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In this paper, we introduce a new operator in order to derive some new symmetric
properties of fc-Fibonacci and fc-Lucas numbers and Fibonacci polynomials. By making
use of the new operator defined in this paper, we give some new generating functions

for fc-Fibonacci and Pell numbers and Fibonacci polynomials.
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1. Introduction and Notations

Fibonacci numbers and their generalizations have many interesting properties and

applications to almost every field of science and art (e.g. see
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numbers Fn are defined by the recurrence relation
fFo = 1Fi = 1
\Fn+l = Fn+ Fn-1. n>1

There exist a lot of properties about Fibonacci numbers. In particular, there is a
beautiful combinatorial identity to Fibonacci numbers [27].

(1.1)

From (1.1), Filipponi [22] introduced the incomplete Fibonacci numbers Fn(s) and
the incomplete Lucas numbers Ln(s). They are defined by

(o <s< —;n=0,1,2,...

In [17], Djordjevic gave the incomplete generalized Fibonacci and Lucas numbers.
In [18], Djordjevic and Srivastava defined incomplete generalized Jacobsthal and
Jacobsthal-Lucas numbers. In [16], the authors defined the incomplete Fibonacci
and Lucas numbers. For the systematic work related to Fibonacci and related num-
bers, we refer the readers to see the references [29-32].

On the other hand, many kinds of generalizations of Fibonacci numbers have
been presented in the literature. In particular, a generalization is the fc-Fibonacci
numbers. For any positive real number fc, the fc-Fibonacci sequence, say (Fn,k)ngN,
is defined recurrently by

Fk,o = 1, Fk,l1 = 1,
Fk,n+l = fcFkn + Fk,n-1. n > 1.

In [24], fc-Fibonacci numbers were found by studying the recursive application of
two geometrical transformations used in the four-triangle longest-edge (4TLE) par-
tition. These numbers have been studied in several papers; see [24, 25].

For any positive real number fc, the fc-Lucas sequence, say (L n,k)ngN, is defined
recurrently by

If fc = 2, we have the classical Pell numbers appears: PO= 0,P1= 1and Pn+1=
2Pn + Pn-1 for n > 1, cf. [3].

In this contribution, we shall define a new useful operator denoted by S
for which we can formulate, extend and prove new results based on our previous
ones [3, 5]. In order to determine new generating functions of the products of some

2150031-2


http://www.worldscientific.com

Asian-European J. Math. Downloaded fran www.worldscientific.com
by HASAN KALYONCU UNIVERSITESI o 07/13/20. Re-use ad distribution & strictly not permitted, except for Open Access articles.

Symmetric functions

known numbers and polynomails, we combine between our indicated past techniques
and these presented polishing approaches.

Let k and n be two positive integer and {a\, a2,...,a n} are set of given vari-
ables, recall [20] that the kth elementary symmetric function ek(ai, a2,..., an) and
the kth complete homogeneous symmetric function hk(al,a2,..., an) are defined

respectively by

il+i2+----- +Hn=k

al a2 eeea™, O0< k < n,

il+i2+-----Vin=k
with ii,iz2,...,in > 0.
First, we set eO(al,a2,..., an) = 1 and hO(al,a2,..., an) = 1 (by convention).
For k > n or k < 0, we set ek(ai, a2,..., an) = 0 and hk(ai, a2,..., an) = 0.

Definition 1.1. Let E = {el,e2} an alphabet, we define the symmetric function
Sn associated with the alphabet E by
le e9+1

+ £2) — hn(el,e2) — T (1.2)

with

So(el + e2) = ho(el,e2) = 1,
S1l(el + e2) = hl(el,e2) = el + €2,

S2(el + e2) = h2(el,e2) = e\ + ele2 + e2,

Definition 1.2. Let A and B be any two alphabets, then we give Sn(A —B) by
the following form:

(1.3)
with the condition Sn(A —B) = 0 for n < 0 (see [1]).
Corollary 1.1. Taking A = 0 in (1.3) gives
(1.4)
n=0
Further, in the case A = 0 or B =0, we have
tt
1T Sn(A —B)zn= Y , Sn(A)znf Sn(—B)zn.
n=0 n=0 n=0

2150031-3


http://www.worldscientific.com

Asian-European J. Math. Downloaded fran www.worldscientific.com
by HASAN KALYONCU UNIVERSITESI o 07/13/20. Re-use ad distribution & strictly not permitted, except for Open Access articles.

A. Boussayoud et al.

Definition 1.3. Let g be any function on R", then we consider the divided differ-
ence operator as the following form

g(xi, ..., x-: oxn) o gx\~eL X.iN2 **ex n)

dXiXi+l (g) i
(see [19]).

Definition 1.4 ([9]). The symmetrizing operator 5kie2 is defined by
<e,(l) = e"l(ei)~ e"l(e2 fceN). (1.5)
12( ) ( ei)_ e (e2) ( )

Remark 1.1. Let E = {el,e2} an alphabet, we have

hk (ei,e2) = Sk(ei + e2) = 6~ (ei).

2. The Fibonacci Polynomials

Note that if k is a real variable x, then Fk," = Fx," and they correspond to the
Fibonacci polynomials defined by [24]

ifn=0,
ifn=1, (2.1)

xF"(x) + F"-i(x) ifn > 2.
from where the first Fibon%cci palypomials are
= X,
™
Fa(x = x2+ 1,
= = X3+ 2x,
F5(x = x4+ 3x2+ 1,
Fe(x = x5+ 4x3+ 3x,
T X = X6+ 5x4+ 6x2+ 1,
Fg(x = x7+ 6x5+ 10x3+ 4x
And from these expression, as or the k-Fibonacci numbers, we can write [24]:
Li
F"+i(x) =~ (n . )x" 2 (n>0).
i=0
Note that F2'(0) = 0 and x = 0 is the only real root, while F2"+i (0) = 1with no
real roots. Also for x = k G N, we obtain the elements of the k-Fibonacci numbers.
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By iterating recurrence relation of formula (2.1), the following property is
straightforwardly deduced.

Proposition 2.1 ([26]). For 1< r < n —1 holds:
F'+i(X)Fr(X)F"-(r-2(x) + Fr-i(xX)F"-(r-i)(x).

Proposition 2.2 (Binet's formula). The nth Fibonacci polynomial may be writ-
ten as

an —(—r 1 i X + %Ix2+ 4
F.{X) = - —-, beinga = - oo . (2.2)
a+a i 2
Proof. Note that the characteristic equation for k-Fibonacci polynomials is r2—x.

®—1=0 with roots ri = a = J+vffL+4,and ro = —f -1, from where Formula (2.2)
is deduced. O

Proposition 2.3 ([25]). (Asymptotic behavior of the quotient of consecutive
terms).

If or = :r+vy +4, then linin”oo = <

As aconsequence, the quotient between two consecutive terms of the k-Fibonacci
numbers {Fk" } = {0,1, k, k2+ 1,k3+ 2k,...} tends to the positive characteristic
root a = ak. For each integer k, a + ak is called the kth metallic ration [28]: Golden
Ratio, for k = 2, and Bronze Ratio for k = 3.

Proposition 2.4 ([24]). (Honsberger's formula). for n, m integers it holds:

Fm+"(x) = Fm -i(xX)F" (x) + Fm(X)F" -i (x).

3. On the Symmetric Functions of Some k-Fibonacci Numbers
and Fibonacci Polynomials

In this part, we are now in a position to provide Theorem 3.1. Also, we derive the
new generating functions of the products of some known numbers and polynomails.

Definition 3.1. The symmetrizing operator S-ik2 is defined by [7]

= . ) (fceN).
12 (eie2)k(ei —e2)

Lemma 3.1 ([7]). Let E = {ei,e2}, we define the operator Seik2 as follows:

X-k ft \_ —hk-i(ei,e2) rf \ | ek p rf \
deie2f (ei) - -fc-fc /(e 1) + - k-kdele2f{el)

eie2 eie2
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\ A7 [, \nnrk—sn—1/ \n Nk k+\
\ hn(al a2, ***7amnyele? "eje@ (el)z ele2z
eieq \n=@
X hn+k+1(al, a2,***, an)”eie2(el)z )*
n=0
This completes the proof. 0O

We now derive the new generating functions of the products of some known
polynomials. Indeed, we consider Theorem 1in order to derive k-Fibonacci numbers
and Fibonacci polynomials if k = 1.

Theorem 3.2. Let E and A be two alphabets, respectively, {el,e2} and {o01,02},
then we have

hn+2 (al, «2)”™nie2
n=0
_ eieqala”~z2- aiaZ2/?i(ei, e2)/?i(ai, a2)z + (01 + a2)2- o0io2 non

ElaGA(1- aeiZ)rio£EA(1- ae2-) '

In the case A = {al}, based on Theorem 3.2, we deduce the following lemmas:

Lemma 3.2. Given two alphabets E = {el,—e2} and A = {01}, we have

1 eif-exffeidzn = Y st g (3:3)
n=0 1

l
Q
o
(v}
1
Q
N

Lemma 3.3. Given two alphabets E = {el,—e2} and A = {01}, we have

jl Ae,)zn = ---mme- N o~ E2+ eif2: - (3.4)
0 ei[ 64 1- oi(ei - e2)z - cqge”eoz-

Assuming that el —e2 = 1, ele2 = 1 and al= 1 in Egs. (3.3) and (3.4), we
obtain the generating functions given by Boussayoud et al. [2, 5] which represent:

(1) The generating function of the Fibonacci numbers Fn.
(2) The generating function of the Lucas numbers Ln.

Choosing el and e2 such that {1 e2= k and substituting in (3.3) and (3.4) we
end up with [3]

5 <3 -5 >
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and
N k+ z
X d™mrlr (EA)N = T f~ 2 (,363
n=0 - -

Thus, we deduce the following theorem.

Theorem 3.3 ([2]). For n € N, the generating function of the k-Fibonacci num-
bers is given by

=1~"~7-5-
n=0

Multiplying Eq. (3.5) by the variable 2+k?2 and subtract it from (3.6) multiplying
by the variable k yields

2 —kz
1T [(2 + k2)SnA- 62](el) =k W[t—eﬁg]}\(,@p]z' C l-Kz-z~n
n=0

and we have the following theorem.

Theorem 3.4 ([2]). For n € N, the generating function of the k-Lucas numbers
is given by

'521jknzZn ~ i _ fcr_ o’
n=0
Put k = 2 in the relationship (3.7), we have
2-2t
.0 1—2t —t2’
which represents a generating function for Pell-Lucas numbers [5].

Choosing el and e2 such that I~ - = = x and substituting in (3.3), we end up
with

X+ \Ix2+ 4
n=0

Thus, we get the following theorem.

Theorem 3.5. We have the following a new generating function of the Fibonacci
polynomials as

1—xt —t2

2150031-8
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For the case E = {ei, —e2} and A = {ai, —a2} with replacing e2 by —e2, a2 by
—a2in (3.2), we have

Hn+2 (al, [a2])hn(el, [—2])»"
n=0
—eie2a2a2”2 + aiaz2hi(ei, [—e2])hi(ai, [a2])z + (ai —a2)2+ aia2
(1 —aieiz)(1 + a2eiz)(l + aie2z)(1 —az2e2z)
(3.8)

This case consists of three related parts. Firstly, the substitutions

s —a2 =k, Jei —e2= x,
and

ia2 = 1, leie2 = 1,
in (3.8) give

hn+2 (a1, [a2])hn(el, [<2])zn
n=0
k2+ 1+ kxz —z2
1—kxz —(x2+ k2+ 2)z2 —kxz3+ z4

= E FKk,n+2Fn(x)zn.
n=0

From which we have the following theorem.

Theorem 3.6. We have the following a new generating function of the product of
k-Fibonacci numbers and Fibonacci polynomials as

k2 + 1+ kxz —72
E Fktn+2Fn(x)zn= . 2 2 kxz3 4 (3.9)

n=0
e Put k = 1in the relationship (3.9), we have

n ?27/\n 2+ Xz —z
n+2Fn(x)z  —-

-9, gn 0 3 Jj
1 —xN—x2 + 3)z2—xz3+ z4
which repr new generatings functions of the product of Fibonacci numbers
and Fibonacci polynomials.
e Put k= 2 in the relationship (3.9)we have

V. P +iF (X)zn = 5+2XZ-22
n=o n*n' i _ 2#£ — (X2 + 6)z2 —2Xx"3 + '

which represents a new generatings functions of the product of Pell numbers and
Fibonacci polynomials.
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Secondly, by making the following restrictions:

j —a2 = k, Jei —e2 = Kk,

and
ia2 = 1, [eie2 = 1,
in (3.8) gives

£ [-0ODM «,, [-«])-"" =V _kH 5, 14 k2d2 55
n=0 v

00

A Fk,n+2Fk,nZn (3.10)

n=0

representing a new generating function of k-Fibonacci numbers Fk,
On the other hand, we consider

n+2Fknzm=£ (F, n+1 +Fkn)Fknz

n=0 n=0
00 00
=E Fknn+ifknzn+£ Fk -n
0
Since
n 1_z2
n=0 = l-k,iz-2{k2+ 1)z2-k 2zs + z4 (see [3])
we have
n k21 + z)
n=0 fin+- k'n 1 —A2% —2(At2 + 1)z2 —k2z3 + z4
1—2z2
+
1 —k2z —2(k2+ 1)z2 —

from those applications, we deduce the following theorem.

Theorem 3.7. We have the following a new generating function of the product of
two consecutive k-Fibonacci numbers as
>2(i + z)
J2 Fk,n+1Fk,nzn= 1 _ fc2._2(fc2 + 1).2 _fc2.3 + .4- (3-U )
n=0
e Put k = 1 in the relationship (3.10) and (3.11), we obtain the following results.

Corollary 3.1. We have the following a new generating function of the product of
Fibonacci numbers as

2+ z-22

FF\ZEI' 2" =
n-\-2-ThZ —
( n"  n~ 1—z —422—23+ z4'

N

2150031-10
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Corollary 3.2. For n € N, the generating function of the product of two consecu-
tive Fibonacci numbers is given by

e Put k = 2 in the relationship (3.10) and (3.11), we obtain the following results.

Corollary 3.3. We have the following a new generating function of the product of
Pell numbers as

Corollary 3.4. We have the following a new generating function of the product of
two consecutive Pell numbers as

4. Conclusion

In this paper, we have derived new theorems in order to determine generating
functions of k-Fibonacci numbers, k-Lucas numbers and Fibonacci polynomials.
The derived theorems and lemmas are based on symmetric functions and products
of these numbers and polynomials.

References

1. A. Abderrezzak, Generalisation de la transformation d’Euler d’une serie formelle, Adv.
Math. 103 (1994) 180-195.

2. A. Boussayoud, M. Boulyer and M. Kerada, On some identities and symmetric func-
tions for Lucas and Pell numbers, Electron. J. Math. Anal. Appl. 5 (2017) 202-207.

3. A. Boussayoud and N. Harrouche, Complete symmetric functions and fc-Fibonacci
numbers, Commun. Appl. Anal. 20 (2016) 457-467.

4. A. Abderrezzak, M. Kerada and A. Boussayoud, Generalization of some hadamard
product, Comm/un. Appl. Anal. 20 (2016) 301-306.

5. A. Boussayoud, M. Kerada and M. Boulyer, A simple and accurate method for deter-
mination of some generalized sequence of numbers, Int. J. Pure Appl. Math. 108
(2016) 503-511.

6. A. Boussayoud, A. Abderrezzak and M. Kerada, Some applications of symmetric
functions, Integers 15 (2015) A#48, 1-7.

7. A. Boussayoud and R. Sahali, The application of the operator in the series

P+=0 ajb{zj, J. Adv. Res. Appl. Math. 7 (2015) 68-75.

8. A. Boussayoud, M. Kerada, R. Sahali and W. Rouibah, Some applications on gener-
ating functions, J. Concr. Appl. Math. 12 (2014) 321-330.

9. A. Boussayoud, M. Kerada and A. Abderrezzak, A generalization of some orthogonal
polynomials, Springer Proc. Math. Stat. 41 (2013) 229-235.

2150031-11


http://www.worldscientific.com

Asian-European J. Math. Downloaded fran www.worldscientific.com
by HASAN KALYONCU UNIVERSITESI o 07/13/20. Re-use ad distribution & strictly not permitted, except for Open Access articles.

A. Boussayoud et al.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.
28.

29.

30.

31

32.

A. T. Benjamin and J. J. Quinn, Proofs that really count: The art of combinatorial
proof, (Mathematical Association of America, Washington, DC, 2003).

A. F. Horadam, Basic properties of a certain generalized sequence of numbers,
Fibonacci Q. 3 (1965) 161-176.

A. F. Horadam, Generating functions for powers of a certain generalized sequence of
numbers, Duke Math. J. 32 (1965) 437-446.

A. F. Horadam and J. M. Mahon, Pell and Pell-Lucas polynomials, Fibonacci Q. 23
(1985) 7-20.

A. Lascoux and A. M. Fua, Partition analysis and symmetrizing operators, J. Comb.
Theory A. 109 (2005) 339-343.

C. Bolat and H. Kose, On the properties of fc-Fibonacci numbers, Int. J. Contemp.
Math. Sci. 5 (2010) 1097-1105.

D. Tasci and M. Cetin Firengiz, Incomplete Fibonacci and Lucas p-numbers, Math.
Comput. Model. 52 (2010) 1763-1770.

G. B. Djordjevic, Generating functions of the incomplete generalized Fibonacci and
generalized Lucas numbers, Fibonacci Q. 42 (2004) 106-113.

G. B. Djordjevic and H. M. Srivastava, Incomplete generalized Jacobsthal and
Jacobsthal-Lucas numbers, Math. Comput. Model. 42 (2005) 1049-1056.

I. G. Macdonald, Symmetric Functions and Hall polynomials (Oxford University
Press, 1979).

M. Merca, A Generalization of the symmetry between complete and elementary sym-
metric functions, Indian J. Pure Appl. Math. 45 (2014) 75-89.

P. A. Panzone, On the generating functions of Mersenne and Fermat primes, Collect.
Math. 63 (2012) 59-69.

P. Filipponi, Incomplete Fibonacci and Lucas numbers, Rend. Circ. Mat. Palermo.
45 (1996) 37-56.

S. Araci, Novel identities involving Genocchi numbers and polynomials arising from
applications of umbral calculus, Appl. Math. Comput. 233 (2014) 599-607.

S. Falcon and A. Plaza, On the Fibonacci fc-numbers, Chaos Solitons Fractals 32
(2007) 1615-1624.

S. Falcon and A. Plaza, The fcFibonacci sequence and the Pascal 2-triangle, Chaos,
Solitons Fractals 33 (2008) 38-49.

S. Falcon and A. Plaza, On fc-Fibonacci sequences and polynomials and their deriva-
tives, Chaos, Solitons Fractals 39 (2009) 1005-1019.

T. Koshy, Fibonacci and Lucas Numbers with Applications (Wiley-Interscience, 2001).
V. W. Spinadel, Themetallic means family and forbidden symmetries, Int. Math. J.
2 (2002) 279-288.

H. M. Srivastava, N. Tuglu and M Cetin, Some results on the g-analogues of the
incomplete Fibonacci and Lucas polynomials, Miskolc Math. Notes 20 (2019) 511-
524.

G. B. Djordjevic and H. M. Srivastava, Some generalizations of certain sequences
associated with the Fibonacci numbers, J. Indonesian Math. Soc. 12 (2006) 99-112.
G. B. Djordjevic and H. M. Srivastava, Some generalizations of the incomplete
Fibonacci and the incomplete Lucas polynomials, Adv. Stud. Contemp. Math. 11
(2005) 11-32.

R. K. Raina and H. M. Srivastava, A class of numbers associated with the Lucas
numbers, Math. Comput. Model. 25(7) (1997) 15-22.

2150031-12


http://www.worldscientific.com

