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Abstract: Prime ideals and their generalizations are crucial in numerous research areas, particularly
in commutative algebra. The concept of generalization of prime ideals begins with the study of
weakly prime ideals. Since then, subsequent works aimed at expanding this concept into more
generalized forms. Among these, S-prime ideals and 2-prime ideals have reaped attention recently.
This paper aims to characterize S-2-prime ideals, which serve as a generalization encompassing
both 2-prime ideals and S-prime ideals. To accomplish this objective, we construct an ideal which
distinct from a multiplicatively closed subset with the help of commutative rings. We investigate
the localization and the S-2-prime avoidance lemma in commutative rings. Furthermore, we explore
the properties of this class of ideals in trivial ring extensions and amalgamated algebras along an
ideal. We delve into S-properties for compactly packedness, compactly 2-packedness and coprimely
packedness in trivial ring extentions. Moreover, this notion of ideals helps us to indicate that many
results stated in S-prime ideals and 2-prime ideals can be readily expanded to the framework of
S-2-prime ideals. Supporting examples also highlight a significant distinction between S-2-prime
ideals and stated ideals.
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1. Introduction

In this paper, we consider a commutative ring with identity denoted by R. Prime
ideals play a crucial role in commutative rings and take part in applications in various areas
such as graph theory, cryptology and algebraic geometry, etc. Several characterizations
of prime ideals exist in the literature such as Dedekind’s characterization, and there have
been numerous studies generalizing the concept of prime ideals. Among these, in [1]
Anderson and Smith defined weakly prime ideals provided that 0 # af € Q for some &,
B € Rimpliesa € Q or B € Q. Later, Hamed and Malek [2] introduced S-prime ideals and
studied them over S-Noetherian rings. Recall that a subset S of R is called a multiplicatively
closed subset (in briefly m.c.s) if S is closed under multiplication with1 € Sand 0 € S. Let
S be an m.c.s of R and Q be a proper ideal with QN S = @. Then, Q is called an S-prime
ideal of R if a3 € Q for some «, B € R, then there exists s € S such thatsa € Qorsp € Q.
Subsequently, Almahdi et al. [3] (and then in [4] Massaoud) presented weakly S-prime
ideals (resp. S-primary ideals) defining them as ideals Q such that if 0 # af € Q (resp.
ap € Q) for a, B € R, then either sa € Q or sp € Q (resp. sa € Q or sB € /Q). Then, in [5],
Beddani and Messirdi and, in [6], Nikhandish et al. (and then in [7] Kog) described the
concept of 2-prime ideals (resp. weakly 2-prime ideals) which is a different generalization
of prime ideals and studied this class of ideals over valuation rings. Q is called a 2-prime
(resp. weakly 2-prime) ideal of R if af € Q (resp. 0 # af € Q) for a, p € R, then either
w?> € Qor /32 € Q.
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Moreover, strongly quasi-primary ideals, being an intermediate class of primary ideals
and quasi-primary ideals, [8] were investigated and examined in terms of graphs. A proper
ideal Q is called a strongly quasi-primary ideal if a8 € Q for a, 8 € R implies either % € Q
or B" € Q (¢ € Q or p% € Q) for some n € N. Furthermore, (J,2)-primary ideals which
are expansion of 2-prime ideals were presented by [9]. We call a proper ideal Q of Ra (J,2)-
primary ideal if a, € R and aB € Q, then a? € Q or % € 6(Q). Another generalization
of prime ideals was found in 1-absorbing prime ideals, which were characterized in the
context of Noetherian divided rings and von Neumann regular rings [10]. A proper ideal
Q of R is said to be a 1-absorbing prime ideal if Yy € Q for some non-units «, 8, v € R,
then af € Q or ¥ € Q. Moreover, in [11], the notion of S-semiprime ideals which are
the generalization of semiprime ideals and another generalization of prime ideals was
investigated in the scope of the relations between S-semiprime ideals and prime, semiprime,
maximal ideals. An ideal Q of R is said to be an S-semiprime ideal if there exists s € S and
whenever a” € Q for some n € Nand a € R, then sa € Q where S is an m.c.s of R.

As for the idealization or trivial ring extension, this notion was presented in [12]
(and then in [13]). Idealization or trivial ring extension is currently being studied for its
applications for different algebraic structures and many new studies are being carried
out. Additionally, amalgamation duplication and its generalization, the amalgamation
along an ideal concerning a ring homomorphism, were studied and introduced by [14,15].
These constructions provide insights into different types of ideals from a comprehensive
perspective. On the other hand, the notion of the union of prime ideals was investigated
by [16,17] as well as [18]. Then, these notions and the union of 2-prime ideals were explored
for trivial ring extensions by [7]. Another structure on which extensive studies have been
carried out to date is commuting maps. In the latest study [19], commuting maps are
explored on alternative division rings which have no characteristic two.

Since generalizations of prime ideals are a rapidly continuing field of study today,
we want to make a broader generalization with the help of 2-prime ideals and S-prime
ideals. The above mentioned algebraic structures, the study in [19], and applications of the
work on [8] to graphs motivated and inspired us. To achieve this purpose, we introduce
and examine the concept of S-2-prime ideals in commutative rings in the section after the
introduction. We call a proper ideal Q of R with QNS = @ an S-2-prime ideal of R if
af € Q for some &, B € R, then there exists s € S such that sa?> € Q or sf? € Q. Then,
we explore the relationship among S-2-prime ideals and other classes of ideals such as
S-prime, 2-prime and S-semiprime ideals. In fact, every 2-prime and S-prime ideal is an
S5-2-prime ideal of R but the converses do not hold (see Examples 1-3). Subsequently, we
give a new characterization of 5-2-prime ideals with the help of [20]. That is, we prove that
Qis an S-2-prime ideal of R if and only if for every |, K two ideals of R there exists s € S
provided that JK C Q, then s] R € Qor sKpp) € Q (Theorem 2). We also investigate the
properties of this ideal in terms of homomorphism, direct product ring and localization.
Moreover, we establish a theorem analogous to the celebrated prime avoidance lemma
(Theorem 4). The S,-2-prime ideals of the ring Z, are totally characterized (Theorem 5).
Additionally, we delve into S-2-prime ideals in trivial ring extensions and amalgamated
algebra in the subsequent section. Section 4 is devoted to S-properties of compactly
packedness, compactly 2-packedness and coprimely packedness for trivial ring extension,
with support from [21,22]. Finally, the last section shows the conclusions drawn from the
results presented throughout this work and recommends future research in the realm of
S-2-prime ideals.

Consequently, we find that the majority of the outcomes established by S-prime ideals
and 2-prime ideals are similarly achieved by S-2-prime ideals having a broader scope.
Moreover, our analysis leads us to the conclusion that in trivial ring extensions, properties
such as compactly packedness, compactly 2-packedness and coprimely packedness, along
with their S-properties, yield equivalent results.
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2. Properties of S-2-Prime Ideals

Definition 1. Let S be an m.c.s of a ring R and Q be a proper ideal of R with QNS = @. Then, Q
is called an S-2-prime ideal of R associated with s if a3 € Q for some «, B € R, then there exists
s € S such that sa® € Q or s/Sz € Q.

Every 2-prime ideal of R disjoint with S is a S-2-prime ideal of R where S is an m.c.s of
R. Provided that S consists of units of R, then 2-prime ideals and S-2-prime ideals coincide.
Otherwise, these are distinct concepts.

Example 1. Let R = Z[X] and S = {p" : n € N}, where p is a prime integer. Consider
Q = pXZ[X]. It is clear that QNS = . Then, Q is an S-2-prime ideal of R. Indeed, if
gh € Q = pXZ[X] for some g, h € R, then since Q C XZ[X] and XZ[X] is a prime ideal of
R, we have X|g or X|h. Hence, pg*> € Q or ph* € Q for s := p. On the other hand, Q is not a
2-prime ideal as p.X € Q, but p*> ¢ Qand X*> ¢ Q.

Example 2. Let R = 7,5 = {5" : n € N} and Q = 40Z. It is clear that QN S = @. Then, Q
is an S-2-prime ideal of R. Let ab € Q C 8Z for some a,b € Z and s := 5. Since 8Z is a primary
ideal, we have a € 8Z or b € 2Z. In the former case, we conclude sa® € Q. Assume that the latter
case holds. If b € 47, then sb?> € Q. Assume b € 27\4Z. Then, clearly we have a € 47 and
sa? € Q. However, Q is not a 2-prime ideal of R as 4.10 € 40Z, but 42 ¢ 407 and 10% ¢ 407Z.

It is clear that any S-prime ideal is an S-2-prime ideal of R. Recall from [11] that a
proper ideal Q of R is said to be S-semiprime ideal of R if a" € Q for some a € R and
m € N, then there exists s € S such that sa € Q. Note that if an S-2-prime ideal of a ring is
S-semiprime ideal, then it is S-prime. However, the converse of this implication does not
hold in general.

Example 3. Consider R = 715, S = {1,5,7,11,13,17} and Q = {0, 9}. If aB € Q C 37 for
some a, B € R, then « € 3Z1g or b € 3Z1g. Then for s :=1,sa®> € Q or sp? € Q and Q is an
S-2-prime ideal of R. On the other hand, since 3.3 € Q but s.3 ¢ Q for each s € S, Q is not an
S-prime ideal of R.

Let S be an m.c.s of R and Q be an ideal of R with QNS = @. Suppose thats € S
and S = {5 : s € S} where 5 refers the equivalence class of s in R/Q. Clearly, S is an m.c.s
of R/Q. It is not difficult to see that if Z(R/Q) NS = @ where Z(R/Q) is the set of zero
divisors of R/Q, then 2-prime ideals and S-2-prime ideals are coincide. In this case, we
have (Q:s) = Qforeachs € S.

Theorem 1. Let S be an m.cs and Q be a proper ideal of R with QNS = @ and
(S7'Q) NR C (Q : s). The following statements are equivalent.

1. Qisan S-2-prime ideal of R.

2. (Q:s)isan S-2-prime ideal of R for some s € S.

3. S 'Qisa2-primeideal of STIR and (S71Q) NR = (Q : 5) for some s € S.

Proof. 1. <= 2. Suppose that Q is an S-2-prime ideal of R associated with s’ € S and
af € (Q:s) for some &, B € R. Then, (sa) € Q which implies that s's?a? € Q or s'f? € Q.
Putt = ss' € S. Then, ta®> € (Q :s) ortp> € Q C (Q : s),and so (Q : s) is an S-2-
prime ideal of R associated with t. Conversely, suppose that (Q : s) is an S-2-prime ideal
associated with s’ € Sand &, B € R with af € Q. Then, s'a®> € (Q : s) or B2 € (Q : s).
Thus, Q is an S-2-prime ideal of R associated with s” = s's.

1 4= 3 Let %, £ € s1R with £ £ € $71Q. This implies s'ap € Q for some s’ € §.

S Eb)
2.2

Then, there exists s € S such that ss”?a®> € Q or s € Q. It refers that (%)2 = 820 5710

ss/25~12

or (g)2 = % € S7'Q and S7'Q is a 2-prime ideal of S~!R. Conversely, let &, B € R

52
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with #af € Q. Then, %% € S71Q, and we have (§)* € S71Q or (%)2 € S71Q. Then,
1,2

s'a? € Q for some s’ € S or s”B% € Q for some s” € S. In the former case, we have
w? = SIS%',‘Z € (S’lQ) NR C (Q: s) because of our assumption. Therefore, sa> € Q, and in
the latter case, we conclude similarly that sg? € Q. O

Recall that the ideal generated by 1 powers of elements of a proper ideal Q is denoted
by Q) = ({a" : a € Q}). It can be seen that Q|,) € Q" C Q and also the equality provides
if n = 1. Provided that n!.1y is a unit of R, then Q[n] = Q" Definition 1 and Theorem 5 [20].

Theorem 2. Let S be an m.c.s of R and Q be a proper ideal of Rwith QNS = @. Q is an S-2-prime
ideal of R if and only if for every |, K two ideals of R there exists s € S provided that J[K C Q, then
sl € QorsKp C Q. In particular, if 2!.1g is a unit of R, then Q is an S-2-prime ideal of R if
and only if for every |, K two ideals of R there exists s € S provided that JK C Q, then s]*> C Q or
sK2 C Q.

Proof. Assume on the contrary that for each m € S, there exist J;;, K, where they are
ideals of R such that ;K C Q but m],,p ¢ Q and mK,,5) € Q. Then, there is a5 €
Js and Bs € K with szxg ¢ Qand sﬁ% ¢ Q. On the other hand, a;8; € JsKs C Q, and
we have a contradiction. Conversely, suppose that ap € Q for some «, B € R. We have,
(«R)(BR) C Q, and the assumption yields s € S such that s(aR)jy € Q or s(BR)5 € Q.
Thus, sa? € Q or sp2 € Q, and the proof is complete. [

Note that the intersection of S-2-prime ideals is not an S-2-prime ideal. For instance,
consider R = Z with P = pZ and Q = qZ, where p and g are distinct prime integers. Let
S = {s" : s is a prime number distinct from p and g, n € N}. Clearly, P and Q are S-2-prime
ideals of R, but PN Q is not an S-2-prime ideal of R as p.g € PN Q buts.p? ¢ PN Q and
s.g*> € PN Qforalls € S. The question occurs when the intersection of S-2-prime ideals
will be an S-2-prime ideal. The answer to this question is that if we take S as a strongly
m.c.s of R and a chain of S-2-prime ideals of R, then we can achieve the intersection of
S-2-prime ideals from the chain that is an S-2-prime ideal of R.

The next proposition is given without proof as it is straightforward.

Proposition 1. Let S be an m.c.s of R and Q, | be ideals of Rwith QNS = @.

1. If Qis S-2-prime ideal of R, then WQ is S-2-prime ideal of R for all ideals W of R with
WNS # .

2. Let R C R be an extension of commutative rings. If Q is S-2-prime ideal of R, then Q N R is
S-2-prime ideal of R.

Lemma 1. Let R = Ry x Ry and S = 51 x Sy where Sy and Sy are m.c.ss of Ry and Ry,
respectively. Let Qq and Qo are proper ideals of Ry and Ry, respectively. Then, Q = Q1 X Qp is an
S-2-prime ideal of R if and only if Qq is an S1-2-prime ideal of Ry with So N Qo # @ or Qy is an
Sy-2-prime ideal of Ry with S1 N Q1 # @.

Proof. Suppose that Q = Q1 x Q; is an S-2-prime ideal of R. Since (1,0)(0,1) € Q, there
exists (s1,52) € S such that (s1,5,)(1,0)> € Q or (s1,52)(0,1)> € Q. Hence, we have
either SN Q1 # @ or Sy NQr # ©. We may assume S, NQr # @. As QNS = Q,
we have SN Q; = @. Let af € Q; for some a, B € Ry. Choose g € S, N Qs such
that («,q)(B,1) € Q. Because of the assumption, there exists (s1,53) € S such that
(s1,82) (e, q)? € Qor (s1,52)(B,1)? € Q. Hence, 514> € Qg or 5182 € Qq as required. Con-
versely, suppose that S; N Q1 # @ and Q5 is an 5;-2-prime ideal of Ry. Choose s; € 51N Q.
Let (k,1)(m,w) = (km,lw) € Q for some k, m € Ry and I, w € Ry. This refers to lw € Qy,
and there exists s, € S such that s5I2 € Q, or s,w? € Q. Puts = (s1,s5) € S. Then, we
have (s1,52)(k,1)? = (51k%,521%) € Q or (s1,52)(m, w)* = (sym?,s,w?) € Q. Thus, Q is an
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S-2-prime ideal of R. Similarly, if S, N Qy # @ and Qq is an S1-2-prime ideal of R1, then we
can achieve a similar conclusion. [J

Theorem 3. Letn > 2and R = Ry X -+ X Ryand S = Sy X - -+ X S, where S; is an m.c.s of
Rjfori=1,...,n,respectively. Let Q; is a proper ideal of R; fori =1, ...,n, respectively. Then,
Q=Qq X+ x Qyisan S-2-prime ideal of R if and only if Qy, is an S,,-2-prime ideal of Ry, for
somem € {1,...,n}and Q;NS; # D foreachi € {1,...,n} — {m}.

Proof. We will use induction on 7. For n = 2, the claim is true by Lemma 1. Suppose that
the claim is correct fork < n.Letk =nand R=R; X -+ X R,_1,S =51 X -+ x 5,4
and Q@ = Q1 X ---x Q,_1.Since Q = O x Q, withR = Rx R, and § = §x S, from
the assumption, we have either that Q, is an S,-2-prime of R, and QNS # @ or Q’is an
S-2-prime ideal of Rand Q, NS, # @.If QNS # @ and Qy, is an S,-2-prime of R,;, then
the proof is complete. So, suppose that Q, NS, # @ and Q'is an S-2-prime ideal of R. From
induction hypothesis for k = n — 1, we have that Q; is an §;-2-prime ideal of R; for some
je{l,2,...,n—1}and Q;NS; # @ foreachi € {1,2,...,n —1} — {j}. Hence, the desired
condition is provided. For the converse part, suppose that Q; is an S1-2-prime ideal of R
associated with s’ € Sy and s; € Q; N S; for each i # 1. Taking s = (s',s,...,54), we can
easily see that Q = Q1 X - -+ X Qy is an S-2-prime ideal of R. O

Let Q is an ideal of a ring R. By Z(R), we denote {z € R : zt € Q for some t ¢ Q} [7].

Proposition 2. Let S, SC R be m.c.ss of R and Q be a proper ideal of R. If Q is an S-2-prime
ideal of R with QN S = @, then S™1Q is an S~1S-2-prime ideal of S~' R. The converse also holds
ifZo(R)NS = @.

Proof. Itis clear that if S'is an m.c.s of R, then S~1S'is an m.c.s of S™'R. Moreover, S~1Q
is a proper ideal of ST!R since QNS = @ as well as ST'1Q N S™1S = @. Suppose that
nE=1c S71Q for some m,n € Rand s, t € S. Then, §(mn) = (Sm)n € Q for some
§ € S. From assumption, there exists s’ € S'such that s(sm)? € Q or sn? € Q. This refers

to the fact that ()2 = i((sm)); € S71Qor §(%)? € S71Q. Conversely, it is clear that
QNS=0a. Let mn € Q for some m, n € R. Then, 3§ € S~ 10, and from the assumptlon,
there exists £ 6 sls such that £(2)2 € S~1Qor £(4)? € S71Q. Then, there exists s €S
such that s ssm € Qorssn? € Q. Because of Z,(R) NS = @, we have sim* € Q or sn? € Q

forsomes e S. O

\ §

tn\(n\,_.

Proposition 3. Let f : R — R be a ring homomorphism and S be an m.c.s of R. Then,
1. If f is an epimorphism, and Q is an S-2-prime ideal of R containing ker(f), then f(Q) is an
f(S)-2-prime ideal of R.

2. If Qis an f(S)-2-prime ideal of R where f(S) does not contain zero, then f~'(Q) is an
S-2-prime ideal of R.

Proof. 1. It is clear that f(S) is an m.c.s of R because f(S) does not contain zero. As-
sume that t € f(S)N f(Q); thatist = f(q) = f(s) for some g € Q and s € S. Then,
s—q€ker(f) CQandsos € QNS, which is a contradiction. Hence, f(S) N f(Q) = @
Now, suppose that mir € f(Q) for some 7, ¥ € R. Then, there are m, n € R such that
f(m) = m'and f(n) = n. Then, mn € Q and there exists s € S such that sm?> € Q or
sn? € Q. This implies that f(s) ()2 € f(Q) or f(s)(m)* € f(Q), as needed.

2. We omit the proof as it is clear. [

The following corollary is a direct consequence of Proposition 3, because we can
consider f : R — R/P as an epimorphism and the natural injection i : R — R, respectively.

Corollary 1. Let Q be a proper ideal of R containing an ideal P of R.
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1. Qisan S-2-prime ideal of R if and only if Q/ P is an S-2-prime ideal of R/ P.
2. IfRisasubring of R and Q is an S-2-prime ideal of R, then Q N R is an S-2-prime ideal of R.

It is seen easily that if Q is an S-2-prime ideal of R, then \/Q = P is an S-prime ideal of
R.So, we can say that Q is a P-5-2-prime ideal of R. Now, we will give a theorem analogous
to the prime avoidance lemma.

Theorem 4. Let S be an m.c.s of R and Q be an ideal of R. Suppose that at least n-2 of |; is a P;-S-
2-prime ideal of R for i € {1,2,...,n} and Q C U, J;, then sQ C Py for some k € {1,2,...,n}
ands € S.

Proof. Suppose that Q C U}, J; where at least n-2 of ]y, J, ..., ]y are S-2-prime ideals of
R.Since Q C U ,J; C UM (P; : s;) and at least n-2 of (P; : s;) are prime ideals by [2].
Then, the prime avoidance lemma implies that there exists k € {1, 2,...,n} such that
Q C (P : sg). Thus, we conclude that s;Q C P.. O

Let n € N. For any prime p dividing 1, we have them.cs S, = {1, p, p*, p°,... } of
Zy. In the following, we totally determine S,-2-prime ideals of Z, for any p dividing n.

Theorem 5. Let n € N.

1. Ifn = p’ for some prime integer p and r > 1, then Zy has no S,-2-prime ideals.

2. Ifn = pi'py where py and p, are distinct prime integers and r1, v, > 1, then every ideal of
Ly disjoint with Sy, is an Sp,-2-prime ideal for all i = 1, 2.

3. Ifn=plpR...p where p1, pa, ..., py are distinct prime integers and k > 3, then Zy has
no Sp,-2-prime ideals foralli = 1,2,... k.

Proof. 1. Let n = p". Then, Z, has no S,-2-prime ideal as I N S, # @.
2. LetQ = <p§1 p§2> be an ideal of Z, disjoint with Sy, . Then, we must have t, > 1. Set

mi—{ tr/2 , iftyiseven

’ (t2+1)/2 , iftyisodd
Ifa € (), thensa® € Q.If a & (p2), then clearly B € (p4') and so sp? € Q. Thus, Q is an
Sp,-2-prime ideal of Z,,. Similarly, every ideal of Z, distinct with S, is an S;,-2-prime ideal.

3. LetQ = < ﬁil 7522 . .ﬁ]t("> be an ideal of Z, distinct with S;,,. Then, there exists
j # 1such thatt; > 1;say j = k. Thus, (PP - ﬁk" 1) € Qbuts(pl)? ¢ Qand

s( p? péz . ﬁ,t(" 1)? ¢ Qforalls € Sp,. So, Q is not an S, -2-ideal of Z, and similarly, Q is
not an S,.-2-ideal of Zy, foralli = 1,2,...,k. O

and s = ﬁ? € Sp,. Suppose that a € Q for a, B € Zy.

3. §-2-Prime Ideals in Idealization and Amalgamation Rings

Let R be a commutative ring with identity and M be a unitary R-module. The trivial
extension or idealization of R in M is a commutative ring R(+)M = {(¥,m) : 7 € R,m €
M} with usual addition and the multiplication (77, my ) (72, my) = (172, rmy + ramy ) for
all (r1,my), (f2,my) € R(+)M [12,13]. Tt is clear that if S is an m.c.s of R, then S(+)0 and
S(+)M are m.c.ss of R(+)M.

Theorem 6. Assume that R and M are as the above, S is an m.c.s of R, and Q is a proper ideal of R
with QNS = @. Then, Q(+)M is an (S(+)0)-2-prime ideal (resp. (S(+)M)-2-prime ideal) of
R(+)M if and only if Q is an S-2-prime ideal of R.

Proof. It is explicit that (S(4)0) N (Q(+)M) =D < SNQ = @. Slmllarly, (S(+)M) N
(Q(+)M) =D & SNQ = @. Let af € Q for some &, B € R. We have («,0)(B,0) €
)

Q(+)M. Then, there exists (s,0) € (S(+)0) (and there exists (s,m) € (S(+ ) )) such
that (s,0)(,0)> € Q(+)M or (s,0)(B,0)> € Q(+)M (resp. (s,m)(a,0)? = (sa?, ma?) €
Q(+)M or (s,m)(B,0)*> = (sB?, m,Bz) € Q(+)M). Hence, sa®> € Q or sB? € Q; and so,



Mathematics 2024, 12, 1636

7 of 12

Q is an S-2-prime ideal of R. Conversely, suppose that («, 8)(y,0) € Q(+)M for some
(2,B), (7,0) € R(+)M. We have ay € Q, and there exists s € S such that sa> € Q
or s72 € Q. Thus, (s,0)(«, B)* = (sa?,2saB) € Q(+)M or (5,0)(v,0)* = (s9?,2s70) €
Q(+)M (resp. (5,m) (e, B)° = (a2, 250 + ma?) € Q(+)M or (s,1m)(7,0)? = (57,2570 +

7?) € Q(+)M). We conclude that Q(+)M is an (S(+)0)-2-prime ideal (resp. (S(+)M)-
2-prime ideal) of R(+)M. O

Let A and B be commutative rings with identity, ] be an ideal of Band f : A — B
be a homomorphism. Then, A xf | = {(a,f(a) +j) : a € A, j € J} is called the amal-
gamation of A with B along the ideal | with regard to f [15]. For an m.c.s S of A, take
(S xf 0) = {(s,f(s)) : s € S}. Then, (S x/ 0) is an m.c.s of A x/ ]. Moreover, if f(S)
does not contain zero, then f(S) is an m.c.s of B. Assume that Q is an ideal of A, and
P is an ideal of f(A) + J. We know that Q xf | = {(q,f(q)+j) : g € Q,j € J} and
Pf ={(a,f(a)+j):ac A jc], fla)+jc P}areidealsof A xf J[4,14].

Theorem 7. Assume that the above amalgamation property is held. Let S be an m.c.s of A and Q
be a proper ideal of A,and P be a proper ideal of f(A) + |

1. Qw/f Jisan (S xf 0)-2-prime ideal of A xf ] if and only if Q is an S-2-prime ideal of A.
2. If f(S) does not contain zero, then Pf is an (S xf 0)-2-prime ideal of A x/ | if and only if
Pisan f(S)-2-prime ideal of f(A) + ]

N(Qx]J) =0« SNQ = @. Assume that a € Q
for some &, B € A. Then, (&, f(a))(B, f(B)) = (aB, f(aB)) € Q x/ ] and so there exists
(5, £(5)) € (5w 0) such that (s, £(5))(a, f(a))2 € O x J or (s, £(s))(B, F(B))? € Q % ].
It refers to the fact that sa? € Q or s? € Q, and so, Q is an S-2-prime ideal of A. Conversely,
let (s, £(a) + ), (B F(B) + k) € A x/ | with (a, f(a) + ) (B, F(B) +K) € Q x/ J. We
have af € Q, and there exists s € S such that sa®> € Q or sp? € Q. If sa? € Q, then
(5, F(5)) (0, (1) + )2 = (562, f(sa2) + 2f(sw)j + f()2) € Q w/ . Similarly, if sf° € Q,
thenf(s,f(s))(ﬁ,f(ﬁ) +k)2 € Q x/f J. Therefore, Q x/ ] is an (S x/ 0)-2-prime ideal of
A X .

2. Clearly, f(S)NP =@ < (S xf 0)NPf = @. Leta, B € f(A)+ ] with ap € P.
Then, « = f(a1) +j; and B = f(a2) + j» for some a1, ay € A and jy, o € J. Hence,
(a1, f(a1) +j1) (a2, f(a2) + ) = (w102, (f(“l) +j1)(f(a2) + j2)) € P/ Then, there exists
s € S such that (s,f(s))(al,f(vq) +71))? € Pfor (s, f(s))(az, f(az) + j2)? € Pf. That is,
f(s)(f(a1) +j1)* € Por f(s)(f(az) + j2)*> € P, and thus, P is an f(S)-2-prime ideal of
F(A) + . Conversely let (a, f(a) + 1)(B, f(B) +72) € P/. Then, (f(a) + 1) (f(B) + jz) € P
and there exists f(s) € f(S )suchthatf $)(f(a) +j1)> € Por f(s)(f(B) + jo)? € P. There-
fore, (5, £()) (e, (&) + 1)? = (502, £(s)(F(&) + 1)2) € P! or (5,£(5))(B F(B) + ) —
(sB2, F()(F(B) + 2)%) € P. O

Proof. 1. It is explicit that (S x/ 0

—_

Proposition 4. Assume that f : A — B is a ring homomorphism, and | is an ideal of B. Let Q is a
proper ideal of A and K is an ideal of f(A) + J with f(Q)] C K C J.IfQ w/ K = {(q, f(q) +k) :
g€ Q,k€K}isan (S xf 0)-2-prime ideal of A / |, then Q is an S-2-prime ideal of A.

Proof. From [4], we know that Q x/ K is an ideal of A x/ J. Let a, B € Awithapf € Q.
Hence, (a, f(a))(B, f(B)) = (aB, f(aB)) € Q x/ K. Because of assumption, there exists

(5, £(5)) € (S 0) such that (s, f(s)) (&, f(2))? € Q w/ Kor (s, f(s))(B, f(B))? € Q x/ K.
Hence, sa® € Q or sﬁz € Qand so Q is an S-2-prime ideal of A. [

Let I be a proper ideal of R. The amalgamated duplication of R along I is described by
RxI={(7,74+1i):7€R,i e I} [14]. We may have the following corollaries because of
Theorem 7, (1.) and Proposition 4.

Corollary 2. Assume that 1, Q are proper ideals of R and S is an m.c.s of R. Then, Q % [ is an
(S x 0)-2-prime ideal of R % I if and only if Q is an S-2-prime ideal of R.
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Corollary 3. Assume that Q, K, | are ideals of A, where Q is proper ideal with Q] C K C J. If
Q x Kisan (S x 0)-2-prime ideal of A X |, then Q is an S-2-prime ideal of A.

4. S-Properties of Compactly Packedness, Compactly 2-Packedness and Coprimely
Packedness on Trivial Extension

A ring R is called a compactly packed ring if whenever Q C U;c P; for some ideal Q
of R and a family of prime ideals {P; };c of R, then there exists k € A such that Q C Py [16].
Smith [17] proved that R is a compactly packed ring if and only if P C U;cP; for some
prime ideal P of R and a family of prime ideals { P, };c of R implies that P C Py for some
k € A. On the other hand, Erdogdu [18] presented the notion of coprimely packed rings,
a generalization of compactly packed rings. A ring R is called a coprimely packed ring
if whenever Q + P; = R for some ideal Q of R and a family of prime ideals {P;};c of
R, then Q ¢ UjcpP;. Note that every compactly packed ring is a coprimely packed ring.
The converse of this indication is correct when R is a domain with a Krull dimension is one
Proposition 2.2 [18].

In this section, we study the union of S-prime and S-2-prime ideals in commuta-
tive rings.

Definition 2. Let R be a ring and S be an m.c.s of R. Then,

1. Ris called a compactly S-packed ring if Q C Ujc Py, where Q is an ideal of R and {P;}ic p is
a family of S-prime ideals of R, then there exists k € N and s € S such that sQ C Py.

2. Ris called a compactly S-2-packed ring if Q C U P;, where Q is an ideal of R and {P;} e
is a family of S-2-prime ideals of R, then there exists k € A and s € S such that sQ C P.

Note that as every S-prime ideal is an S-2-prime ideal, clearly every compactly S-2-
packed ring is a compactly S-packed ring. However, the converse statement is not true
in general.

Example 4. Let R = Z3[X, Y, Z]/Q, where Q = (X?,Y?, 7%, XY, XZ,YZ) and S = 1 an
m.c.s of R. Then, R is a local ring with unique maximal ideal M = (X, Y, Z)/Q = 1/(0) and

M? = (0). From Lemma 1 [7], we have that every proper ideal of R is a 2-prime ideal, so an
S-2-prime ideal. In addition, |specR| = 1 and R is a compactly S-packed ring. Now, consider
the ideals K= {0,%,y,x +y}, P = {0, %}, P, = {0, y} and P; = {0, x +y} of R. Since
KC U?:lPl- and sK ¢ P; forall1 <i < 3and fors =1 € S. It means that R is not a compactly
S-2-packed ring.

A ring R is called a von-Neumann regular ring if for every o € R, there exists ¥ € R
such that & = a?r [22]. Moreover, it is shown that in a von-Neumann regular ring Q = /Q
Theorem 1 [21]. Furthermore, note that if R is a von-Neumann regular ring then every S-2-
prime ideal coincides with S-prime ideal of R where S is an m.c.s of R. Thus, we conclude
the following corollary.

Corollary 4. Suppose that R is a von-Neumann reqular ring and S is an m.c.s of R. Then, R is a
compactly S-packed ring if and only if R is a compactly S-2-packed ring.

Let Q be an ideal of R and N be a submodule of an R-module M. Then, Q(+)N is an
ideal of R(+)M if and only if QM C N. In this case, Q(+)N is a called homogeneous ideal
of R(+)M. In [13], authors described the conditions under which every ideal of R(+)M is
a homogeneous ideal. Additionally, Q(+)M is always a homogeneous ideal.

Now, we will examine the conditions under which the trivial extension or idealization
R(+)M of an R-module M is a compactly (S(+4)0)-packed ring and compactly (S(+)0)-
2-packed ring (resp. compactly (S(+)M)-packed ring and compactly (S(+)M)-2-packed
ring). From Theorem 3.2 [13], every prime ideal R(+)M has the form P = p(+)M for
some prime ideal p of R. We know that in trivial extension, if S is an m.c.s of R, then
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(S5(+)0) and (S(+)M) are m.c.ss of R(+)M. Moreover, we can verify that every (5(+)0)
(and (S(+)M))-prime ideal of R(+)M has the form P = p(+)M for some S-prime ideal p
of R since every prime ideal disjoint with S is an S-prime ideal.

Lemma 2. Let R be a commutative ring, S be an m.c.s of R and M be an R-module. The S(+)0 (or
S(+)M)-prime (resp. S(+)0 (or S(+)M)-2-prime) ideals of R(+)M has the form p(+)M where
p is an S-prime (resp. S-2-prime) ideal of R.

Proof. From Theorem 3.1 [13], the ideals of R(+)M containing 0(+)M are of the form
p(+)M for some ideal p of R. Note that (p(+)M) N (S(+)0) = @ (or (p(+)M) N (S(+)M) =
@) if and only if pN'S = @. Suppose that p(+)M is an S(+)0 (or S(+)M)-prime (resp.
S(+)0 (or S(+)M)-2-prime) ideal of R(+)M. Let «, B € R with aff € p. Then, («,0)(B,0) €
p(+)M which implies that there exists s = (s,0) € S(+)0 (s = (s,m) € S(+)M) such that
s(a,0) € p(+)Mors(B,0) € p(+)M (resp. s(a,0)? € p(+)Mors(B,0)? € p(+)M). Hence,
we have sa € p or sp € p (resp. sa’> € p or sp? € p), so p is an S-prime (resp. S-2-prime)
ideal of R. The converse part is straightforward. [

Theorem 8. Suppose that M is an R-module and S is an m.c.s of R. Then, the following statements
are equivalent:

1. Risacompactly S-packed ring.
2. R(+)Mis a compactly (S(+)0)-packed ring (and compactly (S(+)M)-packed ring).

Proof. 1.=—=2. Let R be a compactly S-packed ring. Suppose that Q C U;cP; for some
ideal Q of R(+)M and a family of (S(+)0)-prime ideals (and (S(+)M)-prime ideals)
{P;}ien of R(+)M. Then, Q = g(+)M and P; = p;(+)M for some ideal g and S-prime
ideal p; of R by the Lemma 2. We have g C Ujcp;. Since R is a compactly S-packed ring,
there exists s € S such that sg C p; for some i € A. There exists (s,0) € (S(4)0) (resp.
there exists (s, m) € (S(+)M)) such that

(5,0)0Q = (5,0)(q(+)M) € pi(+)M = P,
(resp. (s,m)Q = (s,m)(q(+)M) € pi(+)M = P)

Thus, R(+)M is a compactly (S(+)0)-packed ring (and compactly
(S(+)M)-packed ring).

2.—1. Let R(+)M be a compactly (S(+)0)-packed ring (and compactly (S(+)M)-
packed ring). Suppose that Q C U;c,p; for some ideal Q of R and a family of S-prime
ideals {p;}ien of R. Then, Q(4+)M C Ujcp(pi(+)M) where (p;(+)M) is (S(+)0)-prime
ideal (resp. (S(+)M)-prime ideal) of R(+)M for all i € A. Since R(+)M is a compactly
(S(+)0)-packed ring (and compactly (S(+)M)-packed ring), there exists (s,0) € (S(+)0)
(resp. there exists (s, m) € (S(+)M)) such that

(5,0)(Q(+)M) C pi(+)M
(resp. (s, m)(Q(+)M) C pi(+)M)

for some i € A. This implies that sQ C p; forsomei € Aands € S. [

Theorem 9. Let S be an m.c.s of a ring R and M be an R-module. If R(4+)M is a compactly
(S(+4)0)-2-packed ring (and compactly (S(+)M)-2-packed ring), then R is a compactly S-2-
packed ring.

Proof. Let Q C UjcpP; where Q is an ideal of R and {P; };c, is a family of S-2-prime ideals
of R. From Lemma 2, (P;(+)M) is (S(+)0) (and (S(+)M))-2-prime ideal of R(+)M for all
i € A.Clearly, Q(+)M C Ujen (P;(+)M). Since R(+)M is a compactly (S(+)0)-2-packed
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ring (and compactly (S(+4)M)-2-packed ring), there exists i € A and (s,0) € (S(+)0) (resp.
(s,m) € (S(+)M)) such that

(5,0)(Q(+)M) C (Pi(+)M)
(resp. (s,m)(Q(+)M) < (Pi(+)M))

=

This implies that sQ C P; for some s € S and i € A. Therefore, R is a compactly
S-2-packed ring. [

In the Theorem 9, the reverse statement is not correct. Consider the next example.

Example 5. Suppose that R = Z as a ring, S = {1} as an m.cs of Rand M = Z3[X, Y,
Z]/Q where Q = (X?, Y?, 72, XY, XZ, YZ) as in the Example 4. Since R is a principal
ideal ring, clearly R is a compactly 2-packed ring. Because of S = {1}, R is a compactly S-2-
packed ring. Consider the ring R(+)M and the ideal ] = (0)(+)N where N is a submodule of
M. Then, | is an (S(+)0) (and (S(+)M))-2-prime ideal of R(+)M. In order to prove this, let
(x,m)(y,m) = (xy, xm +ym) € ] for some x,y € Z and m, m € M. We have xy = 0. Without
loss of generality, take x = 0. Then, the following statements are provided for some (s,0) € (S(+)0)
(resp. for some (s,71) € (S(+)M)).

(S, O) (xrm)2 = (s,O)(O,m)2 = (0,0) €]
(resp. (s,rT1)(9c,n1)2 = (s,rﬁ)(O,m)2 =(0,0)€])

Hence, ] = (0)(+)N is an (S(+)0) (and (S(+)M))-2-prime ideal of R(+)M. Take
K={0,x,y,x+y}, P ={0,x}, P, = {0, 7} and P; = {0, x + y} as in Example 4. Clearly,
K, Py, P, and Ps are submodules of M. Consider K = (0)(+)K, P; = (0)(4) Py, P, = (0)(+)
P, and Py = (0)(4) Ps. We can achieve K, P, P, and Py are (S(4)0) (and (S(+)M))-2-prime
ideals of R(+)M. Moreover,

K C U2 P.and (s,0)K ¢ P; forall (s,0) € (S(+)0) and1 <i <3
(resp. K C U>_, P and (s,m)K ¢ P. for all (s,m) € (S(+)M) and 1 < i < 3).

Hence, R(+)M is not a compactly (S(+)0)-2-packed ring (and not compactly (S(+)M)-2-
packed ring).

Now, we will examine the coprimely S-packed rings for trivial extention.

Definition 3. Let S be an m.c.s of a ring R. Then, R is called a coprimely S-packed ring if whenever
Q + P; C R for some ideal Q of R and a family of S-prime ideals {P;}icx of R, then sQ € UjcpP;
foreverys € S.

Theorem 10. Suppose that S is an m.c.s of R and M is an R-module. Then, R(+)M is a coprimely
(S(+)0)-packed ring (and coprimely (S(+)M)-packed ring) if and only if R is a coprimely S-
packed ring.

Proof. =: Let R(+)M be a coprimely (S(+)0)-packed ring (and coprimely (S(+)M)-
packed ring). We know that every factor ring of a coprimely packed ring is a coprimely
packed ring from Remark 2 [18]. Moreover, every coprimely S-packed ring is a coprimely
packed ring since every prime ideal disjoint with S is S-prime ideal. This implies that every
factor ring of R(+)M is a coprimely (S(+)0)-packed ring (and coprimely (S(+)M )-packed
ring). Because of (R(+)M)/((0)(+)M) ~ R, we have that R is a coprimely S-packed ring.
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<=: Let R be a coprimely S-packed ring. Suppose that Q + P; = R(+)M for some
ideal Q of R(4+)M and a family of (S(+)0)-prime (and (S(+)M)-prime) ideals {P; };c of
R(+)M. Then, we can write P; = p;(+)M for some S-prime ideals p; of R. Take

J={a€R:(a,m) € Qforsomem € M}.

It is easy to see that | is an ideal of R. Since Q + P; = R(+)M for all i € A, there
exists (a,m) € Qand (B,m) € P; such that («,m) + (B,m) = (1,0) refers a + p = 1. Hence,
J + pi = R. Because R is a coprimely S-packed ring, we obtain s] ¢ U;c,p; foralls € S.
Take an element z € s] — Ujcpp;. From the description of |, there exists m € M such that
(5,0)(z,m) = (sz,sm) € (s,0)Qforall (s,0) € (S(+)0) (and (s, m)(z,m) = (sz,sm +zm) €
(s,m)Q for all (s,m) € (S(+)M)). Since (s,0)(z,71) & Ujep(pi(+)M) = UjeaP;, which
refers to (5,0)Q € Ui D for all (s,0) € (S(+)0) (resp. (s,m)(Z, 1) ¢ Uicp(pi(+)M) =
Ujen P;, which refers to (s, m)Q € U P; for all (s,m) € (S(+)M)).

Thus, R(+)M is a coprimely (S(+)0)-packed ring (and coprimely
(S(+)M)-packed ring). O

5. Discussion and Conclusions

Since prime ideals are important for many research areas such as commutative algebra,
numerous authors have delved into their generalizations, yielding diverse findings. Some
of these generalizations, as discussed in the introduction, shed light on our work. Our
objective is to devise a broader concept encompassing both S-prime and 2-prime ideals.
To accomplish this, we define a proper ideal on commutative rings with the help of
multiplicatively closed subsets. We thoroughly examine the properties of S-2-prime ideals
and explore their relations with other classes of ideals. Furthermore, we investigate the
behavior of S-2-prime ideals within idealization and amalgamated rings.

Our study demonstrates that several results established in prior works, such as
in [2,6,7] with [5] can be obtained for S-2-prime ideals. We conclude that S-2-prime ideals
serve as a generalization of both 2-prime and S-prime ideals. However, it is essential to
note that for 2-prime ideals to be considered S-2-prime ideals, the set S must consist of
units. Additionally, we show that analogous outcomes can be derived from the study in [7]
by examining the union of S-prime and S-2-prime ideals.

By investigating S-2 prime ideals, we have addressed inquiries regarding their alge-
braic structures and identified similarities with 2-prime and S-prime ideals. Consequently,
this study has raised several unresolved questions for future exploration. We enumerate
some of these below to encourage the reader. Exploring the algebraic structures associated
with commuting maps could offer valuable insights. Interested readers may find inspira-
tion in [19] to delve into this area. A study could be conducted to ascertain if analogous
outcomes emerge for weakly S-2-prime ideals, which serve as a broader extension of S-
2-prime ideals. Investigating the relationships between weakly S-2-prime and S-2-prime
ideals as well as their relations with other ideals, presents an intriguing avenue for research.
Additionally, delving into the algebraic properties of S-2-prime ideals by further extending
their generalization using J ideal expansion and ¢ ideal reduction functions could yield
valuable insights into their behavior and characteristics.

Author Contributions: Conceptualization, S.Y. and E.Y.C.; methodology, S.Y. and E.Y.C.; software,
S.Y.; validation, B.A.E., U.T. and E.Y.C.; formal analysis, B.A.E., U.T. and E.Y.C; investigation, S.Y,;
resources, B.A.E., U.T. and E.Y.C.; data curation, E.Y.C.; writing—original draft preparation, S.Y,;
writing—review and editing, S.Y. and E.Y.C.; visualization, S.Y. and E.Y.C.; supervision, B.A.E. and
U.T.; project administration, B.A.E. and U.T. All authors have read and agreed to the published
version of the manuscript.

Funding: This research received no external funding.

Data Availability Statement: Data for the S-2-prime ideals of commutative rings could be requested
from S.Y. and E.Y.C. through email.



Mathematics 2024, 12, 1636 12 of 12

Acknowledgments: The authors would like to thank the referee for their great efforts in proofreading
the manuscript.

Conflicts of Interest: The authors declare no conflicts of interest.

References

1. Anderson, D.D.; Smith, E. Weakly prime ideals. Houst. . Math. 2003, 29, 831-840.

2. Hamed, A.; Malek, A. S-prime ideals of a commutative ring. Beitrige Algebra Geom./Contrib. Algebra Geom. 2020, 61, 533-542.
[CrossRef]

3. Almahdi, FA.A.; Bouba, E.M.; Tamekkante M. On weakly S-prime ideals of commutative rings. Analele Univ. Ovidius Constanta
Ser. Mat. 2021, 29, 173-186. [CrossRef]

4. Massaoud, E. S-primary ideals of a commutative ring. Commun. Algebra 2021, 50, 988-997. [CrossRef]

5. Beddani, C.; Messirdi, W. 2-prime ideals and their applications. J. Algebra Appl. 2016, 15, 1650051. [CrossRef]

6.  Nikandish, R.; Nikmehr, M.].; Yassine, A. More on the 2-prime ideals of commutative rings. Bull. Korean Math. Soc. 2020, 57,
117-126.

7. Kog, S. On weakly 2-prime ideals in commutative rings. Commun. Algebra 2021, 49, 3387-3397. [CrossRef]

8.  Kog, S.; Tekir, U.; Ulucak, G. On strongly quasi primary ideals. Bull. Korean Math. Soc. 2019, 56, 729-743.

9.  Ulucak, G.; Yetkin Celikel, E. (6, 2)-primary ideals of a commutative ring. Czechoslov. Math. J. 2020, 70, 1079-1090. [CrossRef]

10. Bouba, E.M.; Tamekkante, M.; Tekir, U.; Kog, S. Notes on 1-Absorbing Prime Ideals. Proc. Bulg. Acad. Sci. 2022, 75, 631-639.
[CrossRef]

11. Diizgiin, B. S-Semiprime Ideals of Commutative Rings. Master’s Thesis, Marmara University, Istanbul, Turkey, 2020.

12.  Nagata, M. Local Rings, 1st ed.; Interscience Publishers: New York, NY, USA, 1962; pp. 1-234.

13. Anderson, D.D.; Winders, M. Idealization of a module. J. Commut. Algebra 2009, 1, 3-56. [CrossRef]

14. D’Anna, M.; Fontana, M. An amalgamated duplication of a ring along an ideal: The basic properties. J. Algebra Appl. 2007, 6,
443-459. [CrossRef]

15. D’Anna, M.; Finocchiaro, C.A.; Fontana, M. Amalgamated algebras along an ideal. Commut. Algebra Appl. 2009, 155-172.
[CrossRef]

16. Reis, C.M.; Viswanathan, TM. A compactness property for prime ideals in Noetherian rings. Proc. Am. Math. Soc. 1970, 25,
353-356. [CrossRef]

17.  Smith, WW. A covering condition for prime ideals. Proc. Am. Math. Soc. 1971, 30, 451-452. [CrossRef]

18.  Erdogdu, V. Coprimely packed rings. J. Number Theory 1988, 28, 1-5. [CrossRef]

19. Ferreira, B.L.M.; Julius, H.; Smigly, D. Commuting maps and identities with inverses on alternative division rings. J. Algebra 2024,
638, 488-505. [CrossRef]

20. Anderson, D.D.; Knopp, K.R.; Lewin, R.L. Ideals generated by powers of elements. Bull. Aust. Math. Soc. 1994, 49, 373-376.
[CrossRef]

21. Jayaram, C.; Tekir, U. von Neumann regular modules. Commun. Algebra 2018, 46, 2205-2217. [CrossRef]

22.  von Neumann, J. On regular rings. Proc. Natl. Acad. Sci. USA 1936, 22, 707-713. [CrossRef] [PubMed]

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.


http://doi.org/10.1007/s13366-019-00476-5
http://dx.doi.org/10.2478/auom-2021-0024
http://dx.doi.org/10.1080/00927872.2021.1977939
http://dx.doi.org/10.1142/S0219498816500511
http://dx.doi.org/10.1080/00927872.2021.1897133
http://dx.doi.org/10.21136/CMJ.2020.0146-19
http://dx.doi.org/10.7546/CRABS.2022.05.01
http://dx.doi.org/10.1216/JCA-2009-1-1-3
http://dx.doi.org/10.1142/S0219498807002326
http://dx.doi.org/10.1515/9783110213188.155
http://dx.doi.org/10.1090/S0002-9939-1970-0254031-6
http://dx.doi.org/10.1090/S0002-9939-1971-0282963-2
http://dx.doi.org/10.1016/0022-314X(88)90115-1
http://dx.doi.org/10.1016/j.jalgebra.2023.09.022
http://dx.doi.org/10.1017/S0004972700016488
http://dx.doi.org/10.1080/00927872.2017.1372460
http://dx.doi.org/10.1073/pnas.22.12.707
http://www.ncbi.nlm.nih.gov/pubmed/16577757

	Introduction 
	Properties of S-2-Prime Ideals
	S-2-Prime Ideals in Idealization and Amalgamation Rings
	S-Properties of Compactly Packedness, Compactly 2-Packedness and Coprimely Packedness on Trivial Extension
	Discussion and Conclusions
	References 

