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Abstract
In this paper, we introduce a new operator in order to derive some new symmetric properties
of k-Fibonacci and k-Pell numbers and Tchebychev polynomials of first and second kind. By
making use of the new operator defined in this paper, we give some new generating functions
for k-Fibonacci and k-Pell numbers and Fibonacci polynomials.
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1 Introduction

In mathematics, orthogonal polynomials consist of polynomials such that any two different
polynomials in the sequence are orthogonal to each other under some inner product. Themost
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widely used orthogonal polynomials are the classical orthogonal polynomials (Tchebychev
polynomials of first and second kinds, Fibonacci polynomials).

Further in [1], generating functions of the incomplete Fibonacci and Lucas numbers are
determined. In [2],Djordjevic gave the incomplete generalized Fibonacci andLucas numbers.
In [3], Djordjevic and Srivastava defined incomplete generalized Jacobsthal and Jacobsthal–
Lucas numbers. In [4], the authors define the incomplete Fibonacci and Lucas numbers. Also
the authors define the incomplete bivariate Fibonacci and Lucas p-polynomials in [5].

On the other hand, many kinds of generalizations of Fibonacci numbers have been pre-
sented in the literature. In particular, a generalization is the k-Fibonacci Numbers. For any
positive real number k, the k-Fibonacci sequence, say (Fn,k)n∈N, is defined recurrently by{

Fk,0 = 1, Fk,1 = k
Fk,n+1 = kFk,n + Fk,n−1, n ≥ 1.

The k-Pell numbers have been defined in [6] for any number k as follows:{
Pk,0 = 0, Pk,1 = 1
Pk,n+1 = 2Pk,n + kPk,n−1, n ≥ 1.

In this contribution, we shall define a new useful operator denoted by δ−k
e1e2 for which

we can formulate, extend and prove new results based on our previous ones, see [7–9]. In
order to determine generating functions for k-Fibonacci and k-Pell numbers and Tchebychev
polynomials of the first and second kind and Fibonacci polynomials, we combine between
our indicated past techniques and these presented polishing approaches.

In Sect. 2, we introduce a new symmetric function and give some properties of this sym-
metric function. We also give some more useful definitions which are used in the subsequent
sections. In Sect. 3, we prove our main result which relates the symmetric function defined
in the previous section with the symmetrizing operator. This main theorem unifies several
previously known results about the generating functions. It is then used to find the product of
k-Fibonacci numbers identities and the generating functions for the product of k-Fibonacci
numbers and of k-Pell numbers, in Sect. 4. In Sect. 5 Generatring functions of some well-
known numbers and polynomials.

2 Definitions and some properties

In this section, we introduce a new symmetric function and give some properties of this
symmetric function. We also give some more useful definitions from the literature which are
used in the subsequent sections.

We shall handle functions on different sets of indeterminates (called alphabets, though we
shall mostly use commutative indeterminates for the moment). A symmetric function of an
alphabet A is a function of the letters which is invariant under permutation of the letters of
A. Taking an extra indeterminate z, one has two fundamental series

λz(A) = �a∈A(1 + za), σz(A) = 1

�a∈A(1 − za)
,

the expansion of which gives the elementary symmetric functions �n(A) and the complete
functions Sn(A):

λz(A) =
∞∑
n=0

�n(A)zn, σz(A) =
∞∑
n=0

Sn(A)zn .
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Let us now start at the following definition.

Definition 1 Let A and B be any two alphabets, then we give Sn(A − B) by the following
form:

�b∈B(1 − zb)

�a∈A(1 − za)
=

∞∑
n=0

Sn(A − B)zn = σz(A − B), (2.1)

with the condition Sn(A − B) = 0 for n < 0 (see [10]).

Corollary 1 Taking A = 0 in (2.1) gives

�b∈B(1 − zb) =
∞∑
n=0

Sn(−B)zn = λz(−B) . (2.2)

Further, in the case A = 0 or B = 0, we have
∞∑
n=0

Sn(A − B)zn = σz(A) × λz(−B). (2.3)

Thus,

Sn(A − B) =
n∑

k=0

Sn−k(A)Sk(−B) (see [11]). (2.4)

Since the summation is, indeed, limited to a finite number of nonzero terms, we have

Sn(x − B) = xn S0(−B) + xn−1S1(−B) + xn−2S2(−B) + . . . ,

where Sk(−B) are the coefficients of polynomials Sn(x − B) for 0 < k < n.
Notice that Sk(−B) = 0 for k > n. Let B = {b, b, . . . , b} be an alphabet of cardinality

n, we have
Sn(x − b − b − b − · · · − b) = (x − b)n . (see [7])

Choosing B = {1, 1, 1, . . . , 1} yields to two binomial coefficients as

Sk(−n) = (−1)k
(
n

k

)
and Sk(n) =

(
n + k − 1

k

)
. (2.5)

Definition 2 Let g be any function on R
n , then we consider the divided difference operator

as the following form

∂xi xi+1(g) = g(x1, . . . , xi , xi+1, . . . xn) − gσ (x1, . . . , xi , xi+1, . . . xn)

xi − xi+1
,

where gσ is given by

gσ (x1, . . . , xi , xi+1, . . . xn) = g(x1, . . . xi−1, xi+1,xi , xi+2 . . . xn). (see [12]).

Definition 3 [8] Given an alphabet E = {e1, e2} , the symmetrizing operator δke1e2 is defined
by

δke1e2(e
n
1) = ek+n

1 − ek+n
2

e1 − e2
= Sk+n−1(e1 + e2), for all k, n ∈ N.

Definition 4 [9] The symmetrizing operator δ−k
e1e2 is defined by

δ−k
e1e2 f = ek2 f (e1) − ek1 f (e2)

(e1e2)k(e1 − e2)
(k ∈ N) .
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3 Main results

In this section, we prove the main theorem of the paper which combines all the previously
known results in a unified way such that they can be treated as special cases.

Theorem 1 Let A and E be two alphabets, respectively, {a1, a2} and {e1, e2}, then we have
∞∑
n=0

Sn+2 (A) Sn (E) zn = S21 (A) − S2(−A) − S2(−A)S1(A)S1 (E) z∏
a∈A (1 − ae1z)

∏
a∈A (1 − ae2z)

+ S2(−E) (S2(−A))2 z2∏
a∈A (1 − ae1z)

∏
a∈A (1 − ae2z)

(3.1)

Proof By applying the operator δ−1
e1e2 to the series f (e1z) = ∑∞

n=0 Sn (A) en1 z
n , we have

δ−1
e1e2 f (e1z) = e2

∑∞
n=0 Sn (A) en1 z

n − e1
∑∞

n=0 Sn (A) en2 z
n

e1e2 (e1 − e2)

=
∑∞

n=0 Sn (A) e2en1 z
n − ∑∞

n=0 Sn (A) e1en2 z
n

e1e2 (e1 − e2)

= −1

e1e2

( ∞∑
n=0

Sn (A)

(
e1en2 − e2en1
e1 − e2

)
zn

)

= −1

e1e2

(
1 +

∞∑
n=2

Sn (A) e1e2

(
en−1
2 − en−1

1

e1 − e2

)
zn

)

= −1

e1e2

(
1 − e1e2z

2
∞∑
n=0

Sn+2 (A) Sn (E) zn
)

.

On the other hand,

δ−1
e1e2 f (e1z) = δ−1

e1e2

(
1∏

a∈A (1 − ae1z)

)

=
e2∏

a∈A(1−ae1z)
− e1∏

a∈A(1−ae2z)

e1e2 (e1 − e2)

= e2
∏

a∈A (1 − ae2z) − e1
∏

a∈A (1 − ae1z)

e1e2 (e1 − e2)
∏

a∈A (1 − ae1z)
∏

a∈A (1 − ae2z)

= −1

e1e2

(
1 − (a1 + a2) (e1 + e2) z + a1a2

(
(e1 + e2)2 − e1e2

)
z2∏

a∈A (1 − ae1z)
∏

a∈A (1 − ae2z)

)
.

So

1 − e1e2z
2

∞∑
n=0

Sn+2 (A) Sn (E) zn = 1 − (a1 + a2) (e1 + e2) z∏
a∈A (1 − ae1z)

∏
a∈A (1 − ae2z)

+ a1a2
(
(e1 + e2)2 − e1e2

)
z2∏

a∈A (1 − ae1z)
∏

a∈A (1 − ae2z)
.
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Therefore
∞∑
n=0

Sn+2 (A) Sn (E) zn = S21 (A) − S2(−A) − S2(−A)S1(A)S1 (E) z∏
a∈A (1 − ae1z)

∏
a∈A (1 − ae2z)

+ S2(−E) (S2(−A))2 z2∏
a∈A (1 − ae1z)

∏
a∈A (1 − ae2z)

.

Thus, this completes the proof.

4 Generating functions of somewell-known numbers

In this part, we now derive the new generating functions of the products of some known
numbers. For the applications of generating functions of some known functions, we refer the
reader to see the references [16–29].

For the case A = {a1,−a2} and E = {e1,−e2} with replacing a2 by −a2, e2 by −e2 in
(3.1), we have

∞∑
n=0

Sn+2(a1 + [−a2])Sn(e1 + [−e2])zn = (a1 − a2)2 + a1a2 + a1a2(e1 − e2)

PAPE

× (a1 − a2)z − e1e2a21a
2
2 z

2

PAPE
, (4.1)

with PAPE = (1 − a1e1z) (1 + a2e1z) (1 + a1e2z) (1 − a2e2z) .

This case consists of two related parts. Firstly, the substitutions{
a1 − a2 = k,
a1a2 = 1,

and

{
e1 − e2 = k,
e1e2 = 1,

in (4.1) give

∞∑
n=0

Fk,n+2Fk,nz
n = k2 + 1 + k2z − z2

1 − k2z − 2(k2 + 1)z2 − k2z3 + z4
, (4.2)

representing a new generating function of k-Fibonacci numbers Fk,n (with Fk,n+2Fk,n =
Sn+2(a1 + [−a2])Sn(e1 + [−e2])).

We have the following theorem.

Theorem 2 For n, k ∈ N, a generating function of the product of k-Fibonacci numbers is
given by

∞∑
n=0

Fk,n+1Fk,nz
n = k + kz

1 − k2z − 2(k2 + 1)z2 − k2z3 + z4
. (4.3)

Proof We have
∞∑
n=0

Fk,n+2Fk,nz
n =

∞∑
n=0

(kFk,n+1 + Fk,n)Fk,nz
n

= k
∞∑
n=0

Fk,n+1Fk,nz
n +

∞∑
n=0

F2
k,nz

n,
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since ∞∑
n=0

F2
k,nz

n = 1 − z2

1 − k2z − 2(k2 + 1)z2 − k2z3 + z4
, (see [13])

we have
∞∑
n=0

Fk,n+2Fk,nz
n = k2 + k2z

1 − k2z − 2(k2 + 1)z2 − k2z3 + z4

+ 1 − z2

1 − k2z − 2(k2 + 1)z2 − k2z3 + z4
,

therefore ∞∑
n=0

Fk,n+1Fk,nz
n = k + kz

1 − k2z − 2(k2 + 1)z2 − k2z3 + z4
.

This completes the proof.

• Based on the relationship (4.2) and (4.3) and with k = 2, we obtain the following results

Corollary 2 For n ∈ N, a generating function of the product of Pell numbers is given by

∞∑
n=0

Pn+2Pnz
n = 5z + 4z2 − z3

1 − 4z − 10z2 − 4z3 + z4
.

Corollary 3 For n ∈ N, a generating function of the product of Pell numbers is given by

∞∑
n=0

Pn+1Pnz
n = 2z + 2z2

1 − 4z − 10z2 − 4z3 + z4
.

Secondly, the substitutions{
a1 − a2 = 2
a1a2 = k

and

{
e1 − e2 = 2
e1e2 = k

,

in (4.1) give
∞∑
n=0

Pk,n+2Pk,nz
n = (4 + k)z + 4kz2 − k3z3

1 − 4z − (2k2 + 8k)z2 − 4k2z3 + k4z4
,

representing a new generating function of the product of k-Pell numbers Pk,n (with
Pk,n+2Pk,n = Sn+1(a1 + [−a2])Sn−1(e1 + [−e2])).

We have the following theorem.

Theorem 3 For n, k ∈ N, a new generating function of the product of k-Pell numbers is given
by

∞∑
n=0

Pk,n+1Pk,nz
n = 2z + 2kz2

1 − 4z − (2k2 + 8k)z2 − 4k2z3 + k4z4
.

Proof We have
∞∑
n=0

Pk,n+2Pk,nz
n =

∞∑
n=0

(2Pk,n+1 + kPk,n)Pk,nz
n

= 2
∞∑
n=0

Pk,n+1Pk,nz
n + k

∞∑
n=0

P2
k,nz

n,
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since ∞∑
n=0

P2
k,nz

n = z − k2z3

1 − 4z − (2k2 + 8k)z2 − 4k2z3 + k4z4
,

we have ∞∑
n=0

Pk,n+1Pk,nz
n = 1

2

( ∞∑
n=0

Pk,n+2Pk,nz
n − k

∞∑
n=0

P2
k,nz

n

)
,

therefore ∞∑
n=0

Pk,n+1Pk,nz
n = 2z + 2kz2

1 − 4z − (2k2 + 8k)z2 − 4k2z3 + k4z4
.

This completes the proof.

5 Generating functions of somewell-known polynomials

In this part, we now derive the new generating functions of the products of some known
polynomials. This case consists of two related parts.

Firstly, by making the following restrictions:{
a1 − a2 = k,
a1a2 = 1,

and

{
e1 − e2 = x,
e1e2 = 1,

in (4.1), we derive a new generating function, involving the product of k-Fibonacci numbers
with Fibonacci polynomials

∞∑
n=0

Sn+2 (a1 + [−a2]) Sn (e1 + [−e2]) zn = k2 + 1 + kxz − z2

1 − kxz − (k2 + x2 + 2)z2 − kxz3 + z4

=
∞∑
n=0

Fk,n+2Fn (x) zn . (5.1)

Corollary 4 For n, k ∈ N, we have

Fk,n+2Fn (x) = Sn+2 (a1 + [−a2]) Sn (e1 + [−e2]).
We deduce the following theorem.

Theorem 4 For n ∈ N, a new generating function of the product of k-Fibonacci numbers
with Fibonacci polynomials is given by

∞∑
n=0

Fk,n+1Fn (x) zn = k + xz

1 − kxz − (k2 + x2 + 2)z2 − kxz3 + z4
. (5.2)

Proof We have
∞∑
n=0

Fk,n+2Fn(x)z
n =

∞∑
n=0

(kFk,n+1 + Fk,n)Fn(x)z
n

= k
∞∑
n=0

Fk,n+1Fn(x)z
n +

∞∑
n=0

Fk,n Fn(x)z
n .
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Since ∞∑
n=0

Fk,n Fn(x)z
n = 1 − z2

1 − kxz − (
k2 + x2 + 2

)
z2 − kxz3 + z4

(see [14])

we have
∞∑
n=0

Fk,n+2Fn(x)z
n = k2 + kxz

1 − kxz − (k2 + x2 + 2)z2 − kxz3 + z4

+ 1 − z2

1 − kxz − (k2 + x2 + 2)z2 − kxz3 + z4
,

therefore ∞∑
n=0

Fk,n+1Fn (x) zn = k + xz

1 − kxz − (k2 + x2 + 2)z2 − kxz3 + z4
.

This completes the proof.

• Based on the relationship (5.1) and (5.2) and with k = 2, we obtain the following results.

Corollary 5 For n ∈ N, a new generating function of the product of Pell numbers with
Fibonacci polynomials is given by

∞∑
j=0

Pn+2Fn−1 (x) zn = 5z + 2xz2 − z3

1 − 2xz − (x2 + 6)z2 − 2xz3 + z4
.

Corollary 6 For n ∈ N, a new generating function of the product of Pell numbers with
Fibonacci polynomials is given by

∞∑
n=0

Pn+1Fn−1 (x) zn = 2z + xz2

1 − 2xz − (x2 + 6)z2 − 2xz3 + z4
.

Secondly, the substitutions{
a1 − a2 = 2,
a1a2 = k,

and

{
e1 − e2 = x,
e1e2 = 1,

in (4.1) give
∞∑
n=0

Pk,n+2Fn−1(x)z
n = (4 + k)z + 2kxz2 − k2z3

1 − 2xz − (k(x2 + 2) + 4)z2 − 2kxz3 + k2z4
,

representing a new generating function of the product of k-Pell numbers with Fibonacci
polynomials, and also we have

Pk,n+2Fn−1(x) = Sn+1(a1 + [−a2])Sn−1(e1 + [−e2]).
• For the case A = {a1,−a2} and E = {2e1,−2e2} with replacing a2 by −a2, e1 by 2e1

and e2 by −2e2 in (3.1), we have
∞∑
n=0

Sn+2 (a1 + [−a2]) Sn (2e1 + [−2e2]) zn = (a1 − a2)2 + a1a2
PAPE∗

+ 2a1a2 (a1 − a2) (e1 − e2) z

PAPE∗
− 4e1e2 (a1a2)2 z2

PAPE∗
(5.3)

with PAPE∗ = (1 − 2a1e1z) (1 + 2a1e2z) (1 + 2a2e1z) (1 − 2a2e2z).
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This case consists of tow related parts. Firstly,the substitutions{
a1 − a2 = k,
a1a2 = 1,

and

{
e1 − e2 = x,
4e1e2 = −1,

in (5.3) give

∞∑
n=0

Sn+2(a1 + [−a2])Sn(2e1 + [−2e2])zn = k2+1+2kxz+z2

1−2kxz−(4x2−k2−2)z2+2kxz3+z4

=
∞∑
n=0

Fk,n+2Un(x)z
n, (5.4)

representing a new generating function of the product of k-Fibonacci numbers with Tcheby-
chev polynomials of second kind.

Corollary 7 For n, k ∈ N, we have

Fk,n+2Un(x) = Sn+2(a1 + [−a2])Sn(2e1 + [−2e2]).
We deduce the following theorem.

Theorem 5 We have the following a new generating function of the product of k -Fibonacci
numbers and Tchebychev polynomials of second kind as

∞∑
n=0

Fk,n+1Un(x)z
n = k + 2xz

1 − 2kxz − (4x2 − k2 − 2)z2 + 2kxz3 + z4
. (5.5)

Proof We have
∞∑
n=0

Fk,n+2Un(x)z
n =

∞∑
n=0

(kFk,n+1 + Fk,n)Un(x)z
n

= k
∞∑
n=0

Fk,n+1Un(x)z
n +

∞∑
n=0

Fk,nUn(x)z
n,

since
∞∑
n=0

Fk,nUn(x)z
n = 1 + z2

1 − 2kxz − (4x2 − k2 − 2)z2 + 2kxz3 + z4
, (see [13])

we have
∞∑
n=0

Fk,n+2Uk,nz
n = k2 + 2kxz

1 − 2kxz − (4x2 − k2 − 2)z2 + 2kxz3 + z4

+ 1 + z2

1 − 2kxz − (4x2 − k2 − 2)z2 + 2kxz3 + z4
,

therefore
∞∑
n=0

Fk,n+1Un (x) zn = k + 2xz

1 − 2kxz − (4x2 − k2 − 2)z2 + 2kxz3 + z4
.

This completes the proof.
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• Based on the relationship (5.4) and (5.5) and with k = 2, we obtain the following results.

Corollary 8 For n ∈ N, a new generating function of the product of Pell numbers and Tcheby-
chev polynomials of second kind is given by

∞∑
n=0

Pn+2Un−1 (x) zn = 5z + 4xz2 + z3

1 − 4xz − (
4x2 − 6

)
z2 + 4xz3 + z4

.

Corollary 9 For n ∈ N, a new generating function of the product of Pell numbers and Tcheby-
chev polynomials of second kind is given by

∞∑
n=0

Pn+1Un−1 (x) zn = 2z + 2xz2

1 − 4xz − (4x2 − 6)z2 + 4xz3 + z4
.

Secondly, the substitutions the substitutions{
a1 − a2 = 2,
a1a2 = k,

and

{
e1 − e2 = x,
4e1e2 = −1,

in (5.3) give

∞∑
n=0

Pk,n+2Un−1(x)z
n = (4 + k)z + 4kxz2 + k2z3

1 − 4xz − (4kx2 − 2k − 4)z2 + 4kxz3 + k2z4
,

representing a new generating function of the product of k-Pell numbers with Tchebychev
polynomials of second kind, and also we have

Pk,n+2Un−1(x) = Sn+1(a1 + [−a2])Sn−1(2e1 + [−2e2]).
Theorem 6 For n ∈ N, a new generating function of the product of Fibonacci numbers Fn
and Tchebychev polynomials of first kind is given by

∞∑
n=0

Fn+2Tn(x)z
n = 2 − xz + (1 − 4x2)z2 − xz3

1 − 2xz − (4x2 − 3)z2 + 2xz3 + z4
. (5.6)

Proof We see that
∞∑
n=0

Fn+2Tn (x) zn

=
∞∑
n=0

Sn+2 (a1 + [−a2]) (Sn (2e1 + [−2e2]) − xSn−1 (2e1 + [−2e2])) zn

=
∞∑
n=0

Sn+2 (a1 + [−a2]) Sn (2e1 + [−2e2]) zn

−x
∞∑
n=0

Sn+2 (a1 + [−a2]) Sn−1 (2e1 + [−2e2]) zn

=
∞∑
n=0

Fn+2Un(x)z
n − x

2(e1 + e2)

∞∑
n=0

Sn+2 (a1 + [−a2]) ((2e1)
n − (−2e2)

n)zn

=
∞∑
n=0

Fn+2Un(x)z
n − x

2(e1 + e2)

( ∑∞
n=0 Sn+2 (a1 + [−a2]) (2e1z)n

−∑∞
n=0 Sn+2 (a1 + [−a2]) (−2e2z)n

)
.
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On the other hand, we know that

∞∑
n=0

Sn+2(a1 + [−a2])zn = 2 + z

1 − z − z2
, (see [8])

from which it follows
∞∑
n=0

Fn+2 (a1 + [−a2]) Tn (x) zn = 2 + 2xz + z2

1 − 2xz − (4x2 − 3)z2 + 2xz3 + z4
− x

2(e1 + e2)

×
(

2 + 2e1z

1 − 2e1z − 4e21z
2

− 2 − 2e2z

1 + 2e2z − 4e22z
2

)
,

therefore
∞∑
n=0

Fn+2 (a1 + [−a2]) Tn (x) zn = 2 − xz + (1 − 4x2)z2 − xz3

1 − 2xz − (4x2 − 3)z2 + 2xz3 + z4
.

This completes the proof.

Theorem 7 A new generating function of the product of Fibonacci numbers Fn and Tcheby-
chev polynomials of first kind is given by

∞∑
n=0

Fn+1Tn(x)z
n = 1 − 2x2z2 − xz3

1 − 2xz − (4x2 − 3)z2 + 2xz3 + z4
. (5.7)

Proof We have that
∞∑
n=0

Fn+2Tn(x)z
n =

∞∑
n=0

(Fn+1 + Fn)Tn(x)z
n

=
∞∑
n=0

Fn+1Tn(x)z
n +

∞∑
n=0

FnTn(x)z
n .

Since
∞∑
n=0

FnTn(x)z
n = 1 − xz − (1 − 2x2)z2

1 − 2xz − (4x2 − 3)z2 + 2xz3 + z4
, (see [15])

therefore ∞∑
n=0

Fn+1Tn(x)z
n = 1 − 2x2z2 − xz3

1 − 2xz − (4x2 − 3)z2 + 2xz3 + z4
.

This completes the proof.

6 Conclusion

In this paper, we have derived new theorems in order to determine generating functions of
k-Fibonacci and k-Pell numbers and Fibonacci polynomails and Tchebychev polynomials
of the first and second kinds. The derived theorems and corollaries are based on symmetric
functions and products of these numbers and polynomials.
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