!
on both sides of the 

above expression, we conclude the proof of this 
theorem.

From (7) and Theorem 3.2, we get the following 
theorem.                                                       w

Corollary 3.1. The following identity is true:

BY
r, n x, qð Þ ¼

Xn−r

m¼0

Xm

l¼0

−1ð Þ
l
am n − r

m

( )
n

r

 !
m

l

 !

q−mx x½ �rþl
q :

Corollary 3.2. Taking q-Volkenborn integral in the 
Corollary 3:1; we have
ð

Zp

BY
r, n x, qð Þdlq xð Þ ¼

ln q

1 − qð Þ
rþ1

Xn−r

m¼0

Xm

l¼0

1

1 − qð Þ
l

Xlþr

j¼0

−1ð Þ
lþj−1

am n − r

m

( )
n

r

 !
m

l

 !
l þ r

j

 !
j − m

j − m½ �q
:

Corollary 3.3. Taking fermionic p-adic q-integral in 
the Corollary 3.1, we have
ð

Zp

BY
r, n x, qð Þdl−q xð Þ ¼

2
1 − qð Þ

r

Xn−r

m¼0

Xm

l¼0

1

1 − qð Þ
l

Xlþr

j¼0

−1ð Þ
lþj

am n − r

m

( )

n

r

 !
m

l

 !
l þ r

j

 !
1

1þ qj−m
:

Let Y � Bernoulli p1ð Þ with the success probability 
p1: Here is the following theorem.

Theorem 3.3. Let Y be Bernoulli p1ð Þ: Then we have

BY
r, n x, qð Þ ¼ x½ �rq

n
r

� �
Xn−r

m¼0

pm
1 1 − x½ �q−1

� �

m

n − r
m

� �

:

Proof. From 2ð Þ, we observe that

X1

n¼r

BY
r, n x, qð Þ

vn

n!
¼

vr x½ �rq
r!

p1 ev − 1ð Þ þ 1
� � 1−x½ �q

¼
vr x½ �rq

r!

X1

m¼0

pm
1

1 − x½ �q−1

� �

m

m!
ev − 1ð Þ

m

¼
X1

n¼r

x½ �rq
n

r

 !
Xn−r

m¼0

pm
1 1 − x½ �q−1

� �

m

n − r

m

( ) !
vn

n!
, 

for the case of comparing coefficients vn

n!
on the 

boths sides of the above, we thereby complete the 
proof of this theorem.

Let Y � b n, p1ð Þ be binomial random variable with 
success p1: Here is the subsequent theorem.         w

Theorem 3.4. The probabilistic q-Bernstein polyno
mials associated with the Binomial random variable 
Y can be written in terms of linear combination of 
Stirling numbers of the second kind as

BY
r, n x, qð Þ ¼ x½ �rq

n

r

 !
Xn−r

m¼0

pm
1 ð1 − x½ �q−1Þ n − rð Þ
� �

m

n − r

m

( )

:

Proof. It can be written from 3ð Þ that

X1

n¼r

BY
k, n x, qð Þ

vn

n!
¼

vr x½ �rq
r!

p1 ev − 1ð Þ þ 1
� �n 1−x½ �q

¼
vr x½ �rq

r!

X1

m¼0

nð1 − x½ �q−1Þ

m

 !

p1 ev − 1ð Þ
� �m

¼
vr x½ �rq

r!

X1

m¼0

pm
1 nð1 − x½ �q−1Þ
� �

m

X1

n¼m

n

m

( )
vn

n!

¼
X1

n¼r

x½ �rq
n

r

 !
Xn−r

m¼0

pm
1 ð1 − x½ �q−1Þ n − rð Þ
� �

m

n − r

m

( ) !
vn

n!
, 

which asserts the proof of this theorem.
Let Y � Geo p1ð Þ be geometric distribution with 

obtaining the first success p1: w

Theorem 3.5. The probabilistic q-Bernstein polyno
mials associated with the Geometric random variable 
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Y can be written in terms of Frobenius-Euler number 
of higher order as

−1ð Þ
n−rBY

r, n x, qð Þ ¼ x½ �rq
n
r

� �

H
ð1− x½ �q−1 Þ

n−r q1ð Þ:

Proof. Since

X1

n¼r

BY
r, n x, qð Þ

vn

n!
¼

vr x½ �rq
r!

p1ev

1 − q1ev

� �ð1− x½ �q−1 Þ

¼
vr x½ �rq

r!

X1

n¼0

H
ð1− x½ �q−1 Þ

n q1ð Þ
−vð Þ

n

n!

¼
X1

n¼r

x½ �rq
n

r

 !

H
ð1− x½ �q−1 Þ

n−r q1ð Þ −1ð Þ
n−r vn

n!
, 

we arrive at the desired result when compared the 

coefficients vn

n!
on the above.

Using a Negative Binomial random variable Y �
NB n, p1ð Þ;we derive the following theorem in a manner 
similar to that of the Geometric random variable.           w

Theorem 3.6. The probabilistic q-Bernstein polyno
mials associated with the Negative binomial random 
variable Y can be expressed in terms of summation 
of the products of Frobenius-Euler number of higher 
order and Bernstein basis polynomials as:

BY
r, n x, qð Þ ¼

Xn

l¼0

n
l

� �

an−kBr, l xð ÞH
að1− x½ �q−1 Þð Þ

n−l q−1
1

� �
:

Let Y � U 0, 1ð Þ be a uniform random variable. Then 
we finalize the paper with the following theorem.

Theorem 3.7. The probabilistic q-Bernstein polyno
mials associated with the uniform random variable Y 
can be written in terms of Bernoulli polynomials of 
higher order as:

BY
r, n x, qð Þ ¼

n
r

� �

x½ �rqB
x½ �q−1 −1ð Þ

n−k :

Proof. By utilizing

X1

n¼r

BY
r, n x, qð Þ

vn

n!
¼

vr x½ �rq
r!

ev − 1
v

� � 1−x½ �q

¼
vr x½ �rq

r!
v

ev − 1

� � x½ �q−1 −1

¼
X1

n¼r

x½ �rq
n

r

 !

B
x½ �q−1 −1ð Þ

n−r
vn

n!
, 

we achieve the desired result.                            w

Remark 3.1. Each of these distributions Bernoulli, 
Binom, Poisson, Geometric, Negative Binomial, and 
Uniform has unique properties that make them suit
able for use in generating functions. By utilizing these 
distributions, we can derive various types of formulas 
involving special polynomials. This approach proves 
useful in deriving new and interesting formulas in 
both mathematics and statistics.

4. Conclusion

Motivated by Adell and Lekuona (2019) probabilistic 
viewpoint via the generating function of the prob
abilistic Stirling numbers of the second kind as

X1

n¼m

SY n, mð Þ
tn

n!
¼

E etY½ � − 1ð Þ
m

m!
, 

several researchers have introduced different general
izations of special numbers and polynomials, see Adell 
(2022), Chen et al. (2024), Gomaa and Magar (2022), 
Karagenc et al. (2024), Kim (1999), Kim and Kim (2023, 
2024a, 2024b), Kim et al. (2010, 2024), Lei and Poulin 
(2020), Leon-Garcia (1994), Soni, Vellaisamy, and Pathak 
(2024), Srivastava and Vignat (2012), Ta (2015), Therrien 
and Tummala (2018), Vellaisamy and Viens (2020), Xu, 
Kim, et al. (2024), and Xu, Ma, et al. (2024). In conclu
sion, we introduced a new class of polynomials, the 
probabilistic q-Bernstein polynomials, which extends 
the classical Bernstein polynomials by incorporating 
probabilistic and q-analysis. Through the generating 
function of these polynomials, we derived several 
important mathematical relations, linking probabilistic 
q-Bernstein polynomials with probabilistic Stirling num
bers of the second kind, higher-order probabilistic 
Bernoulli polynomials associated with a random vari
able Y, Bell polynomials, Frobenius-Euler polynomials of 
higher order. We have also established recurrence and 
differentiation properties for probabilistic q-Bernstein 
polynomials. Using Leibniz’s formula, an identity for the 
generating function was derived. In exploring various 
random variables, including the Poisson, Bernoulli, 
Binomial, Geometric, Negative Binomial, and Uniform 
distributions, we demonstrated how these choices lead 
to meaningful applications and relationships among 
probabilistic q-Bernstein polynomials, Bell polynomials, 
Stirling numbers of the second kind, higher-order 
Frobenius-Euler numbers, and higher-order Bernoulli 
polynomials. Additionally, by presenting p-adic q-inte
gral and fermionic p-adic q-integral representations, we 
further extended the utility of probabilistic q-Bernstein 
polynomials within the context of p-adic analysis. 
Overall, this study not only introduces probabilistic q- 
Bernstein polynomials but also opens pathways for 
their application in analytic number theory, combina
torics, and mathematical analysis.

5. Future recommendations

In the case Y ¼ 1, E evY½ � equals exponential function, 
ev: For this reason, when studying generating functions 
of special functions, polynomials, and numbers, replac
ing ev with E evY½ � introduced a new era of probabilistic 
extension. It is recommended that researchers explore 
probabilistic extensions of special functions and focus 
on deriving new and interesting relationships within 
subfields of mathematics and statistics.
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