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A B S T R A C T

Metamaterial (MM) slabs in close proximity can couple with one another. This coupling can modify the
electromagnetic response of the overall MM structure involving individual MM resonators. The signal flow
graph technique along with the ABCD parameters are applied to quantitatively and qualitatively examine this
coupling from simulated/measured scattering parameters of cascade connection of closely or largely separated
MM slabs. S-parameter measurements of a MM slab constructed by split-ring-resonators were carried out at
X-band (8.2-12.4 GHz) to validate our theoretical analysis.
. Introduction

Metamaterial (MMs) are structures that demonstrate unusual elec-
romagnetic characteristics, such as negative refractive index [1],
hich lead to many applications in different areas including per-

ect lenses [2], electromagnetic cloaks [3], absorbers [4], tunable
evices [5], and sensors [6]. In order to get full benefit from these
pplications, electromagnetic responses of these materials need to be
ully known. A variety of techniques were proposed such as the quali-
ative effective medium theory [7], field averaging [8], homogenization
echniques [9], and techniques based on measured/simulated scattering
S-) parameters [10]. Among these techniques, the latter has attracted
uge interest due to its implementation (i.e., ease of measurements) and
easibility of analyzing complex MM structures through 3D full-wave
lectromagnetic simulators [11–20].

MM structures are constructed, in general, by positioning peri-
dically small resonating elements in the transverse plane. Such a
onstruction inherently follows coupling phenomenon between these
esonating elements [21]. In addition to this coupling, MM structures
an interact with each other in the longitudinal direction [22]. These
ouplings (transverse and longitudinal) may modify not only the elec-
romagnetic response of the individual MM resonating cells, but also
he overall electromagnetic behavior of the entire MM structure [22].

∗ Corresponding author.
E-mail address: uchasar@gantep.edu.tr (U.C. Hasar).

As a consequence, the coupling between close MM resonators in the
transverse as well as the longitudinal dimensions should be investi-
gated to gain more understanding of electromagnetic response of MM
structures.

Numerous studies have examined transverse and longitudinal cou-
plings [5,21–31]. The studies in [22–24] examined the effect of both
coupling types on electromagnetic response of split-ring-resonator
(SRR) MMs with no additional gap. Because an additional gap can
change the electromagnetic response of these MMs and thus gives
additional flexibility for tailoring their electromagnetic behavior, the
studies in [21,25] analyzed, at microwave frequencies, the effect of
multiple gaps on a change in the electromagnetic response of these
slabs. Other studies focused on MM resonators at infrared and terahertz
frequencies [26,30,31]. Some studies performed analyses of the tun-
ability of MM structures by adjusting the degree of coupling between
resonating MM elements [5,27–29]. Nonetheless, these studies did
not examine the transverse and/or longitudinal coupling between MM
resonating cells through S-parameters. For quantitative and qualitative
studies of the coupling effects, the signal flow graph (SFG) technique
and the transfer matrix (TM) technique have been applied based on
S-parameters [32]. This paper examines the effect of longitudinal
coupling on S-parameters of the coupling network. Sensitivity analysis
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will be used to evaluate the effect of any possible air gap between MM
slabs. Experimental waveguide measurements are performed to validate
the theoretical analysis.

2. Theory

In this section, a theoretical background is given for the SFG tech-
nique along with the TM technique [33] for quantitative and qualitative
examination of longitudinal coupling between resonating elements.

2.1. Two-Slabs in propagation direction

Fig. 1(a) shows two slabs denoted by Slab-1 and Slab-2, cascaded in
the wave propagation direction. To consider the effect of the coupling
between these slabs due to their close proximity, a region (i.e., a
coupling network) is assumed to be present between these slabs, as
shown in Fig. 1(b). The slabs and coupling networks in Fig. 1(b) are
modeled by the following S-parameters: 𝑆(1)

11 , 𝑆(1)
12 , 𝑆(1)

21 , and 𝑆(1)
22 for

the network of the first slab; 𝑆(𝑐)
11 , 𝑆(𝑐)

12 , 𝑆(𝑐)
21 , and 𝑆(𝑐)

22 for the coupling
network; and 𝑆(2)

11 , 𝑆(2)
12 , 𝑆(2)

21 , and 𝑆(2)
22 for the network of the second

slab.
In obtaining the overall response of cascaded networks, the SFG

technique is applied. This technique is useful once the individual ele-
ments are modeled by S-parameters [33]. Application of this technique
to the representation in Fig. 1(b) results in the following forward and
backward S-parameters [34]

𝑆3𝑇
11 = 𝑆2𝑇

11 +
𝑆2𝑇
21 𝑆

2𝑇
12 𝑆

(2)
11

1 − 𝑆(2)
11 𝑆

2𝑇
22

, 𝑆3𝑇
21 =

𝑆(2𝑇 )
21 𝑆(2)

21

1 − 𝑆(2)
11 𝑆

2𝑇
22

, (1a)

3𝑇
22 = 𝑆(2)

22 +
𝑆(2)
21 𝑆

(2)
12 𝑆

2𝑇
22

1 − 𝑆(2)
11 𝑆

2𝑇
22

, 𝑆3𝑇
12 =

𝑆2𝑇
12 𝑆

(2)
12

1 − 𝑆(2)
11 𝑆

2𝑇
22

, (1b)

here

2𝑇
11 = 𝑆(1)

11 +
𝑆(1)
21 𝑆

(1)
12 𝑆

(𝑐)
11

1 − 𝑆(𝑐)
11 𝑆

(1)
22

, 𝑆2𝑇
21 =

𝑆(1)
21 𝑆

(𝑐)
21

1 − 𝑆(𝑐)
11 𝑆

(1)
22

, (2a)

𝑆2𝑇
22 = 𝑆(𝑐)

22 +
𝑆(𝑐)
21 𝑆

(𝑐)
12 𝑆

(1)
22

1 − 𝑆(𝑐)
11 𝑆

(1)
22

, 𝑆2𝑇
12 =

𝑆(1)
12 𝑆

(𝑐)
12

1 − 𝑆(𝑐)
11 𝑆

(1)
22

. (2b)

ere, the superscript ‘2T’ denotes the result of cascaded networks of the
lab-1 and the Coupling network, whereas the superscript ‘3T’ shows
he full response of the structure in Fig. 1(b). It is seen from (1) and
2) that the coupling network affects the overall response.

On the other hand, the TM technique (or the ABCD parameters)
an be applied to examine the overall response as well as the cou-
ling between cascaded MM slabs [35,36], as shown in Fig. 1(c).
athematically, it is possible to write

[

𝐴𝑤 𝐵𝑤
𝐶𝑤 𝐷𝑤

]

=
[

𝐴1 𝐵1
𝐶1 𝐷1

] [

𝐴𝑐 𝐵𝑐
𝐶𝑐 𝐷𝑐

] [

𝐴2 𝐵2
𝐶2 𝐷2

]

, (3)

here the letters ‘𝑤’, ‘1’, ‘𝑐’, and ‘2’ designate the cascaded configura-
ion in Fig. 1(a) (with coupling), the left slab, the coupling section, and
he right slab, respectively. ABCD parameters’ correspondence of each
etwork can be obtained from S-parameters [37]

𝐴 =
[

(1 + 𝑆11)(1 − 𝑆22) + 𝑆21𝑆12
]

∕2𝑆21, (4a)

𝐵 =
[

(1 + 𝑆11)(1 + 𝑆22) − 𝑆21𝑆12
]

∕2𝑆21, (4b)

𝐶 =
[

(1 − 𝑆11)(1 − 𝑆22) − 𝑆21𝑆12
]

∕2𝑆21, (4c)

=
[

(1 − 𝑆11)(1 + 𝑆22) + 𝑆21𝑆12
]

∕2𝑆21, (4d)

rom (3), the ABCD parameters for the coupling section can be obtained
s
[

𝐴𝑐 𝐵𝑐
]

=
[

𝐴1 𝐵1
]−1 [𝐴𝑤 𝐵𝑤

] [

𝐴2 𝐵2
]−1

. (5)
2

𝐶𝑐 𝐷𝑐 𝐶1 𝐷1 𝐶𝑤 𝐷𝑤 𝐶2 𝐷2 s
ere, ⋆−1 denotes the inverse of the matrix ⋆. After evaluating the
ABCD parameters of the coupling network from (5), the S-parameters
of this network can determined

𝑆(𝑐)
11 =

𝐴𝑐 + 𝐵𝑐 − 𝐶𝑐 −𝐷𝑐
𝐴𝑐 + 𝐵𝑐 + 𝐶𝑐 +𝐷𝑐

, (6a)

𝑆(𝑐)
12 =

2
(

𝐴𝑐𝐷𝑐 − 𝐵𝑐𝐶𝑐
)

𝐴𝑐 + 𝐵𝑐 + 𝐶𝑐 +𝐷𝑐
, (6b)

𝑆(𝑐)
21 = 2

𝐴𝑐 + 𝐵𝑐 + 𝐶𝑐 +𝐷𝑐
, (6c)

𝑆(𝑐)
22 =

−𝐴𝑐 + 𝐵𝑐 − 𝐶𝑐 +𝐷𝑐
𝐴𝑐 + 𝐵𝑐 + 𝐶𝑐 +𝐷𝑐

. (6d)

.2. Multiple-Slabs in propagation direction

The analysis given in the previous subsection is applicable only
or two slabs positioned in the propagation direction. However, this
nalysis can be extended to a composite structure involving multiple
labs (𝑝 = 1, 2,… , 𝑁 where 𝑁 denotes the total number of slabs) in

the direction of propagation after exercising the following two steps.
First, the ABCD parameters (𝐴before, 𝐵before, 𝐶before, 𝐷before, 𝐴after, 𝐵after,
𝐶after, and 𝐷after) of the slabs before (𝑝 = 1, 2,… , 𝑘) and after (𝑝 =
, 𝑘 + 1,… , 𝑁) the interface of slabs 𝑘 and 𝑘 + 1, in the order the
labs are positioned, within which the coupling network is examined,
re calculated using the simulated/measured S-parameters of the slabs
sing (4a)–(4d). Here, 𝑘 = 1, or 2, ⋯, or 𝑁 − 1. Second, coupling S-
arameters 𝑆(𝑐)

11𝑘, 𝑆(𝑐)
21𝑘, 𝑆(𝑐)

12𝑘, and 𝑆(𝑐)
22𝑘 at the slab interface (𝑘, 𝑘+ 1) can

e computed from

(𝑐)
11𝑘 =

𝐴𝑐𝑘 + 𝐵𝑐𝑘 − 𝐶𝑐𝑘 −𝐷𝑐𝑘
𝐴𝑐𝑘 + 𝐵𝑐𝑘 + 𝐶𝑐𝑘 +𝐷𝑐𝑘

, (7a)

(𝑐)
12𝑘 =

2
(

𝐴𝑐𝑘𝐷𝑐𝑘 − 𝐵𝑐𝑘𝐶𝑐𝑘
)

𝐴𝑐𝑘 + 𝐵𝑐𝑘 + 𝐶𝑐𝑘 +𝐷𝑐𝑘
, (7b)

(𝑐)
21𝑘 = 2

𝐴𝑐𝑘 + 𝐵𝑐𝑘 + 𝐶𝑐𝑘 +𝐷𝑐𝑘
, (7c)

(𝑐)
22𝑘 =

−𝐴𝑐𝑘 + 𝐵𝑐𝑘 − 𝐶𝑐𝑘 +𝐷𝑐𝑘
𝐴𝑐𝑘 + 𝐵𝑐𝑘 + 𝐶𝑐𝑘 +𝐷𝑐𝑘

, (7d)

here
[

𝐴𝑐𝑘 𝐵𝑐𝑘
𝐶𝑐𝑘 𝐷𝑐𝑘

]

=
[

𝐴before 𝐵before
𝐶before 𝐷before

]−1 [𝐴𝑤 𝐵𝑤
𝐶𝑤 𝐷𝑤

] [

𝐴after 𝐵after
𝐶after 𝐷after

]−1

. (8)

. Computational analysis

The entire analysis in this section is separated into two parts. In
he first part, the theoretical background given in Section 2 is vali-
ated by considering a cascaded network consisting of two identical
onventional materials. In the second part, two identical MM slabs
re cascaded to examine the ABCD and S-parameters of the coupling
etwork.

.1. Electrical properties and geometrical details of conventional materials
nd MM slabs

Two different types of samples were used for validation of our
heoretical analysis. The first type is a typical conventional isotropic
olyethylene (PE) sample with complex relative permittivity 𝜀𝑟 = 2.25−
4.4444 × 10−5 and physical dimensions of 3.85 × 10.16 × 22.86 mm3. It
xactly fits to an X-band (8.2–12.4 GHz, 𝑎 = 22.86 mm and 𝑏 = 10.16
m) rectangular metallic waveguide. For a second sample type, two
ifferent MM slabs constructed by C-shaped square SRRs are consid-
red in our study due to their ease of construction and widespread
sage [1,22], although coupling between adjacent MM slabs involving
arious resonators such as 𝜋-shaped [38], U-shaped [39], octagon-
haped [40], and 𝛬-shaped [41] resonators could as well be examined
y our proposed method. In construction of these MM slabs with C-

haped square SRRs, the MM cell in Fig. 2(a) was considered. It is
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Fig. 1. The problem under analysis: (a) Slab-1 and Slab-2 are cascaded together, (b) the S-parameter representation of the cascaded slabs including Coupling network, and (c) the
ABCD parameter correspondence of representation in Fig. 1(b).
Fig. 2. (a) Geometrical details of the MM slab constructed by split-ring-resonator unit cell: 𝐿𝑚 = 2.00 mm, 𝑤 = 𝑔 = 0.30 mm, 𝑢𝑦 = 𝑢𝑧 = 2.54 mm, 𝑢𝑥 = 2𝑑 + 𝑡𝑚, 𝑡𝑚 = 35 μm
(metallization thickness), and 𝑑 = 1.615 mm (substrate thickness) and (b) the MM slab realized by repeating this unit cell (4 times in 𝑦 direction 7 times in 𝑥 direction to fit into
an X-band waveguide cross section (𝑎 = 22.86 mm and 𝑏 = 10.16 mm)).
assumed to be made by a SRR pattern (copper with conductivity 𝜎 =
5.8 × 107 S/m and thickness 𝑡𝑚 = 35 μm) sandwiched between two
identical FR4 dielectric substrates which have a thickness of 𝑑 = 1.615
mm, a length of 𝑢𝑧 = 2.54 mm, a height of 𝑢𝑦 = 2.54 mm, and a relative
complex permittivity of 𝜀𝑠 = 4.3(1 − 𝑖𝛿𝑒) where the loss tangent is
𝛿𝑒 = 0.025 or 0.005. We selected this substrate due to its availability in
our laboratory for comparison of simulation results with measurement
results. Similar to the usage of various forms of resonators, substrates
with different electromagnetic properties (F4B, AD 25N, AD 450, and
AD 600) could as well be chosen in the analysis of coupling between
nearby MM slabs by our proposed analysis. The geometrical details of
a SRR pattern are presented in Fig. 2(a): metallization length 𝐿𝑚 = 2.00
mm, width 𝑤 = 0.30 mm, and gap 𝑔 = 0.30 mm.

As discussed in Section 2.2, our proposed method is applicable for a
composite MM structure having 𝑁 number of MM slabs in propagation
direction. However, for simplicity, we only consider two different types
of MM slabs. The first type MM slab demonstrated in Fig. 2(b) is
realized by repeating 7 times the unit cell in the 𝑥 direction and 4 times
in the 𝑦 direction (after reversing). The periodicities of the first MM slab
in 𝑥 and 𝑦 directions are 𝑢𝑥 = 3.27 mm and 𝑢𝑦 = 2.54 mm, both of which
are much less than the free-space wavelength (30 mm) corresponding
to 𝑓 = 10 GHz [42]. This shows that 𝑎 = 7𝑢𝑥 and 𝑏 = 4𝑢𝑦, meaning that
the first MM slab fills the whole cross section of the X-band waveguide.
The second MM slab is identical to the first one except for 11 times
repetition of the unit cell in the 𝑥 direction (the thickness of the FR4
substrate is 1.02 mm). The periodicities of the second MM slab in 𝑥
and 𝑦 directions are 𝑢𝑥 = 2.078 mm and 𝑢𝑦 = 2.54 mm. These MM
slabs are referred to the MM7 slab and the MM11 slab in the remaining
manuscript. While the MM slab is selected to compare calculated and
3

7

measured 𝑆3𝑇
11 , 𝑆3𝑇

21 , 𝑆3𝑇
12 , and 𝑆3𝑇

22 (Section 5.3), there is no compelling
reason for selecting the MM11 slab except for its different periodicity
in the transverse plane (𝑥𝑦 plane) with respect to the MM7 slab.

3.2. Simulation details

The full three-dimensional simulation software Computer Simu-
lation Technology (CST) Microwave Studio was used to obtain the
S-parameters of different configurations. Plane wave propagation and
guided wave propagation through a rectangular waveguide could be
equally applied to examine the coupling between nearby MM slabs by
our methodology. However, in our present study, we preferred guided-
wave propagation to plane wave propagation, because free-space mea-
surements are hard to implement than guided-wave measurements due
to the requirement of elimination of diffraction effects (wider sample
dimension in transverse plane) and undesired reflections from ground
or nearby objects [43,44]. Then, electric wall (𝐸𝑡 = 0) boundary
conditions were applied at 𝑥 = ∓𝑎∕2 and at 𝑦 = ∓𝑏∕2 to realize
waveguide metallic walls over the 𝑥𝑦 plane. Two waveguide ports,
10 mm away from the surface of the MM slabs, were located at the
𝑥𝑦 planes. Such boundary conditions and waveguide ports were used to
simulate X-band (8.2–12.4 GHz) metallic waveguide structure operated
at its dominant TE10 mode. Adaptive mesh property of CST Microwave
Studio was functioned to optimize the meshing.

3.3. Simulation results

3.3.1. Validation
Cascade connection of two identical PE samples was considered for

validation. Toward this end, S-parameters of each individual sample
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w

Fig. 3. (a) Simulated (Sim) and calculated (Cal) |𝑆3𝑇
11 |, |𝑆

3𝑇
21 |, |𝑆

3𝑇
12 |, and |𝑆3𝑇

22 | and (b) extracted |𝑆 (𝑐)
11 |, |𝑆

(𝑐)
21 |, |𝑆

(𝑐)
12 |, and |𝑆 (𝑐)

22 | for cascade connection of two identical PE samples.
The conditions of 𝑆 (𝑐)

11 = 𝑆 (𝑐)
22 = 0 and 𝑆 (𝑐)

21 = 𝑆 (𝑐)
12 = 1 were considered. Reprinted with the permission of [32].
ere first simulated and recorded as 𝑆(1)
11 , 𝑆(1)

21 , 𝑆(1)
12 , and 𝑆(1)

22 for the
first sample and 𝑆(2)

11 , 𝑆(2)
21 , 𝑆(2)

12 , and 𝑆(2)
22 for the second sample. Next,

S-parameters of cascade connection of these samples were simulated
and recorded as 𝑆3𝑇

11 , 𝑆3𝑇
21 , 𝑆3𝑇

12 , and 𝑆3𝑇
22 . Then, 𝑆3𝑇

11 , 𝑆3𝑇
21 , 𝑆3𝑇

12 , and 𝑆3𝑇
22

were determined from (1) and (2) using simulated S-parameters of the
first and second samples under the assumption of no coupling; that is,
𝑆(𝑐)
11 = 𝑆(𝑐)

22 = 0 and 𝑆(𝑐)
21 = 𝑆(𝑐)

12 = 1. The validity of this assumption
will be discussed shortly. Then, 𝐴𝑤, 𝐵𝑤, 𝐶𝑤, and 𝐷𝑤 parameters of
the cascade connection were calculated from the simulated 𝑆3𝑇

11 , 𝑆3𝑇
21 ,

𝑆3𝑇
12 , and 𝑆3𝑇

22 using (4a)–(4d). The same procedure was repeated for the
first and second PE samples. Finally, 𝑆(𝑐)

11 , 𝑆(𝑐)
22 , 𝑆(𝑐)

21 , and 𝑆(𝑐)
12 parameters

were evaluated from (6a)–(6d).
Fig. 3(a) exhibits simulated and calculated magnitudes |𝑆3𝑇

11 |, |𝑆
3𝑇
21 |,

|𝑆3𝑇
12 |, and |𝑆3𝑇

22 | for the cascade connection of two identical PE samples
under 𝑆(𝑐)

11 = 𝑆(𝑐)
22 = 0 and 𝑆(𝑐)

21 = 𝑆(𝑐)
12 = 1. Besides, Fig. 3(b) shows

determined |𝑆(𝑐)
11 |, |𝑆

(𝑐)
21 |, |𝑆

(𝑐)
12 |, and |𝑆(𝑐)

22 | terms using (5). For brevity,
the phases of S-parameters are not given. The following remarks are
noted from the dependencies in Fig. 3(a) and (b). First, because the
PE sample material is symmetric and reciprocal, |𝑆3𝑇

11 | = |𝑆3𝑇
22 | and

|𝑆3𝑇
21 | = |𝑆3𝑇

12 | over the full band. Second, simulated and calculated
|𝑆3𝑇

11 | and |𝑆3𝑇
21 | are individually identical, meaning that, as expected,

there is no coupling between PE samples (passive material). Third,
extracted 𝑆(𝑐)

11 = 𝑆(𝑐)
22 = 0 and 𝑆(𝑐)

21 = 𝑆(𝑐)
12 = 1 results are in good

agreement with our aforementioned assumption.

3.3.2. Results of coupling between MM slabs
Figs. 4 and 5 demonstrate the effect of substrate loss (solid curve

for 𝛿𝑠 = 0.025 and dashed curve for 𝛿𝑠 = 0.005) on simulated S-
parameters of the MM7 and MM11 slabs with length 2.54 mm. The
following points are noted from the dependencies in Figs. 4 and 5.
First, as seen from Figs. 4(a) and 5(a), the transmission S-parameter
reaches minimum value around 10.46 GHz and 10.35 GHz (degenerate
resonance frequencies) for the MM7 slab (𝛿𝑠 = 0.005) and the MM11 slab
(𝛿𝑠 = 0.005), respectively. Second, these resonance frequencies are split
into two individual resonance frequencies of 9.565 and 10.464 GHz for
the cascade connection of the MM7 slabs, and 9.091 and 10.422 GHz
for the cascade connection of the MM11 slabs, due to coupling in the
propagation direction (𝑧 direction) [5,21,22,37]. Third, the substrate
loss broadens the band of resonance frequencies. Fourth, a decrease
in the transverse 𝑥 dimension (from the MM7 slab to the MM11 slab)
leads to a decrease in the resonance frequencies, which, we think,
is due to a change in effective inductance and capacitance of the
MM slab. For a dominant mode (TE10) propagation inside the X-band
waveguide, the electric field will have one component in the 𝑦 direction
and the magnetic field will have two components in the 𝑥 and 𝑧
directions. Therefore, whereas there is no electric coupling (electric
field is directed over the slit axis), there is a magnetic coupling because
the transverse magnetic field in the 𝑥-direction is perpendicular to the
SRR plane [5,22], and this magnetic coupling is more pronounced than
4

the magnetic coupling created by longitudinal magnetic field after the
SRR is rotated in the 𝑦-direction by 90◦ (for this reason, in this study we
use this dominant magnetic coupling) [22]. For the dominant magnetic
coupling (magnetic excitation), symmetrical surface currents will flow
over the SRRs according to the 𝑥 axis [5], which will definitely be
affected by any additional gap over the SRR. These surface currents
will accumulate charges of the same polarity at the corresponding gaps
of the adjacent SRRs in the 𝑥 axis, producing negligible change in
the overall capacitance. However, magnetic excitation will produce a
significantly increased mutual inductance due to a decrease in the gap
between corresponding SRRs in the 𝑥 axis, which in turn augment
the overall inductance. Consequently, a downshift in the resonance
frequency is observed for a decrease in the space between the SRRs
in the 𝑥 direction.

|𝑆3𝑇
11 |, |𝑆3𝑇

21 |, |𝑆3𝑇
12 |, and |𝑆3𝑇

22 | were then calculated for a cascade
connection of both slabs. For example, Fig. 6(a) and (b) show simulated
and calculated |𝑆3𝑇

11 |, |𝑆
3𝑇
21 |, |𝑆

3𝑇
12 |, and |𝑆3𝑇

22 | for consecutive connection
of two MM7 slabs (𝛿𝑠 = 0.025) and of two MM11 slabs (𝛿𝑠 = 0.025). In the
analysis, 𝑆(𝑐)

11 = 𝑆(𝑐)
22 = 0 and 𝑆(𝑐)

21 = 𝑆(𝑐)
12 = 1 were set. The dependencies

in Fig. 6(a) and (b) show a disagreement between simulated and calcu-
lated |𝑆3𝑇

11 |, |𝑆
3𝑇
21 |, |𝑆

3𝑇
12 |, and |𝑆3𝑇

22 | for both cascaded MM slabs, mainly
around the resonance region (≅ 10.3 GHz). This directly suggests that
the coupling between the MM slabs created the observed deviation.
To quantitatively evaluate the degree of coupling, |𝑆(𝑐)

11 |, |𝑆
(𝑐)
21 |, |𝑆

(𝑐)
12 |,

and |𝑆(𝑐)
22 | for both cascaded MM slabs were determined as shown in

Figs. 7(a) and 7(b), respectively. It is observed from Fig. 7 that |𝑆(𝑐)
21 |

and |𝑆(𝑐)
12 | values pass over the unity value along the resonance regions

of both cascaded MM slabs while the |𝑆(𝑐)
11 | and |𝑆(𝑐)

22 | values show rapid
variation along these regions. This clearly indicates the energy transfer
between MM slabs in the direction of propagation (the 𝑧 axis) [33].

To further examine the coupling or interference between closely
or largely separated MM slabs in the direction of propagation, the
magnitudes of the magnetic fields, as shown Fig. 8(a) and (b), at
10.485 GHz for the cascaded MM7 slabs (𝛿𝑠 = 0.025) and at 10.371 GHz
for the cascaded MM11 slabs (𝛿𝑠 = 0.025) were analyzed. These figures
illustrate spatial variation of magnetic fields between 2 × 2 SRR cells in
𝑦 and 𝑧 directions, with maximum and minimum levels represented by
red and blue colors, respectively. Fig. 8(a) and (b) illustrate that only
one cell pair is active in the direction of propagation [21]. An earlier
study discussed in detail that different amplitudes and phases will be
present if the excitation of the pairs is nonequal, meaning no symmetric
or anti-symmetric excitation [21].

Our approach was also employed to monitor the effect of distance
between the MM slabs on the coupling mechanism. This distance is
assumed to be filled by FR4 material across the cross section of the
X-band waveguide. Fig. 9(a) and (b) show the simulated and calculated
|𝑆3𝑇

11 |, |𝑆
3𝑇
21 |, |𝑆

3𝑇
12 |, and |𝑆3𝑇

22 | for cascaded two MM7 slabs (𝛿𝑠 = 0.025)
and for cascaded two MM11 slabs (𝛿𝑠 = 0.025) when there is a 12 mm
distance between these MM slabs. It is assumed that 𝑆(𝑐) = 𝑆(𝑐) = 0
11 22
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Fig. 4. The effect of substrate loss (solid curve for 𝛿𝑠 = 0.025 and dashed curve for 𝛿𝑠 = 0.005) on simulated (a) |𝑆 (1)
11 |, |𝑆

(1)
21 |, |𝑆

(1)
12 |, and |𝑆(1)

22 | and (b) |𝑆3𝑇
11 |, |𝑆

3𝑇
21 |, |𝑆

3𝑇
12 |, and |𝑆3𝑇

22 |

f the MM7 slab. Reprinted with the permission of [32].
Fig. 5. The effect of substrate loss (solid curve for 𝛿𝑠 = 0.025 and dashed curve for 𝛿𝑠 = 0.005) on simulated (a) |𝑆 (1)
11 |, |𝑆

(1)
21 |, |𝑆

(1)
12 |, and |𝑆(1)

22 | and (b) |𝑆3𝑇
11 |, |𝑆

3𝑇
21 |, |𝑆

3𝑇
12 |, and |𝑆3𝑇

22 |

f the MM slab.
11
Fig. 6. Simulated (Sim) and calculated (Cal) |𝑆3𝑇
11 |, |𝑆

3𝑇
21 |, |𝑆

3𝑇
12 |, and |𝑆3𝑇

22 | for (a) cascaded two MM7 slabs (𝛿𝑠 = 0.025) and (b) cascaded two MM11 slabs (𝛿𝑠 = 0.025). Dashed and
solid curves denote, respectively, the calculated and simulated dependencies. In the analysis, 𝑆 (𝑐)

11 = 𝑆 (𝑐)
22 = 0 and 𝑆 (𝑐)

21 = 𝑆 (𝑐)
12 = 1.
Fig. 7. Extracted |𝑆(𝑐)
11 |, |𝑆

(𝑐)
21 |, |𝑆

(𝑐)
12 |, and |𝑆 (𝑐)

22 | for cascaded (a) two MM7 slabs (𝛿𝑠 = 0.025) and (b) two MM11 slabs (𝛿𝑠 = 0.025).
f
nd 𝑆(𝑐)
21 = 𝑆(𝑐)

12 = 1. It is noted from Figs. 9(a) and 9(b) that almost
dentical simulated and calculated |𝑆3𝑇

|, |𝑆3𝑇
|, |𝑆3𝑇

|, and |𝑆3𝑇
| values
5

11 21 12 22 (

or both cascaded MM slabs indicate negligible amount of coupling
weak coupling) between MM slabs. To verify this claim, |𝑆(𝑐)

|, |𝑆(𝑐)
|,
11 21
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Fig. 8. Space distribution of the magnitudes of the magnetic field intensity for cascaded
(a) MM7 slabs at their resonance frequencies 10.485 GHz and (b) MM11 slabs at their
resonance frequencies 10.371 GHz. Red color shows the highest value of 0 dB A/m
while blue color shows the lowest value of −40 dB A/m. (For interpretation of the
references to colour in this figure legend, the reader is referred to the web version of
this article.)

|𝑆(𝑐)
12 |, and |𝑆(𝑐)

22 | were extracted, as given in Figs. 10(a) and 10(b),
respectively. It is noted that extracted |𝑆(𝑐)

21 | (and |𝑆(𝑐)
12 |) and |𝑆(𝑐)

11 | (and
|𝑆(𝑐)

22 |), respectively, were almost unity and zero over the entire band,
thus verifying our claim. Also, the dependencies of the magnitude of
the magnetic field intensity for the cascaded MM7 slabs (𝛿𝑠 = 0.025) and
for the cascaded MM11 slabs (𝛿𝑠 = 0.025) at their resonance frequencies
(10.308 GHz and 10.182 GHz, respectively) were analyzed as shown
Figs. 11(a) and 11(b). It is evident from Fig. 11 that, similar to the
dependence in Fig. 8, only pair in propagation direction is active for
the cascaded MM slabs. On the other hand, Fig. 12(a) and (b) exhibit
the dependencies of |𝑆(𝑐)

11 |, |𝑆
(𝑐)
21 |, |𝑆

(𝑐)
12 |, and |𝑆(𝑐)

22 | for both cascaded MM
slabs (𝛿𝑠 = 0.025) when the separation distance is reduced from 12 mm
to 4 mm. Non-unity extracted |𝑆(𝑐)

21 | (or |𝑆(𝑐)
12 |) in Fig. 12 shows non-

negligible amount of coupling around the resonance region (|𝑆(𝑐)
21 | ≠ 1

or |𝑆(𝑐)
12 | ≠ 1) between cascaded MM slabs in propagation direction.

Furthermore, it is noticed from Figs. 7 and 12 that, as expected,
the coupling degree between cascaded MM slabs when the separation
distance between them is zero is higher than the coupling degree
between cascaded MM slabs when the separation distance is 4 mm.
Other simulations were performed to assess the coupling and its degree
between cascaded analyzed MM slabs with substrate loss 𝛿𝑠 = 0.005
and with different separation distances. For instance, Fig. 13(a) and
(b) show the extracted |𝑆(𝑐)

11 |, |𝑆
(𝑐)
21 |, |𝑆

(𝑐)
12 |, and |𝑆(𝑐)

22 | for both cascaded
MM slabs (𝛿𝑠 = 0.005) for separation distance 4 mm. From Figs. 12 and
13, we note that when the loss behavior of the substrate increases, the
coupling between MM slabs decrease accordingly.

4. Uncertainty analysis

As an indispensable part in many extraction or retrieval methods, an
uncertainty analysis was performed to evaluate any possible errors in
the application of our coupling analysis approach. In parallel with our
recent paper [20], in this section we investigate the effect of presence
of air gap between MM slabs because our approach in this paper is
to evaluate any possible coupling or interference between closely or
largely separated MM slabs in propagation direction. It is assumed that
gap is introduced at the center (symmetrical with respect to 𝑧 direction)
of the whole cascaded structure. For instance, for a separation distance
12 mm between MM slabs and gap region of 1 mm, gap is assumed to
be present between 8.54 mm (𝐿+6 mm) and 9.54 mm measured from
the front/back face of the cascade connection of MM slabs.

Figs. 14 and 15 illustrate the effect of air gap between cascaded
MM slabs (𝛿𝑠 = 0.025) in propagation direction for different separation
distances. The following two key points are concluded from the depen-
dencies in Figs. 14 and 15. First, presence of air gaps, although small
(0.05 mm), between MM slabs considerably alters the dependencies
6

of extracted |𝑆(𝑐)
11 |, |𝑆(𝑐)

21 |, |𝑆(𝑐)
12 |, and |𝑆(𝑐)

22 | compared with the those
for the no-gap case (e.g., see Figs. 7 and 14). Second, extracted |𝑆(𝑐)

21 |

and |𝑆(𝑐)
12 | are identical even though the gap is present between the

MM slabs. This is because the MM slabs considered in our analysis (in
addition to the air medium and filling FR4 substrate) are reciprocal
(transmission symmetric) and the composite structure composed of
MM slabs, air medium, and FR4 substrate will be reciprocal, too [see
(3) and (5)]. Third, the presence of air gaps in the cascaded MM
slabs produces asymmetry in the direction of propagation, resulting
in non-identical extracted |𝑆(𝑐)

11 | and |𝑆(𝑐)
22 |. Fourth, we note that the

discrepancy between extracted |𝑆(𝑐)
11 | and |𝑆(𝑐)

22 | introduced by the air
gaps increases by separation distance and symmetry. Finally, we note
from Figs. 10 and 15 that the presence of air gaps can result in non-zero
extracted |𝑆(𝑐)

11 | and |𝑆(𝑐)
22 | and non-unity |𝑆(𝑐)

21 | and |𝑆(𝑐)
12 |, which may

be mistakenly interpreted that there exists coupling between cascaded
slabs, especially for MM resonators’ slabs (see Section 5).

5. Experimental analysis

5.1. Experimental setup and its calibration

Fig. 16 shows a photo of the measurement setup used to validate
our analysis. This setup has a Keysight vector network analyzer (VNA)
with model number N9918A operated to measure S-parameters at X-
band. Its directivity is no less than 32 dB and its dynamic range is
90 dB over X-band. Phase-steady 3.5 mm coaxial cables of length
100 cm were connected between the VNA and X-band coaxial-to-
waveguide adapters. Two additional X-band waveguide sections with
sufficient length (approximately two times the free-space wavelength
at the mid-frequency) were placed between the measurement cell and
the coaxial-to-waveguide adapters.

Because the ends of the rectangular waveguide section are gender-
less, and due to the relatively simpler implementation of its calibration
standards, the thru-reflect-line (TRL) calibration procedure was applied
to calibrate the measurement setup in Fig. 16 before starting the
validation process of our proposed analysis. An X-band waveguide
straight with length of 10.16 mm was utilized as a line standard,
resulting in nearly ±70◦ phase value change from 90◦ over full the
entire X-band. A highly reflection metal termination was operated as
the reflect standard for both ports. After performing the calibration,
full verification was conducted before continuing with measurements.
Toward this end, phase values and magnitudes of 𝑆21 (or 𝑆12) of the
thru standard and the line standard, in addition to the magnitudes of
𝑆11 (or 𝑆22), were recorded. It was noted that phase values of 𝑆21 (or
𝑆12) were approximately less than 1◦ at all frequencies in the X-band for
the thru standard and approximately −90◦ at the mid-frequency of the
X-band for the line standard. It was also observed that the magnitudes
of 𝑆21 (or 𝑆12) were not less than −0.03 dB over the full X-band for both
thru and line standards. Finally, it was also noticed that the magnitudes
of 𝑆11 (or 𝑆22) were not greater than −40 dB over the full X-band
for the reflect standard. These results clearly validate the calibration’s
accuracy.

5.2. Coupling between conventional isotropic slabs

For validation of our approach for coupling analysis between cas-
caded slabs, S-parameters of a 𝐿𝑑 = 3.85 mm PE sample (fully occu-
pying the waveguide’s cross section) and cascaded two identical PE
samples, each having a 3.85 mm length in the direction of propaga-
tion were measured. A 9.40 mm waveguide straight was used as a
measurement cell for S-parameter measurements. The magnitudes of
the measured S-parameters are demonstrated in Fig. 17(a). It is noted
from the dependencies in Fig. 17(a) that measured |𝑆(1)

11 | and |𝑆(1)
22 | and

measured |𝑆(1)
21 | and |𝑆(1)

12 |, respectively, overlap each other. A similar
conclusion can be drawn for measured |𝑆(3)

|, |𝑆(3)
|, |𝑆(3)

| and |𝑆(3)
|.
11 22 21 12
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Fig. 9. Simulated (Sim) and calculated (Cal) |𝑆3𝑇
11 |, |𝑆3𝑇

21 |, |𝑆3𝑇
12 |, and |𝑆3𝑇

22 | for (a) cascaded two MM4 slabs (𝛿𝑠 = 0.025) and (b) cascaded two MM11 slabs (𝛿𝑠 = 0.025) when the
slabs are separated by a 12 mm distance (filled by a FR4 sample). Dashed and solid curves denote, respectively, the calculated and measured S-parameter dependencies. In the
analysis, 𝑆(𝑐)

11 = 𝑆 (𝑐)
22 = 0 and 𝑆(𝑐)

21 = 𝑆 (𝑐)
12 = 1.

Fig. 10. Extracted |𝑆 (𝑐)
11 |, |𝑆

(𝑐)
21 |, |𝑆

(𝑐)
12 |, and |𝑆 (𝑐)

22 | for cascaded (a) two MM7 slabs (𝛿𝑠 = 0.025) and (b) two MM11 slabs (𝛿𝑠 = 0.025) when the separation distance, occupied by a FR4
sample, between MM slabs is 12 mm.

Fig. 11. Space distribution of the magnitudes of the magnetic field intensity for FR4-separated (12 mm) (a) MM7 slabs at their resonance frequencies 10.308 GHz and (b) MM11
slabs at their resonance frequencies 10.182 GHz. Red color shows the highest value of 0 dB A/m while blue color shows the lowest value of −40 dB A/m. (For interpretation of
the references to colour in this figure legend, the reader is referred to the web version of this article.)

Fig. 12. Extracted |𝑆 (𝑐)
11 |, |𝑆

(𝑐)
21 |, |𝑆

(𝑐)
12 |, and |𝑆 (𝑐)

22 | for cascaded (a) two MM7 slabs (𝛿𝑠 = 0.025) and (b) two MM11 slabs (𝛿𝑠 = 0.025) when the separation distance, occupied by a FR4
sample, between MM slabs is 4 mm.
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Fig. 13. Extracted |𝑆 (𝑐)
11 |, |𝑆

(𝑐)
21 |, |𝑆

(𝑐)
12 |, and |𝑆 (𝑐)

22 | for cascaded (a) two MM7 slabs (𝛿𝑠 = 0.005) and (b) two MM11 slabs (𝛿𝑠 = 0.005) when the separation distance, occupied by a FR4
ample, between MM slabs is 4 mm.
Fig. 14. Extracted |𝑆 (𝑐)
11 |, |𝑆

(𝑐)
21 |, |𝑆

(𝑐)
12 |, and |𝑆(𝑐)

22 | for cascaded (a) two MM7 slabs (𝛿𝑠 = 0.025) and (b) two MM11 slabs (𝛿𝑠 = 0.025) when 0.05 mm gap is present between slabs.
Fig. 15. Extracted |𝑆 (𝑐)
11 |, |𝑆

(𝑐)
21 |, |𝑆

(𝑐)
12 |, and |𝑆(𝑐)

22 | for cascaded (a) two MM7 slabs (𝛿𝑠 = 0.025) and (b) two MM11 slabs (𝛿𝑠 = 0.025) when the separation distance between the slabs
s 12 mm and when 0.05 mm gap is present at the center (symmetrical w.r.t. 𝑧) of whole cascaded structure.
s
b
t
𝑦
t
𝑥

his is because the PE material is a reflection-symmetric and reciprocal
aterial. This further indicates that there is, as expected, no or negli-

ible amount of coupling between the PE samples. To quantitatively
alidate this, |𝑆(𝑐)

11 |, |𝑆
(𝑐)
21 |, |𝑆

(𝑐)
12 |, and |𝑆(𝑐)

22 | were extracted for two PE
amples cascaded in the propagation direction, as shown in Fig. 17(b).
t is seen from Fig. 17(b) that the measured |𝑆(𝑐)

11 | ≅ |𝑆(𝑐)
22 | ≅ 0 and

𝑆(𝑐)
21 | ≅ |𝑆(𝑐)

12 | ≅ 1, all validate our expectation.

.3. Coupling between MM slabs

Next, we present coupling analysis of MM slabs in the direction
f propagation. We fabricated two identical (4 × 7) MM slabs whose
eometrical and electrical details are given in Section 3.1. The fab-
ication used conventional printed circuit board technique [20]. The
hickness of the FR4 substrate is 1.5 mm, which produces relatively
light additional air regions (0.77 mm on each side) inside the cross
8

ection along the 𝑦 direction. To reduce the effect of the air gap
etween substrates over the cross section of the guide, we inserted
wo unpatterned FR4 substrates with thicknesses of 0.77 mm over the
𝑧 plane (and lengths of 2.54 mm) right at the guide walls where
he electric field intensity is minimum [20]. The periodicities in the

and 𝑦 directions are approximately 𝑢𝑥 = 3.266 mm and 𝑢𝑦 = 2.54
mm, which are almost one-tenth of the free-space wavelength at the
mid-frequency [42].

After construction of two identical (4 × 7) MM slabs, our analysis
was applied to monitor the coupling between these MM slabs. Fig. 18(a)
and (b) illustrate the dependencies of the measured and calculated
|𝑆3𝑇

11 |, |𝑆
3𝑇
21 |, |𝑆

3𝑇
12 |, and |𝑆3𝑇

22 | for cascaded two MM7 slabs when there
is no separation. In calculations, we set 𝑆(𝑐)

11 = 𝑆(𝑐)
22 = 0 and 𝑆(𝑐)

21 =
𝑆(𝑐)
12 = 1. It is observed from Fig. 18 that when the MM slabs are

connected directly, the measured and calculated |𝑆3𝑇
11 |, |𝑆3𝑇

21 |, |𝑆3𝑇
12 |,3𝑇
and |𝑆22 | are considerably different, a manifestation of the presence of
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Fig. 16. The picture of the experimental setup used to validate our proposed analysis.

strong coupling between the cascaded MM slabs. We attribute the large
deviation between the measured and simulated S-parameters above
11 GHz in Fig. 18(a) and (b) to strong interaction between the MM
slabs as compared with those at lower frequencies. To investigate the
coupling phenomenon quantitatively, we draw, as shown in Fig. 19(a),
the dependencies of 𝑆(𝑐)

11 , 𝑆(𝑐)
22 , 𝑆(𝑐)

21 , and 𝑆(𝑐)
12 when there is no separation

between the MM slabs. It is noted from Fig. 19(a) that 𝑆(𝑐)
21 and/or

𝑆(𝑐)
12 exceed the unity value around the resonance region of the MM

slabs. This provides a validation that there is a strong interference
(coupling) between directly connected MM slabs. Aside from this, we
also monitored the effect of the separation distance between the MM
slabs on the coupling. Fig. 19(b) illustrates extracted |𝑆(𝑐)

11 |, |𝑆(𝑐)
21 |,

|𝑆(𝑐)
12 |, and |𝑆(𝑐)

22 | when the separation distance between the MM slabs
is 6 mm. It is seen from 19(b) that the coupling between the MM slabs
decreases considerably when the separation distance is 6 mm. Here,
for simplicity, the dependencies of the measured and calculated |𝑆3𝑇

11 |,
|𝑆3𝑇

21 |, |𝑆
3𝑇
12 |, and |𝑆3𝑇

22 | are not shown when the slabs are separated by
6 mm. As analyzed in Section 4, the discrepancy between 𝑆(𝑐)

11 and 𝑆(𝑐)
22

values in Fig. 19(b) arises from the presence of air gaps between the
ends of the FR4 substrates and MM slabs.

It should be stressed that our proposed method in its current form is
essentially applicable for coupling analysis in the direction of propaga-
tion, because the SFG technique and ABCD parameters are appropriate
for analysis of wave propagation in a given direction [33]. In other
words, the expressions in (6) and (7) are suitable for analyzing the
coupling between adjacent MM slabs cascaded in the direction of prop-
agation. Nonetheless, these expressions indirectly take into account the
9

coupling in the transverse plane via change in 𝐴1, 𝐵1, 𝐶1, 𝐷1, 𝐴2, 𝐵2,
𝐶2, 𝐷2, 𝐴before, 𝐵before, 𝐶before, 𝐷before, 𝐴after, 𝐵after, 𝐶after, 𝐷after due
to a change in the periodicity (or coupling) in the transverse plane.
As a future study, we will modify the proposed method to consider
the coupling effect in the transverse plane of two-dimensional MMs
(i.e., metasurfaces) [45].

6. Conclusion

The coupling or interference between closely or largely separated
MM slabs has been examined. For this goal, the techniques relying on
signal flow graph and ABCD parameters were applied. There are two
main contributions of our study. As the first contribution, the calculated
and simulated S-parameters of cascade connection of closely or largely
separated MM slabs are compared to assess the degree of coupling
between these slabs (qualitative analysis). The degree of coupling is
closely associated with higher variation between the differences of the
simulated and calculated S-parameters. As a second contribution, for-
ward and backward S-parameters of the coupling network for a cascade
connection of closely or largely separated MM slabs is extracted using
the signal flow graph technique and ABCD parameters (quantitative
analysis). Such an extraction indicates that if there is no coupling
(such as cascade connection of conventional materials), magnitudes of
the forward and backward transmission S-parameters for the coupling
network are almost unity over the full frequency band, whereas the
magnitudes of forward and backward reflection S-parameters are nearly
zero. On the other hand, if there is coupling (such as cascade connection
of MM slabs), the magnitudes of the forward (backward) transmission
and reflection S-parameters digress, respectively, from unity and zero
values especially for the resonance frequency region. S-parameter mea-
surements of cascaded two MM slabs composed of SRRs were performed
to validate the proposed analysis.
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Fig. 17. (a) Measured magnitudes of S-parameters of a polyethylene (PE) sample with a length of 3.85 mm and of a cascade connection of identical PE samples, each with a
length of 3.85 mm, and (b) extracted |𝑆 (𝑐)

11 |, |𝑆
(𝑐)
21 |, |𝑆

(𝑐)
12 |, and |𝑆 (𝑐)

22 | for two PE samples cascaded in the direction of propagation.
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Fig. 18. Measured (Meas) and calculated (Cal) (a) |𝑆3𝑇
11 | and |𝑆3𝑇

21 |, and (b) |𝑆3𝑇
12 | and |𝑆3𝑇

22 | for cascaded two fabricated MM7 slabs. Dashed and solid curves denote, respectively,
the calculated and measured S-parameter dependencies. In the analysis, 𝑆(𝑐)

11 = 𝑆 (𝑐)
22 = 0 and 𝑆(𝑐)

21 = 𝑆 (𝑐)
12 = 1.
Fig. 19. Extracted |𝑆 (𝑐)
11 |, |𝑆

(𝑐)
|, |𝑆(𝑐)

|, and |𝑆(𝑐)
| for cascaded two MM7 slabs with (a) no separation layer and (b) 6.0 mm long separation layer of FR4 substrate.
21 12 22
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