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A B S T R A C T

A general ‘‘line-line’’ (LL) method is proposed for propagation constant determination (𝛾+ and 𝛾−) of nonrecip-
rocal networks using multiple reference networks. The new formalism provides flexibility in implementation
of LL methods so that not only more accurate 𝛾+ (and 𝛾−) could be retrieved but also the effect of inaccurate
length information of the non-reciprocal network on 𝛾+ (and 𝛾−) evaluation could be suppressed. For validation
of the method, 𝛾+ and 𝛾− of a microwave phase shifter (a nonreciprocal network) are determined using
uncalibrated scattering parameter measurements at X-band (8.2–12.4 GHz). Two different statistical analyses
based on normalized root-mean-square-error and goodness of fit and based on coefficient of variation and
confidence interval are individually performed to evaluate the performance and accuracy of our method.
. Introduction

Propagation constant or electromagnetic properties of
aterials/networks can be determined from uncalibrated or raw scat-

ering (S-) parameters using the ‘‘line-line’’ (LL) methods [1–5]. LL
ethods use various forms of guiding structures such as coaxial trans-
ission line [1], microstrip line [2], slotline [3], rectangular waveg-
ide [4], and coplanar waveguide [5] for such determination. The LL
ethods in the literature can be categorized into (a) two identical

ines with different lengths loaded by the same material [2,6,3,7–
], (b) two identical lines with the same length loaded by different
aterials [1,4,10], and (c) non-zero length and zero-length lines loaded
ith the same/different materials [5,11–15]. When these methods are
xamined, it is noticed that the reference network is limited with
ropagation constant, impedance, or length. In our recent study, we
ave proposed an improved LL method using a reference network with
rbitrary forward and backward impedance, propagation constant, and
ength, thus giving flexibility in the application of LL methods [16].
onetheless, all these LL methods [2,6,3,7–9,5,11–16] are restricted

o reciprocal networks assuming the same forward and backward
ropagation constants.

In recent studies, we proposed two LL methods applicable for recip-
ocal and non-reciprocal networks [17,18]. Such an analysis could be
tilized for examining propagation characteristics of microwave phase
hifter networks [18,17] or chiral materials [19,20]. There is a main

∗ Corresponding author.
E-mail address: uchasar@gantep.edu.tr (U.C. Hasar).

disadvantage of these methods [17,18]. They assume that reciprocal
(or non-reciprocal) lines have the same electromagnetic properties (the
same forward (and backward) propagation constants and the same
wave impedances) but different lengths. In some applications, it is
difficult to have two reciprocal lines having identical properties with
different lengths. Using a zero-length non-reciprocal line (the thru
connection) could be a remedy for such circumstances. However, as to
be demonstrated in Section 3, using a zero-length line could increase
the measured uncertainty in determination of forward (and backward)
propagation constant of non-reciprocal lines. Besides, it will also be
shown by measurements in Section 3 that any small deviation from
the actual value of the non-reciprocal line may affect seriously the
evaluation of its forward (and backward) propagation constant if the
thru connection is utilized in measurements.

In the submitted work, we extend the studies [17,18] and propose
a more general LL method applicable for forward/backward propaga-
tion constant measurement of non-reciprocal (or reciprocal) reflecting
(or non-reflecting) networks using a reference network with arbitrary
propagation constant(s), impedance, and length. A statistical analysis
based on normalized root-mean-square-error (N-RMSE) and goodness
of fit (GoF) and another statistical analysis based on coefficient of vari-
ation (COV) and confidence interval (CI) are individually performed to
evaluate the performance and accuracy of our method. In addition to
vailable online 22 July 2022
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Fig. 1. Two configurations for the application of general LL method: (a) Nonreciprocal
network and (b) reference network.

its advantage of allowing lines with different lengths loaded by various
materials, it will be demonstrated by measurements that the proposed
formalism has the capability of improving the measurement accuracy
(reducing the uncertainties) and can reduce the effect of inaccurate
length information of non-reciprocal line/networks.

2. The generalized LL method

2.1. Formalism

Figs. 1(a) and 1(b) illustrate the measurement configurations of a
nonreciprocal network and a reference network for implementation
of the proposed general LL method for determination of the forward
and backward propagation constants 𝛾+1 and 𝛾−1 of this nonrecipro-
cal network with forward and backward wave impedances 𝑍+

𝑐1 and
𝑍−

𝑐1, and the length 𝑙1. To make the analysis general, the reference
network is also assumed to be nonreciprocal with the forward and
backward propagation constants 𝛾+2 and 𝛾−2 , forward and backward
wave impedances 𝑍+

𝑐2 and 𝑍−
𝑐2, and the length 𝑙2. Here, the reference

network refers to a network (with known 𝛾+2 , 𝛾−2 , 𝑍+
𝑐2, 𝑍−

𝑐2, and 𝑙2)
used to determine 𝛾+1 and 𝛾−1 without any knowledge of error networks,
to be discussed shortly. The overall wave-cascading matrix (WCM)
presentations of the configurations in Figs. 1(a) and 1(b) are

𝑀1 = 𝑋 ⋅ 𝑅𝑍0 ,𝑍0
1 (𝑙1) ⋅ 𝑌 , (1)

𝑀2 = 𝑋 ⋅ 𝑅𝑍0 ,𝑍0
2 (𝑙2) ⋅ 𝑌 , (2)

where 𝑀1 and 𝑀2 denote, respectively, the overall WCMs of the
nonreciprocal and reference networks in Figs. 1(a) and 1(b); 𝑋 and
𝑌 denote the WCMs of error networks involving tracking (frequency)
errors, source and load match errors, and hardware imperfection of the
vector network analyzer (VNA); 𝑅𝑍0 ,𝑍0

1 (𝑙1) and 𝑅𝑍0 ,𝑍0
2 (𝑙2) represent the

WCMs of the nonreciprocal and reference networks referenced to the
same characteristic impedance 𝑍0, involving impedance transformation
from 𝑍0 to 𝑍+

𝑐1 and 𝑍+
𝑐2, amplitude and phase variations along the lines

with 𝑙1 and 𝑙2, and impedance transformation from 𝑍+
𝑐1 and 𝑍+

𝑐2 to 𝑍0,
respectively. For this reason, 𝑍0 appears two times in the superscripts
of 𝑅𝑍0 ,𝑍0

1 (𝑙1) and 𝑅𝑍0 ,𝑍0
2 (𝑙2) networks. It is assumed that the error

networks 𝑋 and 𝑌 do not change for both configurations in Figs. 1(a)
and 1(b).

The WCM 𝑅𝑍0 ,𝑍0
1 (𝑙1) can be decomposed into [21,22]

𝑅𝑍0 ,𝑍0 (𝑙 ) = 𝑄𝑍0 ,𝑍
±
𝑐1 ⋅ 𝑅

𝑍±
𝑐1 ,𝑍

±
𝑐1 (𝑙 ) ⋅𝑄𝑍±

𝑐1 ,𝑍0 , (3)
2

1 1 1 1
𝑅𝑍0 ,𝑍0
2 (𝑙2) = 𝑄𝑍0 ,𝑍

±
𝑐2 ⋅ 𝑅

𝑍±
𝑐2 ,𝑍

±
𝑐2

2 (𝑙2) ⋅𝑄
𝑍±
𝑐2 ,𝑍0 , (4)

where 𝑄𝑍0 ,𝑍
±
𝑐1 , 𝑄𝑍±

𝑐1 ,𝑍0 , 𝑄𝑍0 ,𝑍
±
𝑐2 , and 𝑄𝑍±

𝑐2 ,𝑍0 are the impedance trans-
formation WCMs which are functions of 𝑍+

𝑐1, 𝑍
−
𝑐1, 𝑍

+
𝑐2, and 𝑍−

𝑐2 defined
for 𝑢 = 1 and 2 by [16]

𝑄𝑍0 ,𝑍
∓
𝑐𝑢 = 𝜅𝑢

[

1 𝛤+
𝑢

𝛤−
𝑢 1

]

, 𝑄𝑍∓
𝑐𝑢 ,𝑍0 =

(

𝑄𝑍0 ,𝑍
∓
𝑐𝑢
)−1

, (5)

𝛤+
𝑢 =

𝑍+
𝑐𝑢 −𝑍0

𝑍+
𝑐𝑢 +𝑍0

, 𝛤−
𝑢 =

𝑍−
𝑐𝑢 −𝑍0

𝑍−
𝑐𝑢 +𝑍0

. (6)

Here, 𝛤+
𝑢 and 𝛤−

𝑢 are, respectively, the reflection coefficients due to
impedance transformations from 𝑍0 to 𝑍+

𝑐𝑢 and from 𝑍0 to 𝑍−
𝑐𝑢. Besides,

𝑅
𝑍±
𝑐1 ,𝑍

±
𝑐1

1 (𝑙1) and 𝑅
𝑍±
𝑐2 ,𝑍

±
𝑐2

2 (𝑙2) can be expressed [18,17]

𝑅𝑍±
𝑐𝑢 ,𝑍

±
𝑐𝑢

𝑢 (𝑙𝑢) =
[

𝑇 −
𝑢 0
0 1∕𝑇 +

𝑢

]

, 𝑇 ∓
𝑢 = 𝑒−𝛾

∓
𝑢 𝑙𝑢 . (7)

It is obvious from (1) and (2) that the effect of 𝑋 and 𝑌 must be
eliminated to characterize the nonreciprocal network. From (1) and (2),
one can determine

𝑀1𝑀
−1
2 = 𝑋 ⋅ 𝑅𝑍0 ,𝑍0

1 (𝑙1) ⋅ [𝑅
𝑍0 ,𝑍0
2 (𝑙2)]−1 ⋅𝑋−1, (8)

where ‘⋆−1’ is the inverse of the square matrix ⋆. It is seen from (8)
that the effect of 𝑌 is already eliminated.

Using the decompositions in (3) and (4), the product 𝑅𝑍0 ,𝑍0
1 (𝑙1) ⋅

[𝑅𝑍0 ,𝑍0
2 (𝑙2)]−1 can be re-written as

𝑅𝑍0 ,𝑍0
1 (𝑙1) ⋅ [𝑅

𝑍0 ,𝑍0
2 (𝑙2)]−1 = 𝑄𝑍0 ,𝑍

±
𝑐1 ⋅ 𝑅

𝑍±
𝑐1 ,𝑍

±
𝑐1

1 (𝑙1)

⋅𝑄𝑍±
𝑐1 ,𝑍

±
𝑐2 ⋅ [𝑅

𝑍±
𝑐2 ,𝑍

±
𝑐2

2 (𝑙2)]−1 ⋅𝑄
𝑍±
𝑐2 ,𝑍

±
𝑐1 ⋅ (𝑄𝑍0 ,𝑍

±
𝑐1 )−1. (9)

On the other hand, by taking the trace operation of 𝑀1𝑀−1
2 , which

is the sum of eigenvalues of 𝑀1𝑀−1
2 , we determine

Tr(𝑀1𝑀
−1
2 ) = 𝛬1 = Tr

(

𝑅
𝑍±
𝑐1 ,𝑍

±
𝑐1

1 (𝑙1) ⋅𝑄
𝑍±
𝑐1 ,𝑍

±
𝑐2

⋅ [𝑅
𝑍±
𝑐2 ,𝑍

±
𝑐2

2 (𝑙2)]−1 ⋅𝑄
𝑍±
𝑐2 ,𝑍

±
𝑐1

)

, (10)

where Tr(⋆) denotes the trace of ‘⋆’. Here, the effect of 𝑋 (in addition
to 𝑄𝑍0 ,𝑍

±
𝑐1 ) is eliminated due to trace invariant property with respect

to a change of basis.
After some manipulations, one can derive

𝛬1 =
𝑇 +
1 𝑇 −

1 + 𝑇 +
2 𝑇 −

2 − (1 + 𝑇 +
1 𝑇 −

1 𝑇 +
2 𝑇 −

2 )𝛤𝛿

𝑇 +
1 𝑇 −

2 (1 − 𝛤𝛿)
, (11)

where

𝛤𝛿 = 1 −

(

1 − 𝛤+
1 𝛤−

1
) (

1 − 𝛤+
2 𝛤−

2
)

(

1 − 𝛤+
1 𝛤−

2
) (

1 − 𝛤−
1 𝛤+

2
) . (12)

Furthermore, following (3)–(10), it is possible to obtain

𝛬2 =
𝑇 +
1 𝑇 −

1 + 𝑇 +
2 𝑇 −

2 − (1 + 𝑇 +
1 𝑇 −

1 𝑇 +
2 𝑇 −

2 )𝛤𝛿

𝑇 −
1 𝑇 +

2 (1 − 𝛤𝛿)
, (13)

where 𝛬2 = Tr(𝑀2𝑀−1
1 ). From (11) and (13), 𝑇 −

1 can be expressed by
𝑇 +
1 as

𝑇 −
1 =

(

𝛬1∕𝛬2
) (

𝑇 −
2 ∕𝑇 +

2
)

𝑇 +
1 . (14)

2.2. Validation

If nonreciprocal and reference networks are reciprocal and have
different lengths (𝑙1 ≠ 𝑙2) but the same symmetric reflection, 𝛾+1 =
𝛾−1 = 𝛾1, 𝛾+2 = 𝛾−2 = 𝛾2, and 𝑍+

𝑐1 = 𝑍−
𝑐1 = 𝑍𝑐1 = 𝑍+

𝑐2 = 𝑍−
𝑐2 = 𝑍𝑐2 =

𝑍𝑐 . Then, (11) (or (13)) reduces to a form similar in the studies [6].
Furthermore, if the nonreciprocal network is assumed to be reciprocal
with symmetric/asymmetric reflections and the reference network has
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1 of the microwave phase shifter by the method in [19] (denoted by Ref. [19]), the calibration-independent
ethod [18] (denoted by Ref. [18]), and the proposed method (denoted by PM).
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2 = 0 (thru connection), then (11) (or (13)) reduces to a form similar
n the study [12]. Finally, if the reference network (nonreciprocal) has
2 = 0 (𝑇 +

2 = 𝑇 −
2 = 1), then (11) reduces to a form similar to (23) in the

tudy [18]:

1 = 1∕𝑇 +
1 + 𝑇 −

1 , (15)

nd then it is possible to evaluate 𝑇 + and 𝑇 − following the procedure
n [18]. All the above cases validate our proposed formalism in (11)
nd (13).

.3. Implementation and accuracy improvement

Although 𝑙2 = 0 in (11) facilitates the evaluation of 𝑇 +
1 and 𝑇 −

1
n a simple manner using the procedure [18], the accuracy of such

procedure, as will be shown in Section 3, has a limited accuracy.
o improve the accuracy of 𝑇 +

1 and 𝑇 −
1 determination, we consider

pplication of multiple reference networks. For simplicity and from
practical point of view, it is assumed that the reference network

s reciprocal. Then, using two identical reciprocal reference networks
ith lengths 𝑙2 and 𝑙3, one can derive the objective function for 𝑇 +

1
sing (11) and (13)

𝐹obj(𝑇 +
1 ) =

(

𝛬1∕𝛬2
) (

𝛬3∕𝛬4
) (

𝑇 2
3 − 𝑇 2

2
)

(𝑇 +
1 )4

𝛬1𝛬3

[

𝑇3
(

𝑇 2
2 − 1

)

∕𝛬2 − 𝑇2
(

𝑇 2
3 − 1

)

∕𝛬4

]

(𝑇 +
1 )3

+
(

𝛬1∕𝛬2 − 𝛬3∕𝛬4
)

(1 − 𝑇 2
2 𝑇

2
3 )(𝑇

+
1 )2

+
[

(𝛬3𝑇3 − 𝛬1𝑇2) + (𝛬1𝑇3 − 𝛬3𝑇2)𝑇2𝑇3
]

𝑇 +
1

+ (𝑇 2
2 − 𝑇 2

3 ) = 0. (16)

here 𝑇 ∓
2 = 𝑒−𝛾

∓
2 𝑙2 = 𝑇2, 𝑇 ∓

3 = 𝑒−𝛾
∓
2 𝑙3 = 𝑇3, 𝛬3 = Tr(𝑀2𝑀−1

3 ),
4 = Tr(𝑀−1

2 𝑀3), and 𝑀3 denotes the WCM of the reference network
ith length 𝑙3. The correct root for 𝑇 +

1 can be evaluated from (16)
y using the ‘roots’ function of MATLAB© and enforcing the passivity
rinciple (|𝑇 +

1 | ≤ 1) where | ⋆ | denotes the magnitude of ‘⋆’.
Once 𝑇 +

1 is computed from (16), 𝑇 −
1 can be evaluated from (14).

inally, 𝛾+1 and 𝛾−1 can be determined from

∓
1 = 𝛼∓1 + 𝑗𝛽∓1 =

−ln(𝑇 ∓
1 ) + 𝑗2𝜋𝑚∓

𝑏
𝑙1

, (17)

here 𝛼+1 , 𝛼−1 , 𝛽+1 , and 𝛽−1 are, respectively, the forward and backward
ttenuation and phase constants; and 𝑚+

𝑏 and 𝑚−
𝑏 are the branch indices

ith values of 0,∓1,∓2…. Their correct values can be ascertained by
he stepwise technique [23] or the phase unwrapping method [24].

. Measurements and discussion

.1. Experimental setup and validation of the method

A rectangular waveguide measurement setup operating at X-band
8.2–12.4 GHz) was constructed for validation of the proposed gen-
ral LL method for reciprocal networks [17,18]. It has a handheld
3

ector network analyzer VNA (N9918A) from Keysight Technologies,
wo rugged coaxial cables, and two longer waveguide straights. In
mplementation of our method, two empty waveguide straights with
engths 𝑙2 = 7.70 mm and 𝑙3 = 9.40 mm were considered as reference
etworks. As for the nonreciprocal network, a microwave phase shifter
ith length 𝑙1 = 28.7 mm was used. For all S-parameter measurements
y our method, the measurement setup was not calibrated by any
alibration technique. The method [19] and the method [18] were
lso applied to extract 𝑇 +

1 , 𝑇 −
1 , 𝛾+1 , and 𝛾−1 quantities of this shifter.

n application of the method [18], uncalibrated S-parameters of the
hifter and the thru-connection were used. On the other hand, in the
pplication of the method [19], calibrated S-parameters of the shifter
ere measured. For the calibration of the measurement setup, the
RL calibration technique was employed. A highly reflective short was
tilized as a reflect standard and a 9.40 mm empty waveguide section
as implemented as the line standard which produced ∓70◦ phase shift

rom −90◦ of the line standard between 8.2 and 12.4 GHz. The stepwise
echnique [23] was used for obtaining accurate 𝑚+

𝑏 and 𝑚−
𝑏 branch

ndices by our method and by the methods [19,18]. Ten independent
-parameter measurements were conducted for our method and the
ethods [19,18] to examine standard deviations in the evaluation of
ropagation characteristics of this shifter.

Figs. 2 and 3 illustrate the determined 𝑇 +
1 , 𝑇 −

1 , 𝛾+1 , and 𝛾−1 quantities
of the microwave phase shifter by our method using (16) and the
methods [19,18] using average S-parameters of each individual ten
measurement set. It is noted from Figs. 2 and 3 that determined 𝑇 +

1 , 𝑇 −
1 ,

+
1 , and 𝛾−1 of the microwave phase shifter by our proposed general LL
ethod are in good agreement with those measured by the calibration-
ependent method [19] and the calibration-independent method [18],
hus validating the proposed formalism. It should here be noted that
hile the method [18] and our proposed method do not necessitate
ny formal calibration procedure, the method [19] requires such a
rocedure.

.2. Accuracy analysis

In order to compare the accuracy of our proposed method in
eference to the accuracy of the methods [19,18], we first examined
he standard deviations of the extracted 𝛾+1 and 𝛾−1 . For example,
ig. 4(a) demonstrates the standard deviations of 𝛼+1 at 10 GHz ex-
racted by our method and by the methods [19,18]. Standard deviations
f 𝛽+1 , 𝛼−1 , and 𝛽−1 are not demonstrated for conciseness. It is ob-
erved from Fig. 4(a) that the standard deviation for 𝛼+1 at 10 GHz
xtracted by our method (comparable with that extracted by the
alibration-dependent method [19]) is lower than that extracted by the
alibration-independent method [18]. This indicates that our proposed
ethod extracts fairly stable 𝛼+1 (𝛽+1 , 𝛼−1 , and 𝛽−1 ), as compared with the

alibration-independent method [18].
We then calculated the N-RMSE and GoF values for 𝛼+1 , 𝛽+1 , 𝛼−1 , and

−
1 using the following expressions [25]

N-RMSE =

√

1
𝑁𝑓

[

∑𝑁𝑓
𝑘=1

(

𝜒 ref
𝑘 − 𝜒ext

𝑘
)2]

, (18)

max(𝜒ext) − min(𝜒ext)
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R

b

Fig. 3. Extracted (a) 𝛼+
1 and 𝛽+1 and (b) 𝛼−

1 and 𝛽−1 of the microwave phase shifter by the method in [19] (denoted by 19), the calibration-independent method [18] (denoted by
ef. [18]), and the proposed method (denoted by PM).
Fig. 4. (a) Calculated standard deviations of the real part of 𝛾+1 and (b) extracted real part of 𝛾+1 when 𝑑 = 28.7 mm (denoted by ‘Org.’) and 𝑑 = 31.57 mm (denoted by ‘10%’
offset) of the microwave phase shifter by the method in [19] (denoted by Ref. [19]) and the proposed method (denoted by PM).
C

Table 1
Calculated 𝛼+

1,N-RMSE, 𝛼−
1,N-RMSE, 𝛽+1,N-RMSE, and 𝛽−1,N-RMSE values using measured 𝛼+

1 , 𝛼−
1 , 𝛽+1 ,

and 𝛽−1 by our method and the method [18].

Method 𝛼+
1,N-RMSE 𝛼−

1,N-RMSE 𝛽+1,N-RMSE 𝛽−1,N-RMSE

[18] 0.0093 0.0228 0.0035 0.0098
Our method 0.0087 0.0211 0.0031 0.0085

Table 2
Calculated GoF𝛼+1 , GoF𝛼−1 , GoF𝛽+1 , and GoF𝛽−1 values using measured 𝛼+

1 , 𝛼−
1 , 𝛽+1 , and 𝛽−1

y our method and the method [18].
Method GoF𝛼+1 GoF𝛼−1 GoF𝛽+1 GoF𝛽−1
[18] 0.9706 0.8182 0.9885 0.9678
Our method 0.9750 0.9309 0.9004 0.9712

GoF𝜒 = 1 −
‖

‖

‖

𝜒cal − 𝜒ext‖
‖

‖

2

‖

‖

‖

𝜒cal − 𝜒cal
mean

‖

‖

‖

2
, 𝜒cal

mean = 1
𝑁𝑓

𝑁𝑓
∑

𝑘=1
𝜒cal
𝑘 , (19)

where 𝜒 stands for 𝛼+1 , 𝛽+1 , 𝛼−1 , or 𝛽−1 ; 𝜒 ref
𝑘 and 𝜒ext

𝑘 are the reference
and extracted 𝜒 values at 𝑘th frequency point; 𝑁𝑓 is the number of
frequency points (for our case, 𝑁𝑓 = 1001); ‖⋅‖ indicates the 2-norm
of ‘⋅’; and max(⋆) and min(⋆) are the maximum and minimum values
of ‘⋆’, respectively. In our analysis, we consider the 𝛾+1 and 𝛾−1 values
extracted by the method [19] as the reference values to compare the
accuracy of our method with the accuracy of the method [18]. It should
be noted that the lower the 𝛼+1,N-RMSE, 𝛼−1,N-RMSE, 𝛽+1,N-RMSE, and 𝛽−1,N-RMSE
values are (or the higher the GoF𝛼+1 , GoF𝛼−1 , GoF𝛽+1 , and GoF𝛽−1 values
are), the better agreement the extracted and reference quantities have.

It is seen from Table 1 that calculated 𝛼+1,N-RMSE, 𝛼−1,N-RMSE, 𝛽+1,N-RMSE,
and 𝛽−1,N-RMSE values by our method are smaller than the corresponding
calculated ones by the method [18]. Besides, it is also noted from
Table 2 that calculated GoF𝛼+1 , GoF𝛼−1 , GoF𝛽+1 , and GoF𝛽−1 values by
4

our method are bigger than the corresponding calculated ones by the
method [18]. These results clearly demonstrate that 𝛼+1 , 𝛽+1 , 𝛼−1 , or 𝛽−1
values extracted by our method are, respectively, closer to the reference
values determined by the method [19] than those extracted by the
method [18].

Aside from the accuracy analysis based on N-RMSE and GoF values
for the extracted 𝛼+1 , 𝛽+1 , 𝛼−1 , or 𝛽−1 parameters by our method, we
additionally performed a statistical analysis involving COV and CI to
quantitatively examine the confidence level of extracted 𝛼+1 , 𝛽+1 , 𝛼−1 , or
𝛽−1 parameters by our method. COV and CI values can be determined
from the following expressions [26]

𝜒𝑎𝑣 = 1
𝑁𝑓

𝑁𝑓
∑

𝑘=1
𝜒𝑘, 𝜎𝜒 =

√

√

√

√

√

1
𝑁𝑓

𝑁𝑓
∑

𝑘=1
(𝜒𝑘 − 𝜒𝑎𝑣)2, (20)

OV𝜒 =
𝜎𝜒
𝜒𝑎𝑣

, CI𝜒 = 𝑡
COV𝜒
√

𝑁𝑠
𝜒𝑎𝑣, 𝜒𝑘 − CI𝜒 < 𝜒 ref

𝑘 < 𝜒𝑘 + CI𝜒 . (21)

Here, 𝜒𝑎𝑣 and 𝜎𝜒 are, respectively, the average and standard deviations
of 𝜒 ; COV𝜒 and CI𝜒 are, respectively, the COV and CI values of 𝜒 ;
𝑁𝑠 corresponds to the number independent measurement carried out
(for our case, 𝑁𝑠 = 10); and 𝑡 is the quantity corresponding to the
selected CI value in the t-distribution table. The quantities 𝜒 ref

𝑘 and 𝑁𝑓
are presented before. 𝑡 values corresponding to CI values of 90% and
95% are evaluated as 1.833 and 2.262, respectively. In our analysis, we
also consider the 𝛾+1 and 𝛾−1 values extracted by the method [19] as the
reference values.

Table 3 illustrates calculated COV values and CI ranges for the 𝛼+1,𝑘,
𝛽+1,𝑘, 𝛼−1,𝑘, or 𝛽−1,𝑘 parameters extracted by our method at the frequency
10.3 GHz (at the mid frequency of the X-band). It is observed from 3
that the 𝛼+1,𝑎𝑣, 𝛼

−
1,𝑎𝑣, 𝛽

+
1,𝑎𝑣, and 𝛽−1,𝑎𝑣 values evaluated from the extracted

parameters by our method lie within the 90% CI range (also the 90% CI
range). Besides, it is noted from Table 3 that 𝛥𝛼+1,𝑎𝑣∕𝛼

+
1,𝑘

ref < 𝛥𝛼−1,𝑎𝑣∕𝛼
−
𝑘

ref

and 𝛥𝛽+𝑎𝑣∕𝛽
+
𝑘

ref < 𝛥𝛽−𝑎𝑣∕𝛽
−
𝑘

ref, which can be due to the point that 𝛼−1
and 𝛽−1 are evaluated after finding 𝛼+1 and 𝛽+1 in application of our
method. To evaluate whether 𝛼+1 , 𝛼−1 , 𝛽+1 , and 𝛽−1 values lie within 90%

+ + − −
CI range over whole frequency band, we calculated 𝛼1,𝑘, 𝛽1,𝑘, 𝛼1,𝑘, or 𝛽1,𝑘
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Fig. 5. Extracted (a) 𝛼+
1 and (b) 𝛽+1 by the method [19] and by our method for 90% CI range.
Fig. 6. Extracted (a) 𝛼− and (b) 𝛽− by the method [19] and by our method for 90% CI range.
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Table 3
Calculated COV values and CI ranges for the 𝛼+

1 , 𝛽+1 , 𝛼−
1 , or 𝛽−1 parameters extracted

y our method at the frequency 10.3 GHz.
𝛼+
1,𝑘

ref 𝛼+
1,𝑎𝑣 𝛥𝛼+

1,𝑎𝑣∕𝛼
+
1,𝑘

ref COV CI (90%) range CI (95%) range
33.3220 34.1345 2.44% 0.0649 32.37–34.90 32.07–35.20

𝛼−
1,𝑘

ref 𝛼−
1,𝑎𝑣 𝛥𝛼−

1,𝑎𝑣∕𝛼
−
1,𝑘

ref COV CI (90%) range CI (95%) range
0.6232 0.6011 3.55% 0.0845 0.596–0.658 0.589–0.665

𝛽+1,𝑘
ref 𝛽+1,𝑎𝑣 𝛥𝛽+1,𝑎𝑣∕𝛽

+
1,𝑘

ref COV CI (90%) range CI (95%) range
275.68 273.149 0.92% 0.0138 272.5–277.0 272.0–277.5

𝛽−1,𝑘
ref 𝛽−1,𝑎𝑣 𝛥𝛽−1,𝑎𝑣∕𝛽

−
1,𝑘

ref COV CI (90%) range CI (95%) range
105.62 104.15 1.39% 0.0256 103.7–106.8 103.3–107.2

values for each individual frequency over entire X-band. Figs. 5 and 6
demonstrate the dependencies of 𝛼+1 , 𝛼−1 , 𝛽+1 , and 𝛽−1 extracted by our

ethod for the 90% CI range, in reference to the values extracted by
he method [19]. It is observed from Figs. 5 and 6 that 𝛼+1 , 𝛼−1 , 𝛽+1 , and
−
1 values extracted by our method are in good agreement for the 90%
I range, in reference to the 𝛼+1 , 𝛼−1 , 𝛽+1 , and 𝛽−1 values extracted by the
ethod [19].

On the other hand, Fig. 4(b) shows the effect of inaccurate knowl-
dge of 𝑙1 on extracted 𝛼+1 for our method and the method [19].
xtracted 𝛽+1 , 𝛼−1 , and 𝛽−1 are not demonstrated for simplicity. It is seen
rom 4(b) that our proposed method is less affected by 10% offset from
he actual value of 𝑙1 = 28.7 mm than the method [19]. These results
ndicate that our method not only extracts more accurate 𝛾+1 (and 𝛾−1 )
ut also alleviates the effect of inaccurate information of 𝑙1 on extracted
+
1 (and 𝛾−1 ) through using multiple reference lines. Finally, it is noted
hat in application of our methodology, we did not consider the effect of
witching errors in extracting 𝛾+1 and 𝛾−1 values [27,28]. Although the
rocedure used to eliminating switching errors [25] barely improves
he accuracy of our method for the VNA used in our measurements,
t may be largely effective especially for some VNAs with improper
orward and/or backward impedance termination at the VNA source.

. Conclusion

A generalized LL method is proposed for propagation constant
easurement of nonreciprocal networks. Its formalism considers a
5

eference network having arbitrary forward and backward propagation
onstants, impedance, and length. The method is useful especially
or improving the measurement accuracy and reducing the effect of
naccurate length information of the non-reciprocal line/network. Anal-
ses based on N-RMSE and GoF values and based on COV and CI
alues show that the accuracy of our generalized line-line method for
ropagation constant measurement of nonreciprocal networks is better
han the accuracy of other line-line method utilized for the same goal
n the literature.
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