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Abstract

In this paper, we introduce a new operator in order to derive some new symmetric properties
of k-Fibonacci and k-Pell numbers and Tchebychev polynomials of first and second kind. By
making use of the new operator defined in this paper, we give some new generating functions
for k-Fibonacci and k-Pell numbers and Fibonacci polynomials.
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1 Introduction

In mathematics, orthogonal polynomials consist of polynomials such that any two different
polynomials in the sequence are orthogonal to each other under some inner product. The most
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widely used orthogonal polynomials are the classical orthogonal polynomials (Tchebychev
polynomials of first and second kinds, Fibonacci polynomials).

Further in [1], generating functions of the incomplete Fibonacci and Lucas numbers are
determined. In [2], Djordjevic gave the incomplete generalized Fibonacci and Lucas numbers.
In [3], Djordjevic and Srivastava defined incomplete generalized Jacobsthal and Jacobsthal—
Lucas numbers. In [4], the authors define the incomplete Fibonacci and Lucas numbers. Also
the authors define the incomplete bivariate Fibonacci and Lucas p-polynomials in [5].

On the other hand, many kinds of generalizations of Fibonacci numbers have been pre-
sented in the literature. In particular, a generalization is the k-Fibonacci Numbers. For any
positive real number k, the k-Fibonacci sequence, say (Fy i )neN, is defined recurrently by

Fro=1 F1=k
Frnvt =kFgpn+ Frpe1, n>1

The k-Pell numbers have been defined in [6] for any number k as follows:

{moza Pei=1
Pk,n+1 = 2Pk,n + kPk,nfh n>1.

In this contribution, we shall define a new useful operator denoted by (Se_lléz for which
we can formulate, extend and prove new results based on our previous ones, see [7-9]. In
order to determine generating functions for k-Fibonacci and k-Pell numbers and Tchebychev
polynomials of the first and second kind and Fibonacci polynomials, we combine between
our indicated past techniques and these presented polishing approaches.

In Sect. 2, we introduce a new symmetric function and give some properties of this sym-
metric function. We also give some more useful definitions which are used in the subsequent
sections. In Sect. 3, we prove our main result which relates the symmetric function defined
in the previous section with the symmetrizing operator. This main theorem unifies several
previously known results about the generating functions. It is then used to find the product of
k-Fibonacci numbers identities and the generating functions for the product of k-Fibonacci
numbers and of k-Pell numbers, in Sect. 4. In Sect. 5 Generatring functions of some well-
known numbers and polynomials.

2 Definitions and some properties

In this section, we introduce a new symmetric function and give some properties of this
symmetric function. We also give some more useful definitions from the literature which are
used in the subsequent sections.

We shall handle functions on different sets of indeterminates (called alphabets, though we
shall mostly use commutative indeterminates for the moment). A symmetric function of an
alphabet A is a function of the letters which is invariant under permutation of the letters of
A. Taking an extra indeterminate z, one has two fundamental series

1
Maea(l —za)’

the expansion of which gives the elementary symmetric functions A, (A) and the complete
functions S, (A):

hz(A) = Mgea(l +za), 0:(A) =

M(A) =) An(A)", oi(A) =) Su(A)7".

n=0 n=0
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Let us now start at the following definition.

Definition 1 Let A and B be any two alphabets, then we give S,(A — B) by the following

form: o
Mpep (1 — zb)
_— = S, (A — B){" = A — B), 2.1
M- ZZ% (A= B)Z" = 0:(A— B) 2.1

with the condition S,,(A — B) = 0 forn < 0 (see [10]).

Corollary 1 Taking A = 0 in (2.1) gives

Mpep(l —2b) = Y _ Sy (—=B)" = A(—B). 22)
n=0

Further, in the case A = 0 or B = 0, we have

> Su(A = B)Z" = 0:(A) x A:(—B). (2.3)
n=0
Thus,
Sn(A—B) = Z Sn—k(A)Sk(—B) (see [11]). 24
k=0

Since the summation is, indeed, limited to a finite number of nonzero terms, we have
Sp(x — B) = x"So(—B) + x" "' S{(—=B) + x""2S(—B) + ...,

where Si(—B) are the coefficients of polynomials S,(x — B) for 0 < k < n.
Notice that Sy(—B) = 0 for k > n. Let B = {b, b, ..., b} be an alphabet of cardinality
n, we have

S, (x—b—b—b—---—b)=(x—Db)". (see [7])
Choosing B = {1, 1, 1, ..., 1} yields to two binomial coefficients as
k(N n+k—1
Si(—n) = (=1) L and Si(n) = p . 2.5)

Definition 2 Let g be any function on R”, then we consider the divided difference operator
as the following form
(X1, oy Xy Xig s e Xn) — &7 (XL e vy Xiy Xig 1y« - Xn)

axz'Xi+1(g) = % — Xin1 s
1 1

where g is given by
80 (X1, oo Xi Xy - Xp) = (X1, . X1, Xig 1, Xi, Xig2 ... Xp). (see [12]).

Definition 3 [8] Given an alphabet E = {ej, e}, the symmetrizing operator 8¢ , is defined

ele
by
k+n _ ek+n
k ooy _ €l 2
Serey(€]) = ————=— = Skn—i1(e1 + €2), forallk,neN.
€]y —e

Definition 4 [9] The symmetrizing operator 8, ¥ is defined by

erez

s fler) — ek fled)

ke N).
(erex)k(er — e2) (EERD

—k
Selezf =
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3 Main results

In this section, we prove the main theorem of the paper which combines all the previously
known results in a unified way such that they can be treated as special cases.

Theorem 1 Let A and E be two alphabets, respectively, {a1, ar} and {ey, €3}, then we have

SEA) — S2(—A) — S2(—A)S1(A)S1 (E) 2
naeA (1 - aelz) naEA (1 - aezz)

SH(—E) ($2(—A))* 2
3.1
" [Toca (1 —ae12) [Tyea (1 —aerz) -1)

Y Suia(A) Sy (E) " =
n=0

Proof By applying the operator §, . to the series f (e12) = Y v Sn (A) ez, we have

ejez

4 e 0 Su (A) el —e1 300 Sy (A) eiz”
8pe, [ (€12) =
erer (e1 —e3)

_ Yoo Sn (A) exel 2" — 307 Su (A) erehz”
ejey (e —e2)

-1 (& erey —exel\ ,
=— D S| ——1):
e|e2 ey —e
n=0
-1 o el ol
= — 1|1 S (A 2 "1 ) .n
6162( +Z n ( )ewz( o e z

n=2
1 o0
=—11 —6]82222Sn+2 (A) S, (E)Z" ).
eler s
On the other hand,
5! =4, !
elezf (e12) = e1ez m
ae
e) €l

[Teea(—ae1z) — TTea(—ae2z)
erez (e —e2)
B e [[pen (1 —aerz) —er [[eq (1 —aerz)
—erex(er —e2) [Tpen (1 —ae12) [{peq (1 — aerz)
=1 (1= (a1 + @) (e1 +e2) 2+ arar ((e1 + €2) — e12) 22
[Toca A —ae12) [Toeq (1 — ae22) '

e
So

L — (a1 +az) (e1+e2)z
[Toca (1 —ae12) [Tea (1 —aerz)

aray ((e1 + €2)* — ejez) 22
[Toea 1 —ae1n) [lpea (1 —ae22)”

o0
L—e1e2z® Y Sp12(A) Sy (E) 2" =
n=0
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Therefore
ST(A) — $2(—A) — S2(—A)S1(A)S) (E) 2
[Toca (1 —ae12) [Joeq (1 — aez2)
SH(—E) (S2(—A))* 22
[Toea 1 = ae12) [Toeq (1 — ae2z)”

Y Sur2 (A) Sy (E)" =
n=0

+

Thus, this completes the proof.

4 Generating functions of some well-known numbers

In this part, we now derive the new generating functions of the products of some known
numbers. For the applications of generating functions of some known functions, we refer the
reader to see the references [16-29].

For the case A = {aj, —az} and E = {e;, —ey} with replacing a» by —a», e> by —e; in
(3.1), we have

00 2
(a1 —a)” + arax + a1azx(er — e2)

3 Susaar + [—a2D)Suler + [—e2)" = 1 T A1t
PjPg

n=0

(a1 —ap)z — elezalzagzz
X

PpPg

, 4.1)

with P4 P = (1 —aje1z) (1 + aze1z) (1 +ajexz) (1 — azerz) .
This case consists of two related parts. Firstly, the substitutions

ay —ay =k, and e1 —ey =k,
ajap =1, erex =1,
in (4.1) give
K2+ 1+ k%2 — 22

oo
Fini2Fin?" = , 42
n; b2 = T 2 208 + 2 — KD + @2

representing a new generating function of k-Fibonacci numbers Fy , (with Fy p42Fkn =

Spy2(ar + [—a2DSn(er + [—e2])).
We have the following theorem.

Theorem 2 For n, k € N, a generating function of the product of k-Fibonacci numbers is
given by

k+kz
1 — k27 —2(k2 + D)z2 — k273 + 724

oo
> Fint1Find" = 4.3)

n=0

Proof We have

o0 o0
Y FintaFind® =) (kFint1 + Fin) FenZ"
n=0 n=0

o0 o0
2
=kY  FenpitFiaz" + ) F,2"
—0 =0
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since
Find" = , (see[13
go k,n< 1 — kzz — 2(k2 + 1)22 _ k2Z3 +Z4 ( [13])
we have
o0
k* + k%2
F F. 7" =
nX:(:) k,n+2Lk,n< 1— kQZ _ 2(k2 + 1)22 _ k223 T Z4
+ -2
1— k27 —2(k2 + )2 — k273 + 2%
therefore

o0

k+kz
" et Find = :
L Pt Tk T 42y 202+ D2 — k2 4 2

This completes the proof.
e Based on the relationship (4.2) and (4.3) and with k = 2, we obtain the following results

Corollary 2 For n € N, a generating function of the product of Pell numbers is given by

o0 2_ .3
Sz+4+4z7 —z

} Pn+2PnZn: B 3 1

= 1—4z—-10z —4z° + 2

Corollary 3 Forn € N, a generating function of the product of Pell numbers is given by

o 2
27+ 2z
Pup1 Pyi" = .
; e T T4~ 102 — 43 + 2

Secondly, the substitutions

ay—ay =2 e —ex =2
{alazzk and {elezzk ’

in (4.1) give

4+ Kk)z +4kz2 — k373
1 — 4z — (2k2 + 8k)z2 — 4k273 + k4z%’

oo
Y Punia P’ =
n=0

representing a new generating function of the product of k-Pell numbers P, (with
P nt2Pin = Spi1(ar + [—a2]) Sp—1(e1 + [—e2])).
We have the following theorem.
Theorem 3 Forn, k € N, a new generating function of the product of k-Pell numbers is given
by
27 + 2kz2
1 — 4z — (2k? + 8k)z2 — 4k273 + k7%

00
Z Pk,n—H Pk,nzn =
n=0

Proof We have

o0 oo
D PintaPind =) (2Pinti +kPin) Prn?"
n=0 n=0

o0 oo
=2) PeniiPind" +k Y PL2"
n=0 n=0
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since -
Z P2 Zn _ Z— k223
ST T — 4z — (K2 4 8K)22 — 422+ ke
we have
o0 1 o oo
S P Pnd’ = | (z PlirPint” —kY P,z,,,zn> ,
n=0 n=0 n=0
therefore

27 + 2kz>

00
P Py a7 = :
Z kn+1L%k n< 1 — 4z — (2k2 + 8k)z2 — 4k273 + k474

n=0

This completes the proof.

5 Generating functions of some well-known polynomials

In this part, we now derive the new generating functions of the products of some known
polynomials. This case consists of two related parts.
Firstly, by making the following restrictions:

a —ay =k, e} —ey) =x,
1 2 and 1 2
ajay =1, ejer =1,

in (4.1), we derive a new generating function, involving the product of k-Fibonacci numbers
with Fibonacci polynomials

K2+ 1+kxz —2z2
1 —kxz — (k2 +x24+2)72 —kxz3 + 24

Y Suia (a1 + [—al) Sy (e1 + [—ea]) 2" =
n=0

o
> FrnsaFy ()2 (5.1)
n=0

Corollary 4 Forn, k € N, we have
Fint2Fn (x) = Spq2 (a1 + [—a2]) Sa (e1 + [—e2]).
We deduce the following theorem.

Theorem4 For n € N, a new generating function of the product of k-Fibonacci numbers
with Fibonacci polynomials is given by

_ k+xz
Tl —kxz — (kK2 +x24+2)z22 —kxz3 4+ 24

o
> Fen1 Py () (5.2)

n=0

Proof We have

e

o0
> FintaFa(x)2"
n=0

(kFint1 + Frn) Fn(x)2"

3
Il
=}

o0 (o ¢]
k Z Fk,n+1 Fn(x)zn + Z Fk,nFn(-x)Zn'
n=0 n=0

@ Springer



2582 A. Boussayoud et al.

Since
Fi o Fr(x)7" = see [14
; kanFn (%) 1—kxz—(k2+x2+2)z2—kxz3+z4( [14D
we have
o0
k% + kxz
Fenp2Fn(0)Z" =
nX—E) ka2 Fn ()2 1 —kxz — (k2 4+ x2 4+ 2)z2 —kxz3 4+ 7*
n 1-22
1 —kxz — (k2 +x24+2)22 —kxz3+ 2%
therefore

k+xz
1 —kxz — (k2 +x2+2)z2 —kxz3 + 7%

o0
Y FintiFa(0)7" =
n=0

This completes the proof.
e Based on the relationship (5.1) and (5.2) and with k = 2, we obtain the following results.

Corollary5 For n € N, a new generating function of the product of Pell numbers with
Fibonacci polynomials is given by

5z+2x72 - 2°
1 —2xz— (x24+6)72 —2xz3 + 7%

o0
Z PyiaFy—1 (x) ' =
j=0

Corollary6 For n € N, a new generating function of the product of Pell numbers with
Fibonacci polynomials is given by

27 + xz°
1 —2xz— (x24+6)72 —2xz3 + 74

00
Z Pyi1Fp—1 () ' =
n=0

Secondly, the substitutions

ay —ay =2, el —ey=x,
1 2 and 1 2
ajay = k, erex =1,

in (4.1) give

(4 +k)z + 2kxz? — k223
1 —2xz — (k(x2 +2) +4)z2 — 2kx73 + k274’

00
Z Pk,n+2Fn71 (x)zn =
n=0

representing a new generating function of the product of k-Pell numbers with Fibonacci
polynomials, and also we have
PentaFp—1(x) = Spt1(ar + [—a2])Sp—1(e1 + [—e2]).
e For the case A = {a1, —az} and E = {2e1, —2e,} with replacing a> by —a», e1 by 2e
and ep by —2e in (3.1), we have

- (@ —a)? +ajaz
D Supa a1 +[—a2l) S 2er + [2e2]) " = ——————
Py P+

n=0
2a1a (a1 —a2) (e1 —e2)z 4ejen (@1a2)* 2*
PaPp PaPp
with Pao P+ = (1 — 2ay1e1z) (1 +2a1e32) (1 + 2aze1z) (1 — 2aze372).

(5.3)
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This case consists of tow related parts. Firstly,the substitutions

ay —ay =k, el — ey =X,
1 2 and 1 2
ajay =1, dejerp = —1,

in (5.3) give

oo
2 2
Y Susaar + [—a]) Sy Qer + [-2e2)7" = (g i
n=0
oo
=Y Frnp2Un (02", (54)
n=0

representing a new generating function of the product of k-Fibonacci numbers with Tcheby-
chev polynomials of second kind.

Corollary 7 Forn, k € N, we have
Fien2Un(x) = Suqa(ar + [—a21) S, (2e1 + [—2ez]).
We deduce the following theorem.

Theorem 5 We have the following a new generating function of the product of k -Fibonacci
numbers and Tchebychev polynomials of second kind as

k+2xz
— 2kxz — (4x2 — k2 — 2)z2 + 2kxz3 + 2%

o0
> Fent1Un(02" = 5 (5.5)

n=0

Proof We have

o0 o
> Fini2Un®)2" =Y (kFingt + Fen)Un(x)2"
n=0 n=0

o0 o
=k Y FintiUn(0)Z" + Y FalUn(0)7",

n=0 n=0
since
S 2
1+z
Fi .U, = , (see [13
n; b Un O = e A R — )2 2t 1 4 el
we have

i b k* + 2kxz
L TR B T kg — (4x7 — K2 = 2)22 + 2kagd + 2

N 1+ 72
1 — 2kxz — (4x2 — k2 — )72 + 2kx73 + 7%

therefore

k+2xz
1 —2kxz — (4x2 — k2 — 2)72 + 2kxz3 + 74

00
Z Fk,n+1Un ()C) Zn =
n=0

This completes the proof.
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e Based on the relationship (5.4) and (5.5) and with k = 2, we obtain the following results.

Corollary 8 Forn € N, a new generating function of the product of Pell numbers and Tcheby-
chev polynomials of second kind is given by

574 4xz> + 23
1 —dxz — (4x2 — 6) 22 +4xz23 + 24

00
Z Pr2Up—1 (X) "=
n=0

Corollary 9 Forn € N, a new generating function of the product of Pell numbers and Tcheby-
chev polynomials of second kind is given by

00 2

27 4+ 2xz
> PapiUn— (1) 2" = :
L Tt SRl ey R

Secondly, the substitutions the substitutions

a) —ay =2, e —ey=x,
1 2 an 1 2
aray =k, dejep = —1,

in (5.3) give

4+ k)z + 4kxz® + k273
—dxz — (4kx2 — 2k — 4)7% + 4kx 73 + k274

)
Z Pk,nJrZUnfl(x)Zn = 1
n=0

representing a new generating function of the product of k-Pell numbers with Tchebychev
polynomials of second kind, and also we have

Prn2Up—1(x) = Sp1(ar + [—a2])Sp—1(2ey + [—2e2]).

Theorem 6 Forn € N, a new generating function of the product of Fibonacci numbers Fy,
and Tchebychev polynomials of first kind is given by

2—xz+ (1 —4x?)2 —x7

oo
Fupa Ty (x)2" = '
Z n+2Tn(x)z 1 —2xz — (4x2 =32 +2x3 + 4

n=0

(5.6)

Proof We see that

oo
> FaaTy (1) 2"

n=0

= Z Sn42 (a1 + [—az]) (Su 2er + [—2e2]) — xS,—1 e + [—2e2])) 2"
n=0

=Y Supa (@ +[—asl) S, er + [—2e2]) "
n=0

—x ) Suya (@1 + [—az]) Su-1 2er + [—2e2]) "
n=0

= n X - n n n
=) FapaUp (02" — e I;SM (a1 + [—a2]) (2e1)" — (—2e2)")z

n=0 (
S Fali e — — < Yot Sua2 (@1 + [~ar)) (2e12)" )
i 2er +e2) \— Lo Snt2 (a1 + [—a2]) (—2€22)"
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On the other hand, we know that

= " 2+z
Y Senala +-ad" = . (see[8])
—z—z
n=0
from which it follows
00 2
242xz7+z2 X
F, — T, "= _
HZ:(:) 2 (@ ) Tn () 2 = e e 3 v A 2t o)
2+2ez 2 —2erz
X - ,
1 —2e1z — 4e%z2 14 2er7 — 4e§z2
therefore

2 —xz+ (1 —4x2 —x7
1 —2xz— (4x2 —=3)22 4+ 2xz3 + 724

Y Fan(a+[—a) T, (x) " =
n=0

This completes the proof.

Theorem 7 A new generating function of the product of Fibonacci numbers F, and Tcheby-

chev polynomials of first kind is given by
1 —2x272 — x7?

—2xz— (4x2 = 3)22 +2xB + 4

D Faen T = (5.7)

n=0

Proof We have that

Y Faa ()2 =) (Fugt + F) T (07"

n=0 n=0
oo 00
= Z Fon Ty )"+ Z F, T, (x)Z".
n=0 n=0
Since
(o) 2y,2
1—xz—(1—-2x%)z
FuT,(x)7" = : 15
Z_(% ) = A T A — 3 p a4 e lhdD
therefore -
1 —2x272 — x73
Fur1 T ()" = :
;) R e ey T P o e

This completes the proof.

6 Conclusion

In this paper, we have derived new theorems in order to determine generating functions of
k-Fibonacci and k-Pell numbers and Fibonacci polynomails and Tchebychev polynomials
of the first and second kinds. The derived theorems and corollaries are based on symmetric
functions and products of these numbers and polynomials.
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