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A variety of functions, their extensions, and variants have been extensively investigated, mainly due to their potential applications
in diverse research areas. In this paper, we aim to introduce a new extension of Whittaker function in terms of multi-index
confluent hypergeometric function of first kind. We discuss multifarious properties of newly defined multi-index Whittaker
function such as integral representation, integral transform (i.e., Mellin transform and Hankel transform), and derivative formula.
The results presented here, being very general, are pointed out to reduce to yield some known or new formulas and identities for

relatively functions.

1. Introduction

Generalized and multivariable forms of the special functions
of mathematical physics have witnessed a significant evo-
lution during recent years. In particular, the special func-
tions of more than one variable provided new means of
analysis for the solution of large classes of partial differential
equations often encountered in physical problems. Most of
the special functions of mathematical physics and their
generalization have been suggested by physical problems. In
mathematics, the Whittaker function is a solution of
Whittaker equation, which is a modified form of confluent
hypergeometric function of first kind, and it has various
applications in multifarious area such as mathematical
physics and many research areas, which are studied by
various mathematicians (see [1-4]). Recently, many authors
give an extension and generalization of several special
functions such as beta function, gamma function, hyper-
geometric function, confluent hypergeometric function, and
Whittaker function (see [2, 3, 5-12]). Ghayasuddin et al. [7]
defined a new type of confluent hypergeometric function by

using extended beta function in terms of multi-index
Mittag-Leffler function. Inspired by the abovementioned
work, in this paper, we introduced a new extension of
Whittaker function in terms of multi-index Mittag—Leffler
function by using an extended confluent hypergeometric
function and studied their various properties such as integral
transform, integral representation, and derivative formula of
it. We remember below the following basic definition and
extension of special function.

The classical beta function B (u, v) is defined as (see [13])

I'(w)I(v)

1
B(u,v)=J0t“’1(1—t)V’1dt= PP (1)

where
(R () >0,R(v)>0). (2)
The classical Gauss hypergeometric  function
F(u,v;w;w) and confluent hypergeometric function

O (v; w; w) are defined as (see [14])
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F(u,v;w;w):mJ;t"_l(l—t)w_v_l(l—wt)_”dt, (larg(1 — w)| <7; R (w) >R (v) >0), (3)
O (v;w; w) = ﬁ J;H‘l(l —1)*"" exp(wt)dt, (R (w)>R(v)>0). (4)

By using the series expansion of (1 — wt)™* and exp (wt) confluent hypergeometric functions are written in terms of
in (3) and (4), respectively, the hypergeometric and  beta function as

Bv+nw-v) 0"

" Bvw-v) nl’ (lol <1, R (w) >R (v)>0),

Fu,v;w; ) = i (u)
n=0

(5)
D (v;w;w) = ;j% % (R (w)>R((v)>0).

In 1997, Aslam Chaudhary et al. [5] give an extension of ~ Remark 1. If p = 0, then extended beta function (6) is re-

beta function defined as duced to classical beta function (1).
1
B, (u,v) = J Mra-nt exp(— P )dt, (6) In 2004, Chaudhary et al. [6] introduced the extended
0 t(1-1) hypergeometric and confluent hypergeometric functions in

terms of extended beta function (6) as follows:
where

(Rp)>0,R(u)>0,R(v)>0). (7)

oY B (v+nw-v) o"
F > V5 ) = P—_y = U, 1) >
p(u v, W; ) r;)(u)n Briw—v) (p=0,|wl <1, R (w)>R(v)>0)

(8)
OB (v+nw-—v) "
Y P
CDp(ww,w)—;mE, (p=0,R (w)>R (v)>0).
Their integral representation is
F(uV'w'w):;Jltvfl(l—t)wiv*l(l—wt)f"ex P dt
P B(v,w-v) Jo P\Tra = )%
(p>0;p =0andlarg(l — w)| <m; R (w) >R (v)>0),
9)
Caye _ 11/—1 w-v-1 P dt
d)P(v,w,w)—mjot (1-1) exp wt_t(l—t) ,

(p>0;p=0and R (w) >R (v) >0).
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Shadab et al. [12] introduced an extension of beta
function using generalized Mittag-Leffler function as
follows:

_ ! u—1 v—1 P
BZ(u,v)—Jot (1-1) E“(_t(l—t)>dt’

(R(w)>0,R(»)>0,R(p)>0;a € R),

(10)

where E,(.) is the classical Mittag-Leffler (see [15, 16])
function defined by

S B+nw-v) o"
F (viww) = ) (u),—————= —
n=0

B(vyw—-v) nl’

3
o0 wi’l
B (w)= Y ——,
a (@) n;)l“(om+ 1) (an
where
(weC,aeRy). (12)

Shadab et al. [12] expressed the extended hyper-
geometric and confluent hypergeometric functions in terms
of extended beta function (11) as follows:

(e R peRy, |w<1,R(w)>R(v)>0),

(13)
© gP w— n
®p,a(v;w;w)=;%%, (e R, peRy, |0 <1, R (w)>R(v)>0),
and their integral representation is
L 1 P
F VW 0) = (-0 (1 -wt) "E,| - dt,
i) = g [ N0 (1 an) ( t(l_t))
(e € R",p>0;p =0and |arg (1 - w)| <m; R (w) >R (v) >0),
(14)

1 ! v—1 w—-v-1 wt P
) JW; =— t 1-t E, | - dt,
pe (VWi 0) = FE T J.o =07kl oy

(e € R",p>0;p=0and R (w) >R (v) >0).

Ghayasuddin et al. [7] introduced an extension of beta
function using multi-index Mittag-Leftler function as
follows:

1
le,.“,as,bl,..‘hj (1, v) = JO - t)”’lE(l,m) (bi)<_t(1’lt)>dt’ (Rw)>0,R(v)>0,R(p)>0;a;,>0,b; € R), (15)

For s=2, if we set 1/a; = a,1/a, =0,and b; = b, =1 in
(15), then we obtain the extended beta function defined by
Shadab et al. [12].

Multi-index Mittag-Leffler function E /5@, () is de-
fined as follows (see [17]):

k
< w

E = ,
(1) (1) (@) ,;)r(b1 (ka)).. T (b, + (kia))

(16)

where s>1 is an integer and a;,a,,...
by, b, ..., b, are arbitrary real numbers.

It is easy to see that, for s = 2, (1/a;) = «, (1/a,) = 0, and
b, = b, =1, then multi-index Mittag-Leffler function is
reduced to classical Mittag-Lefller function E, (w).

In 2020, Ghayasuddin et al. [7] expressed the extended
hypergeometric and confluent hypergeometric functions in
terms of extended beta function (15) as follows:

,a,>0 and
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00 A1seenlgsD el (V W — V) n

> w

FZI,...,as,bl,...,bs (I/l, Vi w; (l)) _ Z (u)n P
n=0

(a;>0,b; € R,p € Ry, |w| <1, R (w) >R (v) >0),

B(v,w—v) n’
(17)
b b al,.“,as,bl,.‘.,bs (V + n’ w— V) wn
(I)Zl,...,as, by wr w) = n;) P TR T (a;>0,b; € R,p € Ry, |w| <1, R (w) >R (v) >0),
and their integral representation is
Fap...,us,b]w.,b_g (u, v; w; @) = 1 Jl tv—l (1- t)w— v—1 (1- wt)—uE ml - P dt,
p O T Bw-v) o (V) 0\ "t (1 —¢) (18)
(p>0;p=0andarg(1l — w)| <m; R (w) >R (v) >0,a,>0,b; € R),
(Dal,...,uj,blw..,bs (V' w: w) _ 1 x Jl tv—l (1 t)w v— 1ew E P dt
p Y T Bw-v) o (Wa)(e\ (1)) (19)
(p>0;p=0and R (w) >R (v)>0,a;>0,b; € R).

The extension of Kummer’s relation to the generalized For a=f=n=v=1 and p=0, (20) is reduced to
extended confluent hypergeometric function of the firstkind ~ Kummer’s formula of first kind for the classical confluent
is as follows: hypergeometric function (see [14]).

The Whittaker function M, ; (w) in terms of confluent
P 11 v RN '1 Vi Kl
e (nwyw)=e (D (w - v;w; —). (20) hypergeometric function of first kind (see [4, 18]) is defined
as
{+(1/2) —w 1 -1 -1
M, (0) =w exp(7)®<(—x+5; 20 + 1;w>, (9{(()>7 and R ({ + K)>7). (21)

In 2013, Nagar et al. [3] generalized the Whittaker
function by using extended confluent hypergeometric
function ®, which is defined as

- -1 -1
M, () = ) exp( 2“’) ({ = Loce w) (m(o >— and R(C + %) >7>. (22)
2. Multi-Index Whittaker Function
In this section, we give a new generalization of Whittaker
function of the first kind by applying the multi-index
confluent hypergeometric function (19) defined as
1 -1 -1
MO () = 12 exp( )qf‘l oAby 'ﬂbs(( —t 20+ w), (p >0, R(0)>— andR({£0)> - a,>0,b, € [R).
(23)
If we take p = 0andag; =---=a,=b; =--- = b, = 1, (23)

reduced to the classical Whittaker function (21).
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2.1. Integral Representation. Here, we define integral rep-
resentation of the multi-index Whittaker function by using
(19) and (23) as

{+1/2

yeons@gsbysenb w exp (-w/2) Jl x-1/2 Cri-1/2 ot P
MD T = t 1-t E — |dt
pid @ = ks arr12) o =077 E ) o\ -
(24)
-1 -1
. <p20,91({) >7 and R ({ + «) >7,ai >0,b; € [R{).
Substitutingt = (x —a)/ (b — a) in (24), we get the multi-
index Whittaker function as
M (o) (b-a) X" exp (~w/2)
Pl B({ - x+(1/2),{ +x+(1/2))
(25)
b 2
N e=(172) e (172) w(x—alb-a) _ P (b B a)
X L (x —a) (b-x) e E(11a)) (b,,)( Y dx,
where a and b are scalars such that (b —a)>0. If we take a = —1andb =1 in (23), we obtain another
representation of multi-index Whittaker function:
9= 20+1 \{+(1/2) b 4p
MEbiobs _ J e W2) () _ i (12) (xi2) a dx,
pisd R TP Y7 W ers)) Rall IR (=0 E ) 00\ " (- )
(26)
In (24), substitute t = x/(1 + x), and we get another
integral representation of multi-index Whittaker function as
Ma],“.,as,b],u.,bs (@) = w(+(1/2) eXp (~w/2)
Pl B -+ (1/2),{ + x+(1/2))
(27)

00 2
(=x=(1/2) ~(20+1) _wx/ (14x) p(1+x)
X Jo X (l +X) e E(l/a,»)(b,)( 7)( dx.
Mal,“.as,b],...bs —w) = (-1 (Jr(1/2)Mal,...,us,bl,...,b5 w), >0).
Ifai =-.=qa,= bi =...= bs =1 andp =01in (24), (23), pd (-w)=(-1) P (@) (P )

and (27), we obtain integral representation of classical (28)
Whittaker function.

Theorem 1. The following relation holds true: Proof. Using relation (20) in (23), we have

- 1
Ma)l,;uas,b],.“bs (—0) = (_1)c+<1/z)wc1<1/z) eXp(7)®Zl,...,as,bl,...,bs(C et > 2WH1: w). (29)
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Now, writing the right-hand side of the above repre- 3. Integral Transform of Multi-Index
sentation by using (23), we get the desired result. O Whittaker Function

Theorem 2. The following Mellin transform formula holds
true:

[ee)
J-O ps— IMZ;;%’a"bl’“"b‘ (a))dp

[(s)L(1-s) B(({+s)—x+(1/2),2((+s)+1)

= M 30
[T, T(b; - (s/a;)) @' B({-x+(1/2),{ +x+(1/2)) s (@) (30)
-1
: (m(s)>0andm((¢ 0)>0,>0,b, € IR).
Proof. Using multi-index Whittaker function (1), we obtain
o0 Apse.sd - o0 s— ayse.sgsby s b 1
J P MO obr-obs (w)dp = @12 exp(—w> J p* Lpashy ’b’<(— K+=320+1; w)dp. (31)
0 Pt 2/J)o P 2
Again, using multi-index confluent hypergeometric
function (19), we obtain
{+(1/2) 00 1
w exp (—w/2) J' 571‘[ (- x—(1/2) (+r—(1/2) _wt P
= t 1-t¢ E ———— |dt dp. 32
B((—K+(1/2),(+K+(1/2))X o Pl (1-1 € E(va) (b) t(1-1) P (32)
Changing the order of integration, we obtain
(+(1/2) 1
w exp (-w/2) J -x-(112) = (172) ot ro -1 P
= t 1-t E ———— |dpdt. 33
B —x+(1/2),{+x+(172) " Jo S A IOl Ty 9
Substituting u = p/ (¢ (t — 1)) in integral (33), we obtain
_ w12 exp (—w/2)
" B({-x+(1/2),¢ +x+(1/2))
(34)

1 (o]
o] O a0 [ T ) Cududr
0 0

Now, using well-known result (p. 102 of [19]) and
confluent hypergeometric function (4), we obtain
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_ @2 exp(—w/2)B(({+s) —x+(1/2),2({ +s) + 1)
B({—x+(1/2),{ +x+(1/2))

I'(s)I'(1-ys)

X¢((+S—K+(1/2) 2((+S)+1 w)m

(35)
" exp (—w2)¢ (C +5) — 6+ (1/2);2(C +9) + 1; )
- @ B({ =1+ (1/2),{ + 5+ (1/2))
1 T'(s)I'(1-5)
B(((+$)—K+E,2((+S) + l)m
By using definition of classical Whittaker function (21), = Theorem 3. The following formula holds true:
we get the desired result. O
JO o lefwa;};;Eas,bl,...bs (ca))dw
{+(1/2)
T 172 2
_¢ (a+(+(1/ ))F“"'“’“"h‘ <a +( + ( x+ 2( +1; ¢ ) (36)
(b + (6/2))a+(+(1/2) P 2b +
-1
- (pzo,zb>c>o,m(a+()>?ai>o,bi ¢ IR).
Proof. Using integral representation of the multi-index
Whittaker function, we obtain
oo a—1 _—bw g fA15.-80015..50
Jo w e MP’K)( (cw)dw
- 1 o0 a-1,-bw (+1/2) < cw)
T B((-x+(1/2),{+x+(1/2)) JO “ (co)™ " exp (37)
1
(-x-(112) (-(112) jewt p P
ont (I-1) e (l/a)(b)< t(l—t))dtdw'
Now, interchanging the order of integration and using
the definition of gamma function, we obtain
[e¢]
Jo w”_le_waz’l;’(’“s’bl’ obs (cw)dw
DD (a4 {+(1/2)
(38)

B (b + (c12)™ VDB = Kk +(1/2),C + K + (1/2))

L. _ 2ct
Xj (D) (g gy (1/2)(1 3
0

—(a+{+(1/2))
2b + c)

E(l/ai)(b,v)< [ _t))dtdw
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Journal of Mathematics

Corollary 1. Ifwe takea = ¢ = 1 in (36), we get the following
special cases:

* b ay,...agby,..bg
jo e MP)K)( (w)dw
250G (¢ + (3/2)) 3 1 (39)
_ + A1l sby oy - .
S @b+ )PP (“2’( K+2’2(+1’2b+c>'
Theorem 4. The following Hankel transform formula holds
true:
0 Apses@byse b
J wM™! ;O P (W), (aw)dw
0 Pt
IL({+x+(5/2) i By b (¢ e b+ (1/2), { + k+ (1/2)) ({+m + (5/2)),
= (40)

(az + (1/4))((/2)4—(5/4)

1

Va2 + 1 )

xP Ef:1+(3/2)<

(m((i x)>%1 andiR((+m)>_75,ai>0,bi c IR), (41)

where Pg“ (z) is the Legendre function (see p.34. of [20]).

(00

B( —x+ (1/2),{ + .+ (1/2))(a® + (1/4))"n!

Proof. Using (23) and (18), expanding multi-index Whit-
taker function in terms of generating extended beta function
and changing the order of integration and summation, we
obtain

vl (F ek (1/2), o+ (1/2))

,

a

Ayl 5. sby _ N BPI
Mo (@) (aw)dw =
n=o

Pl
|

0

On using the known result (see p. 182 (9)of[21]),

| 2)

where R({+m)> —1L,r= (p*+ a®)"? and P?‘(z) is the
Legendre function (see [20]).By using (43) in (42) and after
some simplification, we get the desired result. O

e P, (adt =T({+m+1)r 7 'P" (43)

0

dﬂ
do"

ewlzaf (7(1/2)Ma1,.“ b

poies{

gD

(@) 2+ D),

_ ((—x+ (1/2))”e"’/2w’(’(”/2)’(1/2)M

B({—x+(1/2),{ +x+(1/2))n!
(42)

[ee]
w(+ﬂ+(3/2)e— w/2]m (aw)dw.

4. Derivative of Multi-Index
Whittaker Function

Theorem 5. The following differential formula holds true:

)55

-5+ (). (44)

NI
NS

pk
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Proof. The n' order derivative of generalized extended Now, using (23) on the left-hand side of (44), we obtain
confluent hypergeometric function is given by [9]

dn
Apseslgbysenbg o
" [q)pl U (v w; w)]

(45)

_ (V)n ayse.lsb

(w), *

eeabs v+nw+n;w).

dn _ Apses@gsb 15 0bg
—[e“’/zz —(12)™ ) (w)]

do” Pt
A" [ aabyb 1
_ LreeolgsDp5ensby _ . .
=1 [CDP (( K+2,2{+1,w)]
(46)
—-Kk+(1/2 n n\ 1 1
_ (¢ (1/2)), 5 - obibe [(( + _> _<K _ _) 4o 2<<~ + _) +1: w]
2¢+1), p 2 2/ 2 2
(C=x+(1/2)), wn —(-(2)-(112) gty
= (2(_'_ 1)n e w Mp,lx—(nlz),l(+(n/2) ((U)
We get the desired result (44). | Library, Cambridge University Press, Cambridge, UK,
1990.
5. Conclusion [5] M. Aslam Chaudhry, A. Qadir, M. Rafique, and S. M. Zubair,
“Extension of Euler’s beta function,” Journal of Computational
In the present paper, we introduce a multi-index Whittaker and Applied Mathematics, vol. 78, no. 1, pp. 19-32, 1997.
function in terms of extended confluent hypergeometric [6] M. A. Chaudhry, A. Qadir, H. M. Srivastava, and R. B. Paris,

“Extended hypergeometric and confluent hypergeometric
functions,” Applied Mathematics and Computation, vol. 159,
no. 2, pp. 589-602, 2004.

[7] M. Ghayasuddin, N. Khan, and M. Ali, “A Study of extended
beta, Gauss and confluent hypergeometric functions,” In-
ternational Journal of Apllied Mathematics, vol. 33, no. 1,

function. We have provided some important properties of
Whittaker function such as integral representation, integral
transform, and derivative formula. We have known that
most of the special function of mathematical physics such as
modified Bessel function and Laguerre and Hermite poly-

nomial can be written in terms of Whittaker function. pp. 1-13, 2020.

Therefore, extensions and generalization of the Whittaker [8] N. U. Khan and S. Husain, “A note on extended beta function

function are playing important roles in applied mathematics inolving generalized Mittag-Leffler function and its applica-

and mathematical physics. tions,” TWMS Journal of Applied and Engineering Mathe-
matics, (Accepted), 2020.
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