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1 Introduction and preliminaries

The authors in [11] defined the trivariate Fibonacci and Lucas polynomials
H,(x,y,t) and K,(x,y,t). They gave generating functions, Binet’s formulas, and
explicit formulas of these trivariate polynomials.

The trivariate Fibonacci polynomials are the terms of the sequence
{0, Lx, x> +y,x3 +2xy+1,.. } that satisfy the recurrence relation:

Hy(x,y,t) = xH,_1(x,y,1) + yH,_2(x,y,1) + tH,_3(x,y,1) for n>3,

beginning with the values Hy(x,y,t) =0, H(x,y,1) = | and Hp(x,y,t) = x.
Special cases of trivariate Fibonacci polynomials are Tribonacci polynomials
H,(x*,x,1) = T,(x), Tribonacci numbers H,(1,1,1) = T,, and bivariate Fibonacci
polynomials H,(x,y,0) = F,(x,y).
The 2-orthogonal monic Chebyshev polynomials MPS (2-classical) of the first
kind {7,(x)},-, studied in [15], and defined by the next relation:

{ T3 (x) = 2T 2 (x) — a1 (x) = 7Tu(x), 10,9 #0 )

]/:O(x) = 17 T\l('x) =X, fZ(x) :xZ -,

where o and y are constants (see also [22]). If « = 0 in the relationship (1), we get
the 2-orthogonal monic Chebyshev polynomial MPS of the second kind

{ﬁn(x)}iIZO'
In [13], the (p, g)-Pell numbers {P,,,}, ., and (p,q)-Pell Lucas numbers
{Op.gn} ey are defined, respectively, by:

Pp,q,n :szp,q.nfl + qu.q,n727 for n > 27
Qp,q‘n :2pr,q,n—l + qu,q,n—Z; for n > 2;

with initial conditions P, ,0 =0, P,,1 =1 and Q, 40 =2, 0,41 = 2p. The first
few terms of {P, 4}, are 0, 1, 2p, 4p* + ¢, 8p* 4 4pq and so on. Also, the first
few terms of {Qpu}, . are 2, 2p, 4p* 4 2q, 8p° 4 6pq, and so on.

In [10], Suvarnamani and Tatong studied the (p,q)-Fibonacci numbers
{Fp,q,n}n o they gave the Binet’s formula and some results of these numbers.
Then, Suvarnamani in [9] found some properties of (p, g) -Lucas numbers.

The (p, ¢)-Fibonacci numbers {Fp*q’"}n < are defined by:

Fpgn=DFpgn-1+qF,gn forn>2, with F, ;0 =0,F,,; = 1.

The (p, g)-Lucas numbers {L,,,}
relation:

nen are defined by the following recurrence

L

Dgn — pr,q,nfl + qu,q,n727 for n > 27 with Lp,q.O = 27 Lp.,q,l =p-

The well-known Binet’s formulas for (p, ¢)-Fibonacci and (p, ¢)-Lucas numbers are
given by:
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x| — x5
_ "1 _n n
Fpgn = and L gn = Xy + X3,
X1 —X2
+4/p*+4 —/P*+4 e :
where x; = p# and x, = ’# are roots of the characteristic equation

x*> — px — g = 0. We note that:

X1+ X =p,x1x; = —g and x; — X, = \/p? +4q.

In 2015, Uygun [21] introduced the (p,g)-Jacobsthal and (p, g)-Jacobsthal Lucas
numbers {J, g}, ., a0d {jp.gn},cq» Which are defined by the second-order linear
recurrence sequences, for any integer n>2 :

Jpgn =PIpgn-1 +2qJp gn-2,

and

Jp.an = Ppgn—1+ 2qu,q,n727

where J,,0 =0, Jo41 =1, jpg0 =2, and j,,1 = p, respectively. The first few
terms of these sequences are listed in the Table 1.

Corollary 1.1 Given an alphabet A = {ay,a»,a3}, we have:

fn(x) :hn((11,(12,a3)7
H”()C,y,l) :hnfl(ala327a3)7 ne N.

An integer partition [12] is a finite sequence A = [A1,/a,..., 4] of positive
integers. The A; are parts of the partition / and the k is called the number of parts of
A, denoted by /(). The multiplicity of the part i in 4, denoted by #;(1), is the number
of parts of A equal to i .

If n=A4+ 4+ -+ A, then we say that /4 is a partition of n and we use the
notation A—n. The fastest algorithms for enumerating all the partitions of an integer
have recently been presented by Merca [17, 18].

We recall some basic facts about monomial symmetric functions. Proofs and
details can be found in Macdonald’s book [14]. Let A = [, Az, . . ., 4] be a partition
with k£ <n. Being given a set of variables {ay,a, ..., a,}, the monomial symmetric
function

m; = m[il,iz,.”,/lk](al s A2y oy an)7

on these variables is the sum of monomial af‘aéz...a,ik and all distinct monomials
obtained from it by a permutation of variables.

For instance, with A = [2,1,1] and n = 4, we have:
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M 1 1] :a%a2a3 + a1a§a3 + a1a2a§ + a%aza4
+ ala%cu + alazaf1 + a%a3a4 + a1a§a4
+ 01“3‘1421 + a§a3a4 + a2a§a4 + azagai.
We remark that the kth complete homogeneous symmetric function % is the sum of

all monomials of total degree k in these variables, that is:

Definition 1.2 [16] Let k and n be two positive integers, and {a;, ay, .. .,a,} are set
of given variables the kth complete homogeneous symmetric function
h(ay,as, .. .,a,) is defined by:

) T
hy' =h(ar,a0,...,a,) = E ala;..a; (0<k),
i it rin=k

with iy, i, ...,7, > 0.

Definition 1.3 [16] Let k and n be two positive integers, and {a;,ay, . . .,a,} are set

of given variables the kth elementary symmetric function ey(ay,az,...,a,) is
defined by:
e,(:’) =er(a,az,...,ay) = Z alaj..ar (0<k<n),
i1tiy+tip=k
with iy,i5,...,i, =0 or 1.
Remark 1.4 Set eo(ay,az,...,a,) =1 and ho(ay,az,...,a,) = 1, by usual conven-
tion. For k<0, we set ex(ay,az,...,a,) =0 and I(ay,as,...,a,) =0.

Definition 1.5 Given an alphabet A = {a;,ay,...,a,}, we have:

+00 1
th(al,az, .. .,an)zk =
k=0

[1(1—az)

acA

In particular, my; = py is kth power sum symmetric function, that is:
n
Pk = pk(ala a, .. ',an) = Za{(
i=1

For k=0, we consider hg(a,az,....,a,) =1, eolay,az,...,a,) =1, and
polay,as,...,a,) = n.

There is a fundamental relation between the elementary symmetric polynomials
and the complete homogeneous ones:

k

Z(—l)jej(al,az, coap)—j(ar,az, . .. a,) =0,
=0

which is valid for all £ > 0.

T Birkhauser



7 Page 6 of 26 N. Saba et al.

Definition 1.6 [2] Given an alphabet B = {b;, b, }, the symmetrizing operator 5’;1 by
is defined by:

k _ ok
5];];:7 (f) = blf(bll)) ng(bz) for all £ € Nj.
- 1 — D2

2 Main results

In this part, we are now in a position to provide new theorem.

Theorem 2.1 Let A and B be two alphabets, respectively, {a\,aa,...,a;} and
{b1,b,}, and then, we have:

+o0
Z hn(al , Az, ..oy ak)hrH-l—l(bl ) b2)zn
n=0

_ hi_i(b1,by) —e(ay, ay, . ..,ax)bibyh_i(b1,by)z
(0= "enlar, az, . ., ar)biz) (30, 2(=1)"en(ar, a, - . ., ax)bsz")

BB N (1) ey s(an, a, - @) ha (b, by)2"
( :i?)(_])nen(al y A2 0wy ak)blllzn) ( :j?)(_])nen(al 725 - o ak)”zlzn)
2)
forall n, I, k € Ng.
Proof By applying the operator 5}271_,712 to the series

f(biz) = Y05 halar, as, . . ., ai b7, we have:

52! _b%” Z::o(c) ha(ay,az, .. .,ax)bi7" — b%’l Z::O?) ha(ay,az, . . ., ax)b57"
bib (b1z) =

b — b,
+00 n—I+2 n—I+2
b —b
= hn ) PR ] e el P
nZ:O (a1,az ak)( by — by )Z
00
= Z hn(al ,an, ..., ak)hn+1_l(b1 5 bz)zn.
n=0

l

On the other hand, by applying the operator 5}2)]_,)2 to the series:

1
fb12) = = 7
::o(—l) en(al,az,-..7ak)b]‘z"

we obtain:
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1
S (biz) =62 YRR
bib P\ S (1) eu(ar, a, - . ., a )2

Bl Bl
Y @, a0 (1) enlar . b2

by — by
B b%_l Z:zg(fl)"en(al g, ..., ax)bs" — b%_[ Z:zg(fl)"en(m g, ..., a;)b7"
(b= b)) (X" enlar, az, - an)Biz) (a0 (— 1) enar, an, - ar) iz

::Of)(—l)"en(al,az, .. .,ak)b’fbg%z”
N ( :ﬁf)(—l)"en(al,az, .. .,ak)b’l’z”)( :ﬁg(—l)"en(al,az, .. .,ak)bgz”)
7 (=D eu(ar, a2, - . .y ap) bRy i(by, b2)7"
N ( ::Of) —1)"ey(ar,az, .. .,ak)b’fz”)( ;ﬁf)(—l)"e,,(al,az, .. .,ak)bgz")
B S (=1)"en(ar, an, - . oy @) BIBERY (b1, b2)2"
N ( :j(o,(fl)"en(al,az, .. .,ak)b’l‘z”)( ;ﬁf)‘(fl)”e,,(al,az, .. .,ak)bgz")
N oS (=D "en(ar, az, . . . ar)BibERy_yi(by, b2)7"
( :ﬁ?}(—l)"en(al,ag, e ak)b’l’z”) ( ::of)(—l)"en(al,az, .. .,ak)bgz")

_ 21;6(71)"6,1(611 A, ...y ak)b'llbghlfnfl(lh s bz)Zn
(s (=Deu(ar, az, . . .,a)biz") (40 (=) "en(ar, az, . . ., ar)biz")

i (B
::Og—l(fl)ne"(aha%'"7ak)b% lb% l(ﬁ)z"
( o —1)"e,,(a1,a27...,ak)b’l’z”)( :j(c)(—l)"en(ahaz,...,ak)bgzn)7

accordingly:

hi—i(b1,b2) — ei(ar,az,as, . ..,ax)b1bah_(by,b2)z
(s (=1 "enlar, az, ., ar)biz") (i (—1)"en(ar, as, . . ., ax)biz")
B b%_lb%_l Z::O;,(—l)"en (ay,az,...,ak)hyyi—3(b1, b2)7"
(a2 (=D"enlar, az, . . .,an)biz") (3,0 (1) "enlar, az, . . ., ax)biz")
B hi—i(b1,b2) — e1(ar,az,. . .,ar)bibah_i(b1,b2)z
B (s (=1 enlar, az, ..., a)biz") (i (1) en(ar, as, . . ., ar)biz")
DRSS (1) e, a(an, ag, - )by, br) 2

( :if)(—l)"en(al,az,...,ak)b’]’z")( :if)(—l)"en(al,aL...,ak)b’z’z”)'

Sy (012) =

Therefore:

Zhn(al vy ) yg1-1(b1, b2)7"
hi_i(b1,by) — ei(ay,az, .. .,ax)b1byh_y(b1,b2)z
( ::C’('j(—l)"en(al,az, I ak)b’fz”)( ::C’('j(—l)"en(al,az, e ak)bgz”)
B2 S (1) e is(an, aa, - a)ha (b, by)2"

( :jg(—l)"en(al,az, .. .,ak)b’l’z”)( :jg(—l)"en(al,az, .. .,ak)bgz”) '

Thus, this completes the proof. U
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e For A ={a,az,a3}, B={by,b2}, =0, I=1 and l =2 in Theorem 2.1, we
deduce the following lemmas.

Lemma 2.2 Given two alphabets A = {ay,a2,a3} and B = {by,b,}, we have:

400 27,2 3
b by — b1b bsb
in(@r, @, @)1 (b, b) 2" = 1+ by —biby(a) + ax + a3)z + bibsaiazasz .

n=0 Hiszl (1 —aibz) H?:1 (1 —aibaz)

3)

Based on the relationship (3), we get:

+00
Z hnfl (ala a, a3)hn(b1 5 bZ)Zn
n=0

(b] —+ bg)Z — b]bz(al + ay + a3)z2 —+ b%b%a]a2a324
[T (1 = abi2) [T, (1 — aiboz)

Lemma 2.3 Given two alphabets A = {a,,a2,a3} and B = {by,b,}, we have:

2 n 1- blbz(alaz + ayaz + 0203)22 + blbz(bl + bg)a1a2a3z3
Zhn(lll,az7a3)hn(b17b2)2 = 3 3 .
n=0 [Tiei (1 —aibiz) [T, (1 — aibaz)

(5)

Based on the relationship (5), we get:

=2 —bib 3 4+ byby(by + b 4
Zhnfl(al,az,a3)hn71(b1,bz)z" _z—bib(aa j— ajaz +a2a3)z3+ 1b2(by + br)ajarasz .
n=0 [Ti=i (1 = ab2) TTi=, (1 — aibaz)

(6)

Lemma 2.4 Given two alphabets A = {ay,a2,a3} and B = {b1,b,}, we have:

+o0 - b ’
S o (ar, s, s+ (br, ba) 2" — (a + ay + ?3)1 (by + 2)ga1az + a1a; + ara3)z
= [T2 (1= aibiz) [Tin, (1 — aibaz)
arazaz ((by + by)* — byb)2
T, (1 = aibiz) [T, (1 — aibyz)

()

W Birkhauser
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3 Generating functions of the products of 2-orthogonal Chebyshev
polynomials with (p,q)-numbers

In this part, we now derive the new generating functions of the products of 2-
orthogonal Chebyshev polynomials with (p,q)-Fibonacci numbers, (p, ¢)-Lucas
numbers, (p, g)-Pell numbers, (p, g)-Pell Lucas numbers, (p, g) -Jacobsthal
numbers, and (p, ¢g)-Jacobsthal Lucas numbers.

e Replacing b, by (—b,) in (5) and (7), we obtain:

+00

Z hn(ala az, a3)hﬂ (bl ) [_bzbzn

n=0 (8)
L+ biby(aiar +ajas + a203)2° — biby (b1 — by)arazasz’

[T (1 — aibi2) T, (1 + aibsz)

+00

Z hy, (al , a2, a3)hn71 (bh [_bZ])Zn
n=0
_ (a1t o+ a3)z— (b — by)(a1a2 + @103 + ara3)” ©)
H?:l (1 —abiz) H?:l (1 +aibaz)
araraz((by — by)* + b1by)2

[T (1 = aib12) T (1 + aibaz)

This case consists of three related parts. First, the substitutions:

ar+ay +a3 =x
by —by=p

bib, = ¢

ajay + ayaz + aaz = o and { s

ajaxaz = —y
in (8) and (9), we obtain:

o 1 + agz? + ypgz’
> halar, az, as)hy(by, [~bo))" = e TP (10)
n=0 f%ﬁ/(z)

00 Xz — op — (0 4 )P
> ha(ar, az, as)hy 1 (by, [=ba])2" = P 7 (V(p 2 ; (11)
n=0 o,y Z)

with

fuy(@) =1 = pxz+ (a(p* + 2q) — gx*) + p(y(p* + 3q) + agx)Z’
+ q(yx(p2 + 2q) + azq)z4 + aypg*? — v*¢ S,

thus, we get the following both corollary and theorem.

T Birkhauser
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Corollary 3.1 For n € N, the new generating function of the product of 2-
orthogonal Chebyshev MPS of the first kind with (p, q)-Fibonacci numbers is given
by:

+00 2 2 3
SO7 xz —opz- —y(p” + q)z

Tn(X)F ; .nZ” = ) (12)
=0 e Jauy(2)

with fn(x)Fp,q.n = hn(al , a2, a3)hn—l (bl ) [_bZ])

Theorem 3.2 For n € N, the new generating function of the product of 2-
orthogonal Chebyshev MPS of the first kind with (p, q)-Lucas numbers is given by:

N7 (L o 2Pt ot +2)2 +p(p? +39) 3
Z ”(x) pqnl = f (Z) . ( )
n=0 %y

Proof We know that:

Lygn = 2hn(bla [*bﬂ) *Phnfl(bla [*bZD» (see [20]).

We see that:
too +00
S T (0L =Y halar, az, a3) (2ha (b, [~b2]) — pha-i (b, [~b2]))7"
n=0 n=0

+00
=2 Z hn(al , o, a3)hn(b1 ) [_bz])zn
n=0

+00
-p Z hy(ar,az,a3)h,—y (by, [=by])Z".
n=0

Then, according to the relationships (10) and (11), we obtain:

f ]A“ (x)L 7= 2(1 + O(qu + quz3) _p(xz _ O(pZ2 _ V(P2 + q)z3)
0 n o f“’y (Z) fw;(Z)
_ 2 —pxz+o(p® +29)2 +yp(p’ +3¢)2
fa,y(Z) .
This completes the proof. .

e By the relationships (12) and (13 ), we have two cases.

Case 1. With « = 0, we obtain:

W Birkhauser



Construction of a new class of symmetric function. .. Page 11 of 26 7

foy(2) =1 = pxz — g2 +p(p* + 39)7°
+9gx(p* +29) 7" = 4’2,
and we have the following corollaries.

Corollary 3.3 For ne€ N, the new generating function of the product of 2-
orthogonal Chebyshev MPS of the second kind with (p, q)-Fibonacci numbers is
given by:

+00 2 3

~ xz—y(p” +q)z
N O(@)Fpgntt =22 TUE
par e fo4(2)

Corollary 3.4 For n € N, the new generating function of the product of 2-
orthogonal Chebyshev MPS of the second kind with (p, q)-Lucas numbers is given

by:

4

X 2 —pxz+p(P* +39)2
U,(x)Ly 7" = .
( ) Pq, fO,y(Z)

3
I
o

Case 2. With o« = 3 and y = —1, we obtain:
f-1(z) =1 — pxz+ (3p* + 69 — qx*)2* + p(3gx — p* — 3¢)2°
+q(9g = x(P* +29))2" = 3pg’7 — g2,
and we have the following corollaries.

Corollary 3.5 For n € N, the new generating function of the product of 2-
orthogonal Chebyshev polynomials of the first kind with (p, q)-Fibonacci numbers
is given by:

+00 2 2 3

~ xz —3pz- + +qg)z
S T (B =D
n=0 f3.71(Z)

Corollary 3.6 For n € N, the new generating function of the product of 2-
orthogonal Chebyshev polynomials of the first kind with (p, q)-Lucas numbers is
given by:

P . 2—pxz+3(p? +29)2 — p(p® +3¢)2°
Z Ty (X)LP#NIZ = f ( '
=0 5.-1(2)

Second, the substitutions:

T Birkhauser
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a+a+a3=x

b] — bz = 2p
ajax + ayaz + araz = oo and ,
biby =q
ajaaz = —y
in (8) and (9), we obtain:
R 1 + agz® + 2ypq?’
3 halar, az, as)hy(by, [~ba))2" = T TIPEE (14)
n=0 gaﬂ/(z)
400 2 2 3
xz — 20pzc — y(4p° + q)z
S h(ar,a, sy 1 (b, (o)) = 22T I AT g
n=0 g“-,?(z)

with

8xy(2) =1 = 2pxz+ (20(2p” + q) — qx%)2 + 2p(7y(4p” + 3q) + aqx)2’
+ q(o?q + 2yx(2p* + q)) 2

+ 2uypg*’ — V2 g2,

and we deduce the following both corollary and theorem.

Corollary 3.7 For n € N, the new generating function of the product of 2-
orthogonal Chebyshev MPS of the first kind with (p,q)-Pell numbers is given by:

xz — 20pz% — y(4p* + q)2°
82(2)

+00 .
Z Ty(x)Ppgn?" = ) (16)
n=0

with T,(x)P, 40 = hn(a1, az,a3)h,_i (b1, [=b3)).

Theorem 3.8 For n € N, the new generating function of the product of 2-
orthogonal Chebyshev MPS of the first kind with (p, q)-Pell Lucas numbers is given

by:

P 2 — 2pxz + 20(2p* + )2 + 29p(4p> + 39)2
Z Ty (x)vaqann = g (Z) . (17)
n=0 %y

Proof Recall that, we have Q,,, = 2h, (b1, [—b2]) — 2ph,—1 (b1, [—b2]) (see [20]).
We see that:

W Birkhauser
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+00 +00
Z Tn ()C) Qp,q,nzn = Z hn (al , a2, 613) (Zhn (bl ) [_bZ]) - 2Phn—1 (bl ) [_b2]))zn
n=0 n=0

+00
=2 Z hn(al , A2, a3)hn(b1 ) [_bz])zn
n=0

o0
—2p Z hy(ai,az,a3)h,—1 (b1, [—by])Z".

+
n=0

Using the relationships (14) and (15), we obtain:

RSN L 2(1+0g2® +2ypgz®)  2p(xz — 20p2% — y(4p* + q)2°)
Z Ty (x)Qpgn?" = -
n=0 8y (Z) 8a,y (Z)
2= 2pxz+ 2a(2p* + q)2 + 29p(4p* + 3¢)2°
82(2) .
This completes the proof. Ul

e By the relationships (16) and (17), we have two cases.

Case 1. With « = 0, we obtain:
80,(z) =1 = 2pxz — gx°2 + 2yp(4p” + 3¢)7°
+29qx(2p” + q)" = 2,
and we have the following corollaries.

Corollary 3.9 For n € N, the new generating function of the product of 2-
orthogonal Chebyshev MPS of the second kind with (p, q)-Pell numbers is given by:

+0 2 3
~ — (4

S 0y ()Pt = 21 TDT

port 804(2)

Corollary 3.10 For n € N, the new generating function of the product of 2-
orthogonal Chebyshev MPS of the second kind with (p, q)-Pell Lucas numbers is
given by:

X~ . 2—2pxz+ 2yp(4p® + 39)7°
E Un (x)Qp‘q,nZ = ( .
=0 80, Z)

Case 2. With & = 3 and y = —1, we obtain:
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g3-1(2) =1 = 2pxz + (12p* + 6q — gx*) 2" + 2p(3qx — 4p* — 3¢)7’
+q(9g — 2x(2p* + q))2* — 6pg’2 — ¢°2°,
and we have the following corollaries.

Corollary 3.11 For n € N, the new generating function of the product of 2-
orthogonal Chebyshev polynomials of the first kind with (p, q)-Pell numbers is given
by:

S . xz—6p+ (42 + q)2
E T,,(x)P,hq,nz = .
n=0 g3’71 (Z)

Corollary 3.12 For n € N, the new generating function of the product of 2-
orthogonal Chebyshev polynomials of the first kind with (p, q)-Pell Lucas numbers
is given by:

2 — 2pxz + 6(2p* 4 q)22 — 2p(4p* + 3¢)2°

+oo
T, o "=
; (X)QPJI z g3,_1(z)

Third, the substitutions:

a+a+a3=x

ayaz + ayaz + araz = o and bi=br=p
142 103 203 biby = 2

ayaxaz = —Yy

in (8) and (9), we obtain:

=2 1 + 20g7% + 2ypq7°
> hular,az,a3)ha(br, [~ba])2" = Iq{ E (18)
n=0 %”r’(z)

& xz — ap = y(p* +29)2
hn(alaa27a3)h”*1(b17 [_bz])zn = )
nZ:O ern/(z)

(19)

with
K.)(z) =1 — pxz+ (a(p” +4q) — 2¢x°) 2 + p(7(p° + 69) + 209x)2°
+2q(yx(p* + 4q) +2079) 2" + daypg’s — 8)%¢’2°,
thus, we get the following both corollary and theorem.

Corollary 3.13 For n € N, the new generating function of the product of 2-
orthogonal Chebyshev polynomials MPS of the first kind with (p, q)-Jacobsthal
numbers is given by:
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400 2 2 3

S xz —opz” —y(p* +2q)z
E Th(x)Jygn?" = , 20
Lt ( ) Pq, Koc,y(z) ( )

with ]/:n(x)Jp,q,n - hn(al ,an, a?:)hnfl (bl ) [7b2])

Theorem 3.14 For n € N, the new generating function of the product of 2-
orthogonal Chebyshev polynomials MPS of the first kind with (p, q)-Jacobsthal
Lucas numbers is given by:

NN F g o 2Pt (v +49)2 +p(p + 69)2° )1
E n(x)fp,q-,nz = K., (2) . (21)
n=0 (2

Proof By [20], we have jj,,, = 2h, (b1, [—b2]) — phy—1(b1,[—b>]). Then, we can
see that:

+00 +00
Z Ty(X)jpgn?" = Z hy(ar, a2, a3)(2hy, (b1, [=b2]) — phy—1 (b1, [=b2]))Z"
n=0 n=0

+o0
=2 " hu(ar, az, ) (b1, [=ba])7"
n=0

+00
—p Z hn(al , a4z, a3)hn71 (bl ) [_bZDZn'
n=0

Using the relationships (18) and (19) , we obtain:

f Ty = 20 2092 +29pgz®)  p(xz — op? — y(p* + 29)2)
= T HE [
_2—pxz+ a(p® + 4q)2% + yp(p* + 69)7°
Ky (2) .
This completes the proof. O

e By the relationships (20) and (21) , we have two cases.

Case 1. With « = 0, we obtain:
Koy(z) =1 —pxz — 2qx°72 +p (p2 + 6q)z3 + 2ygx (p2 + 4q)z4 —8y°¢°25,
and we have the following corollaries.

Corollary 3.15 For n € N, the new generating function of the product of 2-
orthogonal Chebyshev MPS of the second kind with (p, q)-Jacobsthal numbers is
given by:
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Corollary 3.16 For n € N, the new generating function of the product of 2-
orthogonal Chebyshev MPS of the second kind with (p, q)-Jacobsthal Lucas
numbers is given by:

f 0 (X nd” = 2 — pxz + yp(p* + 69)7°
s n .][7,(/«,11 K() 7(Z) .

Y

Case 2. With & = 3 and y = —1, we obtain:
Ks_1(z) =1 — pxz+ (3p* + 12q — 2gx*) 2> + p(6gx — p* — 6¢)2°
+2q(18q — x(p* +4q))z* — 12pq°z° — 8¢°2°,
and we have the following corollaries.

Corollary 3.17 For n € N, the new generating function of the product of 2-
orthogonal Chebyshev polynomials of the first kind with (p, q)-Jacobsthal numbers
is given by:

400 2 2 3
~ xz—3 + + 2

gnl =
n=0 o K37—1 (Z)

Corollary 3.18 For n € N, the new generating function of the product of 2-
orthogonal Chebyshev polynomials of the first kind with (p, q)-Jacobsthal Lucas
numbers is given by:

2 —pxz+ 3(p2 + 4q)z2 - p(p2 + 661)23
K3 _1(2) '

+00 _
Z T (X)jp.gn?" =
n=0

4 Generating functions of the products of trivariate Fibonacci
polynomials with (p,q)-numbers

In this part, we now derive the new generating functions of the products of trivariate
Fibonacci polynomials with (p,g)-Fibonacci numbers, (p, ¢)-Lucas numbers,
(p, ¢)-Pell numbers, (p, g)-Pell Lucas numbers, (p, g) -Jacobsthal numbers, and
(p, q)-Jacobsthal Lucas numbers.

e Replacing b, by (—b,) in (4) and ( 6), we obtain:
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+00
Z hnfl (al ,an, a3)hn(b1 ’ [_bz])zn
n=0 (22)
_ (by = b2)z+biby(ar +ax + a3)7 + bib3ayarazzt
[T, (1= abi2) TTL (1 + aibaz) .
+o00
Z hp—i (a1, a2, a3)h,— (b, [=by)])Z"
n=0
2 + b]bg(alaz + ayas + a2a3)z3 — blbz(bl — bz)a1a2a3z4 (23)
= 3 3 .
[1(1 —aibiz) [[(1 + aibaz)
i=1 i=1
This case consists of three related parts. First, the substitutions:
a+a+a3=x
{ by —by=p
ajay + ayaz + axaz = —y and ,
biby =q
ajaaz =t
in (22) and (23), we obtain:
400 2 2.4
n Z+qgxz” +q71z
> hailar, az,a3)ha(by, [~by))2 =T TE AR (24)
n=0 f;c,y,z(Z)
+00 3 4
n —qQyT — [74
Zhnfl(al7a2aa3)hn71(bla [—b3])z =M7 (25)

n=0 fx,y,t(z)
with
feya(@) =1 = pxz— (y(p* + 2q) + gx*)2> — p(t(p* + 3q) + qxy)2’
+ CI(CD’2 — XI(Pz + 2q))z4 + pg*yt?’ — ¢,

and we deduce the following both corollary and theorem.

Corollary 4.1 For n € N, the new generating function of the product of trivariate

Fibonacci polynomials with (p, q)-Fibonacci numbers is given by:

+oo 3 4

-9y —pqiz
ZHn(x,y, t)Fp.,q,nZn =T 7 /N
n=0 fx-,)’,l(z)

with Hn(xa Y, t)F[?,q,n = hnfl (611 ,az, 613)/’1”,1 (bl ) [_bZD

(26)

Theorem 4.2 For n € N, the new generating function of the product of trivariate

Fibonacci polynomials with (p, q)-Lucas numbers is given by:
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+0o0 2 3 2 4
Z + 2qxz° + pgyz’ + qt(p” + 2q)z
S Hy (3,9, ) = 2T 2PE PO E 4 (" +29)2°

n=0 Sy (2)

(27)

Proof By referred to [20], we have:
Ly gn = 2hu(b1, [=b2]) — pha—1 (b1, [=b2]).
We see that:

+00 +00
> Hu(x,3,0Lpgn?" =Y hyoi(a1,a2,a3)(2hn(by, [=ba]) = phai (b1, [~b2)))2"
n=0 n=0

+00
=2 Z hn—l (al ,a, a3)hn (bl 3 [_bZDZn
n=0

+00
P> (@, az,a3)hy 1 (by, [—ba])2"
n=0

According to relationships (24) and (25), this gives the following equality:

+00 2 2.4 3 4
2(pz+qxz” +q’tz 2—qyz’ — pqtz

S Hy (e g = (pz+qxz” +q’z")  p(z—qyz’ — pgiz’)

n=0

fV;Y,I (Z) fo,y?l(Z)
 pz+2gx + payz® + qt(p? + 29)°
fA‘-,y-,t(Z) .

This completes the proof. O

e By the relationships (26) and (27) , we have three cases.

Case 1. Writing x? instead of x, x instead of y and taking ¢ = 1, we obtain:
fox1(z) =1 = pX*z—x(p* + 29+ ) —p(p* + 3q + qx°)2
— g (p* +q)2 + pg’x — g2,
and we have the following corollaries.

Corollary 43 For n € N, the new generating function of the product of Tribonacci
polynomials with (p, q)-Fibonacci numbers is given by:

+00 3 4

7—qxz’ — pqz
Y Tu(x)Fpgad =
Lg Pt fex(2)

Corollary 4.4 For n € N, the new generating function of the product of Tribonacci
polynomials with (p, q)-Lucas numbers is given by:
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+00 2.2 3 2 4
+2 + 24 q(p” + 2

z :Tn (x)qu,nZn pz qx-7" T pgxz q q)z '

n=0 ’ f;cz x,1 (Z)

Case 2. With x =y =t = 1, we obtain:
fin(R) =1=pz— (p* +39)2 —p(p* +49) —q(p* + 9)* + pg’2 — ¢'2,
and we have the following corollaries.

Corollary 4.5 Forn € N, the new generating function of the product of Tribonacci
numbers with (p, q)-Fibonacci numbers is given by:

fTF o242 —pedt
e f11(2)

Corollary 4.6 For n € N, the new generating function of the product of Tribonacci
numbers with (p,q)-Lucas numbers is given by:

f TL g PAE242+peZ +q(p? +2q)7
o firi(z)

Case 3. With t = 0, we obtain:

feyo(z) =1 —pxz— (y(p* +2q) + qx*) 2 — paxyz’ + ¢*y*2",

and we have the following corollaries.

Corollary 4.7 For n € N, the new generating function of the product of bivariate
Fibonacci polynomials with (p7 q)-Fibonacci numbers is given by:

w2 fxvo()

Corollary 4.8 For n € N, the new generating function of the product of bivariate
Fibonacci polynomials with (p, q)-Lucas numbers is given by:

f Foley . PZ+2qxZ’ + pay’
P feyo(2) '

Second, the substitutions:
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a+ay+a3=x

by — by =2
aia + ayaz + apaz = —y and{ ! : P

biby =q

b

ayaaz =t
in (22) and (23), we obtain:

 2pz+ qxd? + ezt

+00
Z hnfl (al ,az, a3)hll(b17 [_bz])zn

7 (28)
= 20ya(?)
+00 3 4
72— qyz’ — 2pqtz
N hui(ar, az, a3 (br, [-by)) =B PR (29)

=0 Gy (2)
with
8uyi(2) =1 — 2pxz — (2y (2172 + q) + qxz)zz —2p (t(4p2 + 3q) + qu) z
+q(ay —2xt(2p” + )2 + 204°yiz” — 2%
thus, we get the following both corollary and theorem.

Corollary 4.9 For n € N, the new generating function of the product of trivariate
Fibonacci polynomials with (p, q)-Pell numbers is given by:

+00 3 4
7—qyz’ — 2pqt?
H,(x,y,1)Pp g7 = ———~—, (30)

with Hn(x,y, Z)Pp%n = hn_1 (al,az,a3)hn_1 (b], [—sz

Theorem 4.10 For n € N, the new generating function of the product of trivariate
Fibonacci polynomials with (p, q)-Pell Lucas numbers is given by:

+00 2 3 2 4
3 o 2P+ 2qxz” + 2pqyz’ + 2qt(2p” + q)z

Hn(x7y7 t)Qp,q,nZ - ( ) .
n=0 8xy,\Z

(31)

Proof By [20], we have Q,, ;. = 2h, (b1, [—b2]) — 2ph,—1 (b1, [—b>]). Then, We see
that:

+00 +00
Z Hn ()C, Y, I)Qp,q,nzn - Z hnfl (Cl] , a2, a3)(2hn (bla [_bZ]) - 2Phn—1 (bh [_bZ]))Zn
n=0 n=0

+00
=2 Z hnfl (dl , A2, a3>hﬂ<b1 ) [_bZDZn
n=0

+00
=29 ha-i(ar,a2,a3)hy 1 (b, [~ba))2",
n=0

using the relationships (28) and (29), we obtain:
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+0o0 2 2.4 3 4
2(2pz + qxz° + q°tZ 2p(z — qvz° — 2pqtz
§ Hn(x7y7 I)Qp,q,nzn - ( ) - ( )

=0 ry(2) Zrya(2
 2pz+2qx2* + 2pqyz + 2qt(2p* + q)z*
8rya(2)

This completes the proof. O

e By the relationships (30) and (31), we have three cases.

Case 1. Writing x2 instead of x, x instead of y and taking ¢ = 1, we obtain:

8.1 (2) =1 = 2px°z — x(4p® +2q + gx°) 2 = 2p(4p® +3q + qx°) 2
— qx* (4p* + q)* + 2pq*x2 — @20,
and we have the following corollaries.

Corollary 4.11 Forn € N, the new generating function of the product of Tribonacci
polynomials with (p, q)-Pell numbers is given by:

+00

3 4
7 —qxz’ — 2pqz
E Tp(X)Ppgn? = LT T APk
n=0 8x2.x,1 (Z)

Corollary 4.12 Forn € N, the new generating function of the product of Tribonacci
polynomials with (p, q)-Pell Lucas numbers is given by:

&= 2pz + 2qx°7> + 2pgxz® + 2q(2p* + q)7*
> Tu(®)Qpga?' = ( -
n=0 8x2.x,1 Z)

Case 2. With x =y =t = 1, we obtain:
gi11(2) =1—=2pz— (4p* +39) — 8p(p* + q9)2 — q(4p* + 9)7* + 204’7 — ¢°2°,

and we have the following corollaries.

Corollary 413 Forn € N, the new generating function of the product of Tribonacci
numbers with (p,q)-Pell numbers is given by:

X . 1—q7 —2pqzt
Z Tan,q.nZ = N -
pu g1,1,1(2)

Corollary 4.14 Forn € N, the new generating function of the product of Tribonacci
numbers with (p, q)-Pell Lucas numbers is given by:
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— . 2pz+2q2% + 2pg2d + 2q(2p% + q)2*
Z T, Qp,q.nz = .
o g1,1.1(2)

Case 3. With t = 0, we obtain:

8iy0(2) = 1 =2pxz — (2y(2p* + q) + gx*) 2> — 2pgxyz’ + ¢*y*2",

and we have the following corollaries.

Corollary 4.15 For n € N, the new generating function of the product of bivariate
Fibonacci polynomials with (p, q)-Pell numbers is given by:

- - gy
F,(X7y)P“,Zn: .
nz:; ' pan gx.y.O (Z)

Corollary 4.16 For n € N, the new generating function of the product of bivariate
Fibonacci polynomials with (p, q)-Pell Lucas numbers is given by:

2pz + 2qxz* + 2pgy?’
8x,,0 (Z) .

+00
Z Fn ()C, y)Qp‘q,nZn =
n=0

Third, the substitutions:

a+ay+a3=x
aia; + ayaz + axaz = —y and {

aiaraz =t

bi—by=p
bib, = 2q

)

in (22) and (23), we obtain:

Foo 2 2,4
. DT+ 2qxz7 +4q°tz

Zhnfl(abaLaS)hn(bl, [—b2))z =P 1 1 ) (32)
n=0 kx,y,t (Z)
+00 3 4

. 2 2qyT — 2pqtz
Z hy—1(ar, a2, a3)h,—1(by, [—bs])2" = 2 P4 ; (33)
n—0 kx<,y-,t(z)

with
key(2) =1 = pxz — (y(p* + 4q) +2qx%)2 = p(t(p* + 6q) + 24xy)2’
+2q(2gy* — xt(p* +4q))2* + 4pgPyir’ — 8¢° P,
and we deduce the following both corollary and theorem.

Corollary 4.17 For n € N, the new generating function of the product of trivariate
Fibonacci polynomials with (p, q)-Jacobsthal numbers is given by:
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+00 3 4

-2 — 2pqt
2 :Hn(x,y7 t)Jp.q,nZn _ Z qyz Pqiz 7 (34)
n=0 kXﬁy,l (Z)

with Hy,(x,y,0)Jpgn = hu—i(ar,az,a3)h,—1 (b1, [—b2)).

Theorem 4.18 For n € N, the new generating function of the product of trivariate
Fibonacci polynomials with (p,q)-Jacobsthal Lucas numbers is given by:

 pz+4gx? + 2pgyz’ + 2q1(p* + 4q)2*

+o0o
Hn(xaya t)] R ,nzn - 35)
; e kx,y,t(z) (

Proof We know that:
jpﬁq,n = 2hn(b17 [_bZ]) —phu1 (b], [_bZ])a (see [20]).

We see that:

+ +00
Z H,(x,y,0)jpqn?’ = Z hn—1(ai,az,a3)(2h, (b1, [=b3]) — phy—1 (b1, [—b2]))Z"

n=0 n=0

+00
=2 Z hy—1(ay, az,a3)h, (b, [—by])Z"
n=0

00
—p Y hui(ar, az, az)hy i (by, [=ha))2"
n=0

Then, according to the relationships (32) and (33), we obtain:

fH (e ) = 2(pz+2gx2% +4¢°1z")  p(z—2qyz’ — 2pqrz*)
e S Ky (2) Ky (2)
pz+ 4qx® + 2pqyz’ + 2q1(p* + 49)7"
B ke (2) '
This completes the proof. O

e By the relationships (34) and (35), we have three cases.

Case 1. Writing x2 instead of x, x instead of y and taking t = 1, we obtain:
ke i(z) =1 — px’z — x(p2 +4q+ 2qx3)z2 —p(p2 + 6q + 2qx3)z3
—2gx*(p* +29)2* + 4pg’x — 8472,
and we have the following corollaries.

Corollary 4.19 Forn € N, the new generating function of the product of Tribonacci
polynomials with (p, q)-Jacobsthal numbers is given by:
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+00 3 4
z—2gxz” — 2pqz
To(xX) ]y gnd' =
; (x) p.gn% kxz,x,l(z)

Corollary 4.20 Forn € N, the new generating function of the product of Tribonacci
polynomials with (p, q)-Jacobsthal Lucas numbers is given by:

s .. Pz 4P+ 2pgx + 2q(p* + 4q)Z*
Z Tu(xX)jpgn?" = .
kxz x,1 (Z)

n=0

Case 2. With x =y =t = 1, we obtain:
kini(z) =1 —pz— (pP* +6q)2 — p(p* +89)2° — 2q(p* +29)* + 4pg*s® — 8¢°2,

and we have the following corollaries.
Corollary 4.21 Forn € N, the new generating function of the product of Tribonacci
numbers with (p, q)-Jacobsthal numbers is given by:

fTJ r _ z—2q2 = 2pgzt
i nep.g,n k17171(Z) .

Corollary 4.22 Forn € N, the new generating function of the product of Tribonacci
numbers with (p, q)-Jacobsthal Lucas numbers is given by:

X, P49 +2pg 4+ 2q(p* + 4q)*
Z T’L]PJIJIZ = k .
= 111(2)

Case 3. With r = 0, we obtain:
keyo(z) = 1 —pxz — (y(p* +4q) +2qx*) 2 — 2pqxyz’ + 4¢7y*2",

and we have the following corollaries.
Corollary 4.23 For n € N, the new generating function of the product of bivariate
Fibonacci polynomials with (p, q)-Jacobsthal numbers is given by:

+00 3
7 —2qyz

Fu(x, ) pgn?' = ———-.
2 Pl Mo =200

Corollary 4.24 For n € N, the new generating function of the product of bivariate
Fibonacci polynomials with (p,q)-Jacobsthal Lucas numbers is given by:
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+00 2 3
. pz+4gxz” + 2pgyz
an7y.]..nzn: .
nz:; ( ) P4, k)@yﬁo (Z)

5 Conclusion

In this paper, by making use of Theorem 2.1, we have derived some new generating
functions of the products of trivariate Fibonacci polynomials and 2-orthogonal
Chebyshev polynomials with (p, g)-numbers. The derived theorems and corollaries
are based on symmetric functions and products of these numbers and polynomials.
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