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1. I n t r o d u c t io n  a n d  N o ta t io n s

Fibonacci numbers and their generalizations have many interesting properties and 
applications to almost every field o f science and art (e.g. see [27]). F ibonacci
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A . B oussayoud et al.

numbers Fn are defined by the recurrence relation

fF o =  1, F i =  1.

\ Fn+1 =  Fn +  Fn -1 . n >  1

There exist a lot of properties about Fibonacci numbers. In particular, there is a 
beautiful com binatorial identity to F ibonacci numbers [27].

From (1 .1 ), Filipponi [22] introduced the incomplete F ibonacci numbers Fn (s) and 
the incomplete Lucas numbers L n(s). They are defined by

In [17], D jordjevic gave the incom plete generalized Fibonacci and Lucas numbers. 
In [18], D jordjevic and Srivastava defined incomplete generalized Jacobsthal and 
Jacobsthal-Lucas numbers. In [16], the authors defined the incomplete Fibonacci 
and Lucas numbers. For the systematic work related to F ibonacci and related num­
bers, we refer the readers to see the references [29-3 2 ].

On the other hand, many kinds o f generalizations o f Fibonacci numbers have 
been presented in the literature. In particular, a generalization is the fc-Fibonacci 
numbers. For any positive real number fc, the fc-Fibonacci sequence, say (Fn,k)ngN, 
is defined recurrently by

In [24], fc-Fibonacci numbers were found by studying the recursive application of 
two geometrical transformations used in the four-triangle longest-edge (4TLE) par­
tition. These numbers have been studied in several papers; see [24, 25].

For any positive real number fc, the fc-Lucas sequence, say (L n,k)ngN, is defined 
recurrently by

If fc =  2, we have the classical Pell numbers appears: P0 =  0 ,P 1 =  1 and Pn+ 1 =  
2Pn +  Pn- 1  for n >  1, cf. [3].

In this contribution, we shall define a new useful operator denoted by S—ke2 
for which we can formulate, extend and prove new results based on our previous 
ones [3, 5]. In order to determine new generating functions o f the products o f some

(1.1)

i, (o  <  s <  — ; n =  0 ,1 , 2 , . . .

Fk,o =  1, Fk,1 =  1,

F k,n+1 =  fcFk,n +  Fk,n -1 . n >  1.
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S ym m etric fu n ction s

known numbers and polynom ails, we combine between our indicated past techniques 
and these presented polishing approaches.

Let k and n  be two positive integer and {a\, a2, . . . , a n }  are set o f  given vari­
ables, recall [20] that the kth elementary symm etric function e k (a i, a2, . . . ,  an) and 
the kth com plete homogeneous symm etric function hk (a 1, a2, . . . ,  an) are defined 
respectively by

with i i , i 2 , . . . , i n  >  0.
First, we set e0(a 1, a2, . . . ,  an ) =  1 and h0(a 1, a2, . . . ,  an) =  1 (by convention). 

For k >  n  or k <  0, we set ek (a i, a2, . . . ,  an) =  0 and hk(ai, a2, . . . ,  an ) =  0.

D e f in it io n  1 .1 . Let E  =  { e 1, e 2}  an alphabet, we define the symm etric function 
Sn associated with the alphabet E  by

D e f in it io n  1 .2 . Let A  and B  be any two alphabets, then we give Sn (A  — B ) by 
the following form:

il+i2+-----+in = k

a1 â 2 ••• a^n, 0 <  k <  n,
il+i2+-----Vin = k

+  £'2) — hn(e 1 , e2) — --------------
e1 — e2

en+ 1 _  en+ 1
11______ 2 (1.2)

with

So(e1 +  e2) =  ho(e1,e2) =  1,

S1(e1 +  e2) =  h1(e1,e2) =  e1 +  e2,

S2(e1 +  e2) =  h2(e1,e2) =  e\ +  e1e2 +  e2,

(1.3)

with the condition Sn (A  — B ) =  0 for n <  0 (see [1]). 

C o r o lla r y  1 .1 . Taking A  =  0 in (1.3) gives

(1.4)
n=0

Further, in the case A  =  0 or B  = 0 ,  we have
tt

] T  Sn(A  — B )z n =  Y ,  S n (A )zn £  S n(—B )z n .
n =0 n=0 n =0
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A . B oussayoud et al.

D e fin it io n  1 .3 . Let g be any function on R " , then we consider the divided differ­
ence operator as the following form

g (x i , . . . ,  x~i: . . .  x n) g[x\^ . . .  x.i^2 • • • x n )
Xi

dXiXi+l (g )

(see [19]) .

D e fin it io n  1 .4  ( [9]). The symmetrizing operator 5kie2 is defined by

< e , ( / )  =  e " / ( e i ) ~ e" /(e 2 )  ( f c e N ) .
12 ei -  e2

R e m a r k  1 .1 . Let E  =  { e 1,e 2}  an alphabet, we have

hk ( e i ,e 2) =  Sk (ei +  e2) =  6^ ( e i ) .

(1.5)

2. T h e  F ib o n a c c i  P o ly n o m ia ls

Note that if k is a real variable x, then F k," =  Fx," and they correspond to the 
F ibonacci polynom ials defined by [24]

{1 if n  =  0, 

x  if n  = 1 ,

x F " (x )  + F " - i (x) if n >  2. 

from where the first Fibonacci polynom ials are(Fi =  1,

(2F =  x,

Fa(x =  x 2 +  1,

x) =  x 3 +  2x,

F5(x =  x 4 +  3x2 +  1,

Fe (x =  x 5 +  4x3 +  3x,

7( x =  x 6 +  5x4 +  6x2 +  1,

Fg(x =  x 7 +  6x5 +  10x3 +  4x

And from these expression, as

(2.1)

or the k-Fibonacci numbers, we can write [24]:

L i J

i=0
F "+ i(x )  =  ^  ( n . ) x "  2i (n >  0).

Note that F2" (0 )  =  0 and x  =  0 is the only real root, while F2" + i (0) =  1 with no 
real roots. A lso for x  =  k G N, we obtain the elements o f the k-Fibonacci numbers.
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S ym m etric fu n ction s

B y iterating recurrence relation o f formula (2.1 ) , the following property is 
straightforwardly deduced.

P r o p o s it io n  2 .1  ( [26]). For  1 <  r <  n — 1 holds:

F" + i (x  ) Fr (x) F" - ( r - 2) (x) +  Fr - i (x  ) F" - ( r - i ) (x  ) .

P r o p o s it io n  2 .2  (B in e t ’ s fo r m u la ). The nth Fibonacci polynomial may be writ­
ten as

a n — ( —<r) 71 x  +  %/x2 +  4
F „ { x )  =  -------- --------:---- , being a =  --------- ---------- . (2.2)

a  +  a  i 2

P r o o f .  Note that the characteristic equation for k-Fibonacci polynom ials is r 2 — x. 
■/' — 1 = 0  with roots ri =  a =  J’+v/if L+4 , and ro =  — f - 1 , from where Formula (2.2) 
is deduced. □

P r o p o s it io n  2 .3  ( [25 ]). (A sym ptotic behavior o f the quotient o f  consecutive 
term s).

If cr =  :r+vy + 4 , then linin^oo =  <?■

As a consequence, the quotient between two consecutive terms o f the k -F ibonacci 
numbers { F k" }  =  {0 ,1 , k, k2 +  1 ,k 3 +  2 k ,. . .}  tends to the positive characteristic 
root a  =  a k. For each integer k, a  +  a k is called the kth metallic ration [28]: Golden 
Ratio, for k =  2, and Bronze R atio for k =  3.

P r o p o s it io n  2 .4  ( [24]) . (H onsberger’s form ula). fo r  n, m integers it holds:

Fm + "(x )  =  Fm - i (x )F "  (x) +  Fm (x )F " - i ( x ) .

3. O n  th e  S y m m e tr ic  F u n ctio n s  o f  S o m e  k -F ib o n a c c i  N u m b e rs  
a n d  F ib o n a c c i  P o ly n o m ia ls

In this part, we are now in a position to provide Theorem  3.1. Also, we derive the 
new generating functions o f the products o f some known numbers and polynomails.

D e f in it io n  3 .1 . The symmetrizing operator S- ike2 is defined by [7]

=  ( f c e N ) .
1 2 (e ie 2) k(ei — e2)

L e m m a  3 .1  ( [7]). Let E  =  { e i , e 2} ,  we define the operator Seike2 as follows:

X-k f t  \ _  — hk - i ( e i , e 2) rf \ | ek p. rf \
d e i e 2 f  ( e i )  -  - f c - f c  / ( e l )  +  - k - k d e 1 e 2 f { e l ) .

e i e2 e i e2
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S ym m etric fu n ction s

\  A 7 / „ \ n n rk—n — 1/ \ n k̂ k k+\
hn (a 1, a2, . . . , an )e 1 e 2 ^eieo (e1)z e 1 e2 z\ n ^ ?  * * * ? -n y -1-2  "eie2

e 1 e2 \ n1 2 \n=0

X hn+k+1(a 1, a2,***, an )^eie2 (e 1 )z  ) *
n=0

This com pletes the proof. □

We now derive the new generating functions o f the products o f some known 
polynomials. Indeed, we consider Theorem  1 in order to derive k-Fibonacci numbers 
and Fibonacci polynom ials if k =  1.

T h e o r e m  3 .2 . Let E  and A  be two alphabets, respectively, { e 1 ,e 2}  and { 0 1 , 0 2 }, 
then we have

hn+2 (a 1, « 2)^nie2
n=0

_  e i e q a l a ^ z2 -  a i a 2/?i(ei,  e2)/?i(ai ,  a2)z +  (01 +  a2)2 -  o i o 2 ^  ^

EI a G A ( 1 -  a ei Z) r io £ A (1 -  ae2 -) ’

In the case A  =  { a 1} , based on Theorem  3.2, we deduce the following lemmas: 

L e m m a  3 .2 . Given two alphabets E  =  { e 1 , —e2}  and A  =  { 0 1 } ,  we have

r „ 1 ( e i ) z n =  ---------- ;------------r---------5--------- ;r . (3.3)1 ei[-e2]V 1; l _ a e e - _ a 2 2 V ;
n=0 1

L e m m a  3 .3 . Given two alphabets E  =  { e 1 , —e2}  and A  =  { 0 1 } ,  we have

j l  A e ,) z n =  ----------^  ~  £'2 +  ei£'2: -------- (3.4)
_0 ei[ 621 1 -  o i ( e i  -  e 2)z -  cqe^eoz-

Assuming that e1 — e2 =  1, e 1e2 =  1 and a 1 =  1 in Eqs. (3.3) and (3 .4 ), we 
obtain the generating functions given by Boussayoud et al. [2, 5] which represent:

(1) The generating function o f the Fibonacci numbers Fn .
(2) The generating function o f the Lucas numbers L n .

Choosing e1 and e2 such that { ^ 1  e2 =  k and substituting in (3.3) and (3.4) we 
end up with [3]

5 < 3 - 5 >
n =0
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and

^  k +  z
V d ' " ! 1 ,(£ 1 )^  = ----- , (3.6)^  ^  1 _  /j~ _  ~2 V )
n=0

Thus, we deduce the following theorem.

T h e o r e m  3 .3  ( [2 ]). For n €  N, the generating function  o f the k-Fibonacci num­
bers is given by

A . B oussayoud et al.

= 1 ^ 7 - 5 -
n=0

M ultiplying Eq. (3.5) by the variable 2 + k 2 and subtract it from  (3.6) multiplying 
by the variable k yields

2 — kz
~  «  V [ - e 2]Ve l ^  -  l - k z - z ^] T [ ( 2 +  k2)SnA- 62](e1) — k sn + - 62](e1)]z'

n=0

and we have the following theorem.

T h e o r e m  3 .4  ( [2]). For n €  N, the generating function  o f the k-Lucas numbers 
is given by

'5 2 Ijk,nZn ~  i _ fc r _  o ’
n=0

Put k =  2 in the relationship (3 .7 ), we have

2 - 2 t

.0 1 — 2t — t2 ’

which represents a generating function for Pell-Lucas numbers [5].

Choosing e 1 and e2 such that l ^ -  = =  x and substituting in (3 .3 ), we end up 
with

x  +  \J x 2 +  4

n=0

Thus, we get the following theorem.

T h e o r e m  3 .5 . We have the following a new generating function  o f the Fibonacci 
polynomials as

O O  1

1 — x t — t 2
n =0

2150031-8
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S ym m etric fu n ction s

For the case E  =  {e i ,  —e2}  and A  =  {a i ,  — a2}  with replacing e2 by  —e2, a2 by 
—a2 in (3 .2 ), we have

hn+2 (a 1, [—a2])hn (e1, [ —e2])^”

—e ie 2a2a2^2 +  a ia 2h i(e i, [—e2] )h i(a i, [—a2])z  +  (a i — a2)2 +  a ia 2

°n
n=0

(1 — a ie iz )(1  +  a2e iz )(1  +  a ie 2z )(1  — a2 e 2 z)

This case consists o f three related parts. Firstly, the substitutions

{ai — a2 =  k, | ei — e2 =  x,
and

aia2 =  1, I eie2 =  1,

(3.8)

in (3.8) give

hn+2 (a 1, [—a2])hn (e 1, [—e2])zn
n=0

k2 +  1 +  k xz  — z 2
1 — k xz  — (x 2 +  k2 +  2 )z2 — k xz3 +  z 4 

=  E  F k,n+2 Fn (x )z n .
n=0

From which we have the following theorem.

T h e o r e m  3 .6 . We have the following a new generating function  o f the product of 
k-Fibonacci numbers and Fibonacci polynomials as

k2 +  1 +  kx z  — 72
E  Fktn+2Fn(x)zn =  , /  r .  2  2  _  k x z 3  _ 4  • (3.9)
n=0

• Put k =  1 in the relationship (3 .9 ), we have

En ? ^ / \ n 2 + xz — z
Fn+2Fn(x)z — - - 9 , qn o 3~  J j1 — x^ — (x 2 +  3 )z2 — x z 3 +  z4n=0

which represents a new generatings functions o f the product o f F ibonacci numbers 
and Fibonacci polynomials.

• Put k =  2 in the relationship (3 .9 ), we have

V  P  + i F  (x )zn = __________5 +  2 X Z -  z 2___________
n -* n ' i  _  2#£ — (x 2 +  6 )z 2 — 2x^3 +  ’n=0

which represents a new generatings functions o f the product o f Pell numbers and 
Fibonacci polynomials.
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A . B oussayoud et al.

Secondly, by making the following restrictions:

{
a i — a2 =  k, | ei — e2 =  k,

and

aia2 =  1, [e ie2  =  1,

in (3.8) gives

k2 +  1 +  k2z — z 2£  [ - 0, ] ) M « , ,  [ - « ] ) - ' "  =  ! _  kH  _  !  I 2
n=0 v '

oo
^  Fk,n+2Fk,nZn (3.10)
n=0

representing a new generating function o f k-Fibonacci numbers F k,. 
On the other hand, we consider

,n+2 Fk,nZr ■ = £ ( F ,  n+1 + F k,n)F k,nz 
n=0 n=0

oo oo
= E  Fk,n+iFk,nZn + £  Fk ~n

0

Since

we have

^  1 _  z2

=  l - k , i z - 2 { k 2 +  l ) z 2 - k 2zs +  z 4 (see [3])n=0

n k2(1 +  z)
fc’n+ - k’n 1 — A:2 ;̂ — 2(At2 +  1 ) z2 — k2z3 +  z 4n=0

1 — z 2
+  ■1 — k2z — 2(k2 +  1 )z2 — k2z3 +  z4 ' 

from those applications, we deduce the following theorem.

T h e o r e m  3 .7 . We have the following a new generating function  o f the product o f 
two consecutive k-Fibonacci numbers as

>2(i +  z )
J 2  Fk,n+1 Fk,nz n =  1 _ fc2 . _ 2 ( f c 2  +  1 ) . 2 _ fc2 . 3  +  . 4 -  ( 3 - U )
n=0

• Put k =  1 in the relationship (3.10) and (3 .11), we obtain the following results.

C o r o lla r y  3 .1 . W e have the following a new generating function  o f the product o f 
Fibonacci numbers as

F F „n _  2 +  z - z 2
( Fn-\-2-TnZ —^  n^ n~ 1 — z — 4 z2 — z3 +  z 4 '
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S ym m etric fu n ction s

C o r o lla r y  3 .2 . For n €  N, the generating function  o f the product o f two consecu­
tive Fibonacci numbers is given by

• Put k =  2 in the relationship (3.10) and (3 .11), we obtain the following results.

C o r o lla r y  3 .3 . We have the following a new generating function  o f the product of 
P ell numbers as

C o r o lla r y  3 .4 . We have the following a new generating function  o f the product of 
two consecutive P ell numbers as

4. C o n c lu s io n

In this paper, we have derived new theorems in order to determine generating 
functions o f k-Fibonacci numbers, k-Lucas numbers and Fibonacci polynomials. 
The derived theorems and lemmas are based on symm etric functions and products 
o f these numbers and polynomials.
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