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1. Introduction and Definitions

Let A denote the class of all analytic functions f which are analytic in the open
unit disk

E={z:zeC and |z| <1}
and series expansion is
e}
flz)=z+ ) anz" 1)
n=2

The usage of normalize functions in geometric function theory is significant. They are
used to map everything inside a unit circle, where everything is convergent. Using this
concept, many different subclasses of analytic functions have been defined and studied.

Furthermore, let S C A represents the set of all univalent in E (see [1,2]). The classes
of uniformly convex (UCV) and uniformly starlike (ST functions were introduced by
Goodman [3] and are defined analytically as:

zf"(z)
f'(2)

o @) e

feUCV < fe Aand

cxfir L0 e

and

felUST < f € Aand
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The classes of k-uniformly convex (k-/CV) and k-uniformly starlike (k-UUST") func-
tions were introduced by Kanas and Wisniowska in [4] and are defined analytically as:

752 oo

f(z) e k-UST <= f(z) € Aand 1 >k

and

f(z) €ek-UCY <= f(z) € Aand 1 >k

2f"(2) | _ 2f(2)
ch %{” ) } ek

Note that
f(z) € KUCY <> zf'(z) € k-ST.

The above-defined function classes were studied and investigated by a number of
well-known mathematicians; see for details [1-6].

Two analytic functions f and g are subordinate to each other, (written as f(z) < g(2)),
if there exists a Schwarz function s(z), which is analytic in E with

s(0)=0 and |[s(z)| <1
such that

f(z) = 8(s(2))-
Additionally, if g(z) € S in E, then we have (see [1,2])

f(z) < ¢(z) <= f(0) = g(0) and f(E) C g(E).
The convolution of two analytic functions
f(z) =) anz"and g(z) = ) buz", (z€E)
n=0 n=0

is defined as:

(fxg)(z) = éanbnzn.

Let P represent the set of all of Carathéodory functions and every analytic function
p € P, having series of the form

pz) =1+ ) cuz"
n=1

and satisfying the condition
R(p(z)) >0, =z€E.

In terms of these analytic functions, many different subclasses of starlike and convex
functions have been defined already.

We have discussed above that Kanas and Wisniowska [4] introduced the class of
k-uniformly convex functions (k-/CV) and the corresponding class of k-starlike functions
(k-ST') and then defined these classes subject to the conic domain ), (k > 0) as follows:

Qk—{u+iv:u>k (u—1)2+02}, (2)
or
O ={w: Rw > klw—1|}.

For k = 0, then (2) becomes the right half plane; for 0 < k < 1, it becomes a hyperbola,
for k = 1 it becomes a parabola and for k > 1, it becomes an ellipse. The generalization
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of theses discussed by Shams et al. in [7] is subject to the conic domain kay (k > 0),
v € C\{0}, which is

lev_{u+iv:u>k (u—1)2+?}2+')’},

or
Oy = {w: Rw > kljw — 1| + 7}

For this conic domain, the function py,, (z) plays the role of the extremal function for
the conic domain () .

ez fork =0,
i 1+fr—z(log}f—g)2 fork =1, o
Z) =
o 1+ 13(2 Hi(k, z) for0<k<1,
1+ﬁH1(k,z)+# fork > 1,

where

Hy(k,z) = sinhz{ (72_[ arccos k) arctan hﬁ}

Hy(k,z) = sin | — £ ! d
2(k,z) = sin M/O o () x

(@)
integral. For details (see [4]). Indeed, from (3), we have

andi € (0,1), k = cosh(f& (.i)), K(i) is the first kind of Legendre’s complete elliptic

Pia(z) =1+ Qiz+ Qz® + ..., 4)
where
2"/(%arccosk)2 for 0<k<1
12 = ’
Q = & for k=1, )
7T
Hs(k,z) for k>1,
2 2
(Fareosk) 22 for 0<k <1,
Q2 = 4 20 for k=1, ©)
H4(k,Z)Q1 for k> 1,
and
2
H3(k,Z) = A

4(14 VIR () (k2 — 1)
4K2(t) (P +6t+1) — 72

Halk2) 24K2(t)(1 + t)V/t

In the twentieth century the researchers have developed a great interest in the study of
theory of g-calculus and its numerous applications in the fields of mathematics and physics.
In defining the g-analogous of the derivative and integral operator and providing few of
their applications, Jackson [8] was one of the pioneer researchers. It has several applications
in number theory, combinatorics, orthogonal polynomials, fundamental hyper-geometric
functions, and other fields of mathematics, including quantum mechanics, mechanics
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and relativity theory. Furthermore, quantum calculus has been proven to be a branch of
the more comprehensive mathematical area of time scale calculus. For both discrete and
continuous domains, time scales provide a coherent framework for studying dynamic
equations. Many researchers provided useful applications for g-analysis in domains of
mathematics; see [9-18]. Currently, operators of basic (or g-) calculus and fractional g-
calculus and their applications have been elaborated by Srivastava in [19]. Considering
the importance of g-operator calculus theory, researchers have intensively explored their
applications in various fields; see [20-25].

In many areas of mathematics, the symmetric properties of functions play an important
role in problem solving. Symmetry’s importance has been demonstrated in a variety of
fields, including biology, chemistry, and psychology. Recently, in [26], Zhang et al. studied
the application of a g-symmetric difference operator in harmonic univalent functions.
Additionally, Khan et al. [27] defined the symmetric conic domain by using symmetric
g-calculus operator theory and investigated g-starlike functions in this domain. Very
recently, Khan et al. [28] defined and explored a new subclass of analytic and bi-univalent
function involving certain g-Chebyshev polynomials by means of a symmetric g-operator.
The symmetric g-calculus finds its applications in different fields, especially in quantum
mechanics; see for example [29,30].

Here we present a few basic definitions, as well as a concept of g-calculus and sym-
metric g-calculus which will help us in further studies.

Definition 1 ([31]). The g-number [t], for q € (0,1) is defined as:

¢
[t]q:{lqu, (teC).

For (t = n € N), then

n—1 :
o= )4
k=0
and the g-gamma function is defined by:
I(t+1)
O
a(t)
and
I;(1) =1

Definition 2 ([27]). For n € N, the symmetric q-number is defined as:

— -n_ g
by == B=0.

9 q
Remark 1. The symmetric g-number can not reduce to a g-number.

Definition 3 ([27]). The q-factorial [n],! for q € (0,1) is defined as:

[yt =[]l (neN) @)

and
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Definition 4 ([27]). For any n € Z* U {0}, the symmetric g-number shift factorial is defined as:

— e

[n]g[n — 1] [n —2],...[2],[1],, n>1

Note that

__ 2) — fla—1z
D)) = 1 (ME=L42), zee ®)
We can write (8) as: .
(D), f(z) =1+ ; (1] anz" !

Note that
(AD/)qz” = [fnv]qzn_l, (fDV)q{ i anz”} = i [n]qanz"_l,

and

lim (D), £(2) = f(2).

q—1—
Definition 6 ([27]). Let f € Aand 0 < q < 1; then f € Sj if

f0)=£(0) =1

and

2D),f(z) 1

f(z) 1- -4

Using the definition of subordination, we can write the condition in (9) as:

1

1—%

<

©)

Recently, several classes of analytic and univalent functions in different types of
domains have investigated in [21,22,27,33-43]. For example, let p(z) be an analytic in E
and p(0) = 1. Then:

(i) The image domain of E under p(z) lies in right half plane if p(z) < 1= (see [3]);

(i) For —1 < B < A <1, the image of E under p(z) lies inside a circle centered on real
axis if p(z) < 14 (see [44]);

(i) For 0 <& < 1, in [4,34], Kanas showed that the image of E under p(z) lies inside the

conic domain () and () , if

p(2) < pra(2);

(iv) For y € C\{0}, in [7], Shams et al. showed that the image of U under p(z) lies inside
the conic domain (), if

p(2) < pry(2)-

By taking motivation from the above-cited works, we define the following domain:
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Definition 7. Letk € [0,00),q € (0,1) and v € C\{0}. A function p(z) is said to be in the class
k=Py 0-1,(2) if and only if

—_—

P(Z) = pk,q,qfl,'y(z) (10)

where L7
Peaot, = 2 _Pen?
K97 T T ) + (g — q)pr, (2)

and py - (z) is given by (3). Geometrically, the function p(z) € k-ﬁqrqfw(z) takes on all values

(11)

from the domain Oy, -1, which is defined as:

—_~—

Qgg1y = Tgq1 + (1 =7), (12)

where

%1:{%%(( (97" +q)w(z) >>k‘ (97! +q)w(z) 1‘}

q—q Dw(z) +2971 (@—q Hw(z)+297 1

Remark 2. (i) First of all, we see that

—_~—

Jim O 5 =0 (v € CV{0)

where O ., is the conic domain considered by Shams et al. [7]. Secondly, we have

qlgﬁ pqg11 =

where QY. is the conic domain considered by Kanas and Wisniowska [34]. Thirdly, we have

lim k-Pq’q—lll - P(Pk),

qg—1—
where P (py) is the well-known class introduced by Kanas and Wisniowska [34]. Lastly, we have

ql—lgl— 0-Pog1a =P,

where P is the well-known class of analytic functions with a positive real part.

Using the above-defined domain, we now define the following subclass of certain
analytic functions:

Definition 8. An analytic function f € k-UST (q,97 1, ) if it satisfies the condition

3%{1 + %(J(q,q’lff(Z)) - 1)} > k‘i(j(q'ql'ﬂz)) - 1)

, (13)

or equivalently

j(q’ q_l’f(z)) €k— ﬁq,q—llryr (14)
where -
- z(D),f(z)
(@' +a)—5—
T(q.q7f(2) = —S9 (15)

(D),f(2)
g71)- f(qz)z +297!
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Remark 3. First of all, we have (see [34])

: 5 -1 _ Cx
qlg{ngST(q,q ) =Sy

Secondly, it could be seen that (see [4])

lim kUST (q,47%,1) = kUCY.
q—1—

Geometrically, the function f € A is in the class k-UUST (q,47',7), if and only if the

—~—

function 7 (q,q7', f(z)) takes all values in the conic domain Oy g1, givenby (12). Taking
this geometrical interpretation into consideration, one can rephrase the above definition as:

Definition 9. An analytic function f € k-UST (q,97 ", ) if and only if
T@q 1 F(2) =< Prgaiy(2), (16)

where pa,;_/lﬁ (z) is defined by (11).

We also fixed k-UST ~(q,q7%,v) = k-UST (g, ,v) N'T, where T is the subclass of
k-UST (q,971,) consisting of functions of the form

flz)=z- 2 anz", a, >0, Vn>2. (17)
n=2

Our further investigation is organized as follows. In Section 2, we give some sup-
porting results in form of Lemmas, which will help in order to obtain our new results in
Section 3. In Section 3, we obtain our main results and also give some of their special cases
in the form of Corollaries and Remarks. In Section 4, we conclude our present investigation
and also give some future direction to the interested readers toward the prospect that this
kind of result will be obtained for other new subclasses of analytic functions.

2. A Set of Lemmas

We need the following lemmas in order to prove our main results.

Lemma 1 (See [45]). Let p(z) = 1+ OZOL puz" < F(z) =1+ ofj duyz". If F(z) is convex
n=1 n=1
univalent in E, then

pul < Il n> 1,
Lemma 2. Let k € [0, 00) be fixed and

T () = SRR
qu/q Y (q_l —+ q) + (6]—1 - Q)m(z)

Then

-1 -1

= 20 24 201 —4q) 2} 2
- =1 - .
Praqty(2) + q1+qQ1Z+{ql+qQ2 Qf rz° +

where Q1, and Q5 is given by (5) and (6).
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Proof. From (11), we have

—_~—

29" ' piy (2)
pk,q,q”,y (Z) = K

(@ '+ + @ = 9P, (2)

T (@) (18)
By using (4) in (18), we have

Prgg1q(2)
271 (=1)" (g g !
- Z (g7 +q)"
= 20 'n(=1)""N(q )"
o] (@1 +q)"
2 In(=1)"" (g —gq)" !
i {nz—l (@t +q)" ©

Rl en-)(-1)" (g —g)" z}zz
2 (971 +q)"" Gy

+

Q1z

(19)

n-1 n-1 -1 n-1, -1 n—1
The series 2071 (=)" (g —q) , 2 n(=1)"" (9" —q) and
nzl (41+4)" ngl (971+4)"

g Zq”(anl)(fl)”’ll(q”fq)”
=1 (g71+0)""
respectively.

Therefore, (19) becomes

71 —“1/,—-1_
and 20— —9)

are convergent and convergent to 1, ,1 4 CRE)

—— 241 241 27 1(g~1 —
pk,q,q—l,ry(z) =1+ qi?‘Fl]QlZ‘I» {q q Q) — 1_(q 9) Q%}Zz 4o (20)

This complete the proof of Lemma 2. [

Remark 4. For q — 1—, Lemma 2 reduces to the lemma introduced by Sim et al. [46].

Lemma 3. Let p(z) =1+ Y puz" € k—ﬁq,qqﬁ; then

n=1

< -2 jou), n21

2q~
g7 +4
Proof. By definition (7), a function p(z) € k-ﬁwflﬁ(z) if and only if

—_~—

p(Z) = pk,q,qfl,oc(z)r (21)

where k € [0,00), and pk/,q;,/w(z) is given by (11).
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By using (20) in (21), we have

297! 2q‘ L2 (q —q) }

Now by using Lemma 1 on (22), we have

A< 2T 0.
| Pn q|1|

q
g1
Hence, the proof of Lemma 3 is complete. [

Remark 5. For g — 1—, then Lemma 3 reduces to the lemma introduced by Noor et al. [47].
Lemma 4 ([48]). Let h(z) =1+ OZojl cnz" and h(z) be analytic in E and satisfy R{h(z)} > 0 for
n=

zin E. Then,
’cz —vc%’ <2max{1,|2v—-1|}, Vv e C.

3. Main Results

We now state and prove our main results. The first theorem of this section gives
necessary conditions for an analytic function f of the form (1) to belong to the newly
defined class k-UST (3,474, 7).

Theorem 1. If an analytic function f is of the form (1), and it satisfies

5 (o e+ 0l =1+ {07 By |+ 207 o
< (a+q7")hl 23)
then f € kUST (q,97%, 7).

Proof. Suppose that (23) holds; then, it is sufficient to show that

2@ -1)| - r{3 (7@ s 1) <



Symmetry 2022, 14, 803

10 of 20

Using (15), we have
2(D),f(2)
k(G +‘7) o,
AVEPEIEC MOWE) | gg1
2(D),f(2)
1( M (c
v (ND)f(Z) _
I (R
_ 2(D),f(2) _ 2(D),f(2)
_k| e L1 e )
7 1\ 2D)f@ ¥ D) fa) . ’
- ot Mg=g et
- 2(D),f(2)

o (k+1) (9 1*‘1) 6 B
- 1 2D)f)

| | (q_q 1)2 f(qz)z +2q 1
2g7 (k4 1) i ([l — 1) an2”

7] (q+q‘1)+22°:z{(q*q‘1)[’17] +2q_1}anz”

< 2q1(k+1){ Yo 2’ 1’|‘1n| } 24)
Il <q+q*l>—z:;2]<q—q Dy + 297l

The expression (41) is bounded above by 1.

2q1(k—|—1){ Yo 2’ _1’|‘1n| }<1.
M a+a) -2t — a7, + 207 laal

After some simple calculations, we have

i{ Hk+1)|Inl, = 1|+ vI{] (9= 97" Inl, | +207" | }laul
< (a+a7")hl.
Hence, we complete the proof of Theorem 1. [

Wheng — 1—and ¥y = 1 —a with 0 < & < 1, we have the following known result
(see [7]).

Corollary 1. An analytic function f of the form (1) belongs to the class k-UST () if it satisfies
the condition

{n(k+1)— (k+a)}|a,] <1—a,

=
L07e

where0 < a < landk > 0.
Inequality (23) gives the following corollary:

Corollary 2. Let 0 < k < o0, q € (0,1) and v € C\{0}. If the inequality

Dialy |20}

|an‘ <

(a+q7 )]
{2071+ )|, = 1|+ I{| (e -
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holds for f(z) = z + ayz", then k-UST (q,971,). In particular,

(a+9 Yl 2
2971k +1)|12), = 1| + 1v{ | (9 — )Ly 2071}
€ kUST(4,97',7)

fe)=z+
{

and

ag] = B U 1 _
{297k +1)|2], — 1|+ 1{| (g g )2l | +2971}}

Coefficient estimates for the class k-UST (7,47, 7) are given in the next Theorem.

Theorem 2. If f € k-UST (9,97}, ) and is of the form (1), then

297 1|Qi|
M| < —=—~ (25)
=Gy
and B
n=2 Q1 —[f]
|an| < H( ‘ /q\’/ g for n>3, (26)
=0\ (g~ + )i +1],
where Q1 and ¢; are defined by (5) and (29).
Proof. Let __
_ z2(D),f(2)
(g7 +q) e

— =p(2). (27)
1 ZD)f@)
G—a )G +20"

After some simple simplification of Equation (27), we have
(q‘l + q)z +Y (q_l + q) (] anz"
- { (qil + q)z T 2:;2((‘7 - ‘771) [7]5, + zqfl)ﬂnzn} (1 +Y cnz”).

Equating coefficients of z"* on both sides, we have

_1/(7 —1(7 11 _ _
2q7! ([n]q - 1)11” = Z;Zzl ([7 - 1]q(q —g Y +2g 1){1”,]@]', a; = 1.
This implies that

: )27_5{U—uq<q—q1>+zq1}|an_]-||cj|.

|an| <——F
2971 ([n], — 1

By using Lemma 3, we have

Q1| n=l( 7 1 —1\1,.
‘ﬂn| S (q—l +q)([/1:l/]q _ 1) Zj:l {[] 1]q(q q ) +2q }‘a]

4

Q ~1
e —; T P ) 8)

(7 + ) ([, 1)

where

—_~—

pia=l-1,(g—9")+297". (29)
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Now we prove that

2 = G o
(97 +q)([n], —1) Liwt #ictli] < ]g) G +a)(li+1],)

For this, we use the induction method. For n = 2 from (28), we have

277 1|Q|

, @0 =2q""
G T+q 7

|az| <
From (26), we have
2971 Q| -1
| < —, ¢9=2 .
ol s gy 0=

For n = 3, from (28), we have

Q1|
(97 +q)(B, -1
< 29~1Qu|
T+ (Bl -1

. |Q1| 9o ’Ql_m‘?)
) < (q1+q){((q1+q)f2v}q ny

101190 Qi+ 1],
§(41+4){((q1+q)mq i

_ Q¢ ((|Q1|f1)0 L %0 )

las| < )(900+<P1|a2|)/

)<1+|Ql>, p1=(q7"+q).

From (26), we have

(@ +opl, \@ " +a) (g7 +q)
|Q1¢n |Q1]po ®0
@+, <(4‘1 +o) (g +q)>’

29 Q
==L (|Qi]+1).
(q*1+q)[2]q(‘ ey

Let the hypothesis be true for # = m. From (28), we have

il
(g1 +aq)([m], —1

|am‘ <

] S g lal

From (26), we have

Pj-

(30)
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By the induction hypothesis, we have

[eX nt _nz2 (1@l + [, )
L . . < — . (31)
(97 +q)([m], — 1) Liwt ¢i-114] j—o(<q—1+q>u+uq !

3

+([m],—1
Multiplying il ([m]q )> on both sides of (31), we have

(9~ +a) ([m],—1

m=2 [ |Q| + ]
H( 1 )4)
o\ @+,

Qll+(%1){ 0 }
“ @ ) (i, —1) (@ ) (m], - 1) Lt oleil

_ Qi il +1} S
“"1*‘”([’%—1){<q‘1+q>([m}q—1) Ly 91l
Q| N
z —~ || + Y qlail b,
(q‘1+q)([m}q—1)q{ Z]—l 9j-1]aj }
- |Q1] ) 27:1 piala.

(a1 +aq)([m], —1

That is

. m2 Q]+
] 2]':1 ‘PJ'—1|”]'| < H ( l /]\q/ )(PJ"
) =0\ (q

(g1 + ) ([ml, -1 Tq)f+1),

which shows that inequality (31) is true for n = m + 1. Hence, the proof of Theorem 2 is
now completed. O

Corollary 3. If f(z) € k-UST () and is of the form (1), then

lan| < }ﬁ<|8+_1;|) for n > 3.

j=0
For g — 1—, Kanas and Wisniowska proved Corollary (3) in [4].

In the next Theorem, we state and prove the Fekete-Szeg6-type result for our defined
function class k-UST (q,471,7).

Theorem 3. Let 0 < k < o0, q € (0,1) be fixed, and let f(z) € k-UST (g, ", ) and be of the
form (1). Then for a complex number i,

|Q1]

< S )

max{1, |20 — 1|}, (32)

where v is given by (37).
Proof. If f(z) € kUST (q,47',7), then we have

T @97 f(2) < Prge,(2)
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and if there exists a Schwarz function w(z), we have

- 2Dy f(2)
(97" +a)—F o
Zqu(ZJ;( . = Phgq1y(@(2)- (33)

G—a )~z +207"

Let the function h(z) € P, defined by:

 14w(z)
hD) = T
this gives
(z) —1z+1 c 4 2+
272\ 2
and . )
— g9 Qi q- 1\ 2
- =1+ + Fi(a, o 34
Praq—7(@(2) (q—1+q)z TRET) 1(‘7’7 )Z (34)
where

Now, from L.H.S of (33), we have

- zDgf(z) ~1(™
(7' +q) ljrq(f) 2q ([Z]q_l)
—1 _J I P 35
Ly 21 R et fa(00)2 )

—1\2zD4f(=
(g—q )fq()

where

1

Fa(q.07") = {Zq (Bl —1)as (;?M)(@ D{(a-q7")2,+297" }a }

By using (34) and (35) in (33), we obtain

Qic

Z(EL B 1)

B 1 o {a-ail,+291 0k
az = (ﬁq—1> {Fl(q,q 1)+ — }

2(q7 1 +q)

ap; =

and

For any complex number u we have

T e L S
where

o= {1 -na-ra(e )} @)
and

{a—a D, +20 (" +a) (B, 1)

(2, -1) o ([’2V]q—1)2

ra(aq7") =
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Now by using Lemma 4 on (36), we have

|Q1]
207" +9)([3], 1)

Hence, we complete the proof of Theorem 3. [

a3 — a3 < max{1,]20 —1|}.

Next we investigate the necessary and sufficient conditions for f(z) of the form (17) to
be in the class k-UST (3,471, 7).

Theorem 4. Let k € [0,00), q € (0,1) and v € C\{0}. A function f(z) of the form (17) will
belong to the class k-UST ~(q,9~",~) which can be expressed as:

i{Zq‘lkH)] —1\+\'r|{’(q q )n]q\+2q‘1}}\anl
<(9+q7")lk (38)
The result is sharp for the function

(g+q") 1] .

fE == Zq‘l(k+1)\[7}q flﬂ + Ivl{\(q*q‘l)%\ +2q‘1}z

Proof. In view of Theorem 1, it remains to prove the necessity.
If f(z) € k-UST (9,97}, 7), then infect that |R(z)| < |z|; for any z, we have

L1 ( T2 20 ([, — 1)@z )
e+ \1-xr, A {(@—a 7)), +20 panz!

, 2 ()t
’Y(q * qil) En 2 ( ) {(q - qil)[n]q + qul}anznfl

(39)

‘7+‘7

Letting z — 1— along the real axis, we obtain the desired inequality (38). Hence we
complete the proof of Theorem 4. [

Corollary 4. Let the function f(z) of the form (17) be in the class k-UST (4,471, ). Then

(g+97 Y]]
2g7 e+ 0|y =1] + {0 =)l |+ 297

, n>2. (40)

an <

Corollary 5. Let the function f(z) of the form (17) be in the class k-UST ~(q,q7,y). Then

(a+q37 ")l
2971 (k+1)|2), = 1| + Iv{ | (g — a2y | 207}

ay = (41)

Theorem 5. Let k € [0,00),g € (0,1) and v € C\{0} and let

and
fu(z) =2z—R(n,q)z", n>3. (42)
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Then f € k-UST ~(q,971,7), if and only if f can be expressed in the form of

f(z) = i Aufu(z), Ap >0, and i A =1, (43)
n=1

n=1

where R(n, q) is given by (44).

Proof. Suppose that
fz) = ilAnfncz) — Mfi(2) + iAnfncz),
— MAG)+ i Anlz = R(n,)2"},

= Mz+ ) Az— Y AR(nq)2",
n=2 n=2

= (2 /\n>z =Y AR(n, q)2",
n=1 n=2

= z—i nR(n,q)z",
n=2
where
Rn,q) = — (g ) _— _ )
2971k +1)|Inl, = 1| + 171{ | (g — 4 )]y + 201}
Then
3 AR (n,q) x R(rlz )
n=2 4

(e ) (o)
= ZAn: E)LH_Alzl_A’lS]‘I
n=2 n=1

and we find &-UST (3,971, 7).
Conversely, suppose that k-UST ~(q,971,). Since

an| < R(n,q),

we can set 1

= R
and

M=1— i)\n.
n=2



Symmetry 2022, 14, 803

17 of 20

Then
z)=z+ ) ap2"
n=2

=z+ ) AR(nq)2"
n=2

=z i/\n(z + fu(z)) =z+ i)\nz-i- i)\nfn(z)

= (1 — Z )tn)z—l— Z Anfu(z) = Mz + Z Afu(z) = Z A fu(z)
n=2 n=2 n=2 n=1
The proof of Theorem 5 is complete. []

Theorem 6. Let k € [0,00),g € (0,1), |z| =r < 1and v € C\{0}. Let f of the form (17) be in
the class k —UST (q,97 %, 7). Then

R < |f(2)| <7+ R29)* (45)
Equality in (45) is attained for the function f given by the formula

f(z) = 24+ R(2,9)7, (46)
where ( . _1)| |
_ qg+q )lv .
e G D[, 1| + i DBl 2 1))

Proof. Since f € k-UST (q,4~',), in view of Theorem 4, we find

{207 R+ 1|2, = 1|+ 1n{| (g —a7) 2], | + 297} ian

< Z{Zq (k+1) \ —1\ + Ivl{\(q—q’l)fﬂql +2q’1}}|an\
< (q+a7)l.
This gives
Y an < R(2,4)
n=2
Therefore -
f@)] < lzl+ 1 anlz]" <7+ R(2,9)r
n=2
and -
f@)] = Izl = Y anlz]" > r = R(2,9)r
n=2

By letting r — 1—, we get the required result. Hence, the proof of Theorem 6 is complete. [

Theorem 7. Letk € [0,00),9 € (0,1), |z| =7 < 1and v € C\{0}. Let f be of the form (17) in
the class k-UST ~(q,q971,7y). Then

1-2R(2,q)r < |f'(z)| < 1+2R(2,9)r. (47)
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Proof. Differentiating f and using triangle inequality for the modulus, we obtain

If'(z)] <1+ Z:mzn|z|”_1 §1+r2nan, (48)

n=2 n=2

and - .
If'(z)] =1— X;mzn|z|”_1 >1—r) na,. (49)

n=2 n=2

Assertion (47) follows from (48) and (49); in view of the rather simple consequence, we get
the following inequality

Y nay <2R(2,9).
n=2

Hence, proof of Theorem 7 is complete. [

-1

Theorem 8. Under convex linear combination, the class k-UST ~ (q,q~*, ) is closed.

Proof. Let f(z) and g(z) be in class &-UST ~(q,47 !, 7). Suppose f(z) is given by (17) and

z)=z— i d,z", (50)

n=2

where a,, d, > 0.
It is sufficient to show that for 0 < A < 1, the function

H(z) = Af(2) + (1 - A)g(z) € kUST (9,971, 7)- (51)

From (17), (50) and (51), we have
H(z)=z— i{)\an + (1= A)d, }z". (52)
n=2

As we know that f and g are in class k-UST ~ (g, q_l, 7v) (0 < A < 1), by using Theorem 4,
we obtain

i{q (k+1)] —1]+Ivl{](q q )n]q\+2q’1}}{/\an+(l—?\)dn}
< (T+q)lvl]- (53)

Again, by Theorem 4 and inequality (53), we have H(z) € k-UST (q,47 !, 7). Hence, the
proof of Theorem 8 is complete. [

4. Conclusions
In this paper, motivated significantly by a number of recent works, we used the concept

of symmetric quantum calculus and conic regions to define a new domain () , .1 ., which
generalizes the symmetric conic domains. By using a certain generalized symmetric conic
—

domain () , -1, we defined and investigated a new subclass of normalized analytic
g-starlike functions in the open unit disk E, and we have successfully derived several
properties and characteristics of a newly defined subclass of analytic functions. For the
verification and validity of our main results, we have also pointed out relevant connections
of our main results with those in several earlier related works on this subject.

To conclude our present investigation, we would like to remark that one may attempt
the results presented in this paper for different subclasses of analytic functions in different
domains. In particular, one may define a new subclass of symmetric g-starlike functions
associated with this newly defined domain and can obtain the same results.
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