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ABSTRACT
Let R be a commutative ring with 1 �= 0 and S be a multiplicatively closed
subset of R. We call an ideal I of R disjoint with S quasi-S-primary if there exists
an s ∈ S such that whenever a, b ∈ R and ab ∈ I, then sa ∈ √

I or sb ∈ √
I. We

investigate many properties and characterizations of quasi-S-primary ideals.
We discuss the form of quasi-S-primary ideals in polynomial, power series, the
Serre’s conjecture and the Nagata rings. Futhermore, we study quasi-S-primary
ideals in amalgamated algebras. Our results allow us to construct original
examples of quasi-S-primary ideals.
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1. Introduction

Throughout this article all rings are commutative with non-zero identity. Unless otherwise stated, R
denotes a ring and S is a multiplicatively closed subset of R. This article is motivated by the interesting
results proved on S-primary ideals of a commutative ring in [20]. According to [20] an ideal I of R with
I ∩ S = ∅ is said to be an S-primary ideal of R if there exists s ∈ S such that for all a, b ∈ R with ab ∈ I,
we have either sa ∈ I or sb ∈ √

I. In [20], S. Visweswaran proved the S-version of several classical results
on primary ideals. Let R be a commutative ring, S a multiplicatively closed subset of R and I an ideal of R
disjoint from S. It was shown in [20, Theorem 2.7] that I is an S-primary ideal of R if and only if (I :R s) is
a primary ideal of R for some s ∈ S if and only if S−1I is a primary ideal of S−1R and S−1I ∩ R = (I :R s)
for some s ∈ S. Let R be a ring and let S be a multiplicatively closed subset of R. Recall from [13] that
an increasing sequence (Ik)k∈N of ideals of R is called S-stationary if there exist a positive integer n and
an s ∈ S such that for each k ≥ n, sIk ⊆ In. In [20], the author linked the S-primary property with the
S-stationary notion. He proved that if I is an S-primary ideal of R, then the ascending sequence of ideal
(I :R r) ⊆ (I :R r2) ⊆ · · · is S-stationary for all r ∈ R. He also, gave an example to show that the reverse
of this implication is not true in general.

Motivated by the research work presented in [20] on S-primary ideals and by the fact that the quasi-
primary ideals also play an important role in the theory of commutative rings (see also [10]), in this
article, we introduce the concept of quasi-S-primary ideals of a commutative ring and study its basic
properties. We say a proper ideal I of R disjoint from S a quasi-S-primary ideal if there exists an (fixed)
s ∈ S such that for all a, b ∈ R if ab ∈ I, then sa ∈ √

I or sb ∈ √
I. This fixed element s ∈ S is

called a quasi-S-primary element of I. In the first part of this article, we prove some basic properties of
quasi-S-primary ideals. We give an analogue results of the prime avoidance lemma. We show that if S is

a multiplicatively closed subset of a ring R and I an ideal of R with I ⊆
n⋃

i=1
Ij where I1, . . . , In are quasi-

S-primary ideals of R, then there exists s ∈ S and k ∈ {1, . . . , n} such that sI ⊆ √
Ik. Let P be an ideal of
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R disjoint with S. According to [14], P is called an S-prime ideal of R if there exists an s ∈ S such that for
all a, b ∈ R if ab ∈ P, then sa ∈ P or sb ∈ P. It is clear that every S-prime ideal of R is a quasi-S-prime
ideal of R. In Theorem 2, we give a necessary and sufficient condition for a quasi-S-primary ideal of R
to be S-prime. We show that the following statements are equivalent: (1) I is an S-prime ideal of R; (2) I
is an S-primary ideal of R and there exists an s ∈ S such that for each x ∈ R, sx2 ∈ I implies sx ∈ I; (3) I
is a quasi-S-primary ideal of R and there exists an s ∈ S such that for each x ∈ R, sx2 ∈ I implies sx ∈ I.

In Section 3, we investigate quasi-S-primary ideals of the polynomial ring R[X], the power series ring
R[[X]], the Serre’s conjecture ring R[X]U and the Nagata ring R[X]N (the concepts of the Serre’s conjecture
ring and the Nagata ring will be reviewed in Section 3). Let I be an ideal of R disjoint with S. We show
that I is a quasi-S-primary ideal of R if and only if I[X]N is a quasi-S-primary ideal of R[X]N if and only
if I[X]U is a quasi-S-primary ideal of R[X]U . For the power series ring R[[X]], we prove that if R is an
S-Noetherian ring (a commutative ring R is called S-Noetherian if for each ideal I of R, sI ⊆ J ⊆ I
for some finitely generated ideal J of R and some s ∈ S.) and I an ideal of R disjoint with S, then I is a
quasi-S-primary ideal of R if and only if I[[X]] is quasi-S-primary in R[[X]].

Finally, in Section 4, we give a relationship between quasi-S-primary ideals of a ring R and those of the
amalgamated rings R 	
f J. First let us recall the following notions. Let R and R′ be two rings, f : R → R′
be a homomorphism and J be an ideal of R′. The amalgamation of R and R′ along J with respect to f is
the subring R 	
f J = {

(a, f (a) + j) : a ∈ R, j ∈ J
}

, of R × R′ introduced by D’Anna et. al. in [5]. Let I
and K be ideals of the rings R and f (R)+ J, respectively. In [8], two types of ideals of R 	
f J are studied:
I 	
f J = {

(i, f (i) + j) : i ∈ I, j ∈ J
}

and Kf = {(a, f (a) + j) : a ∈ R, j ∈ J, f (a) + j ∈ K}. For more
detail regarding to amalgamated rings, the reader may refer to [6–8]. Let S be a multiplicatively closed
subset of R. It is easily to prove that S 	
f J = {

(s, f (s) + j) : s ∈ S, j ∈ J
}

and W = {
(s, f (s)) : s ∈ S

}
are

multiplicatively closed subsets of R 	
f J. Consider the amalgamation of rings R and R′ along the ideal J
of R′ with respect to a homomorphism f . For an ideal I of R disjoint with S, we show that the following
statements are equivalent.

(1) I 	
f J is a quasi-W-primary ideal of R 	
f J.

(2) I 	
f J is a quasi-(S 	
f J)-primary ideal of R 	
f J.

(3) I is a quasi-S-primary ideal of R.

Let T be a multiplicatively closed subset of the ring R′. Then one can easily verify that the set T̄f =
{(s, f (s) + j) : s ∈ R, j ∈ J, f (s) + j ∈ T} is a multiplicatively closed subset of R 	
f J. We end this paper
by the following result: for an ideal K of R′ and a multiplicatively closed subset T of R′ disjoint with K,
K̄f is a quasi-T̄f -primary ideal of R 	
f J if and only if K is a quasi-T-primary ideal of R′.

2. Basic results

We start this section by introducing the notion of quasi-S-primary ideals.

Definition 1. Let S be a multiplicatively closed subset of a ring R. An ideal I of R disjoint with S is said to
be a quasi-S-primary ideal if there exists an (fixed) s ∈ S such that for all a, b ∈ R if ab ∈ I, then sa ∈ √

I
or sb ∈ √

I. This fixed element s ∈ S is called a quasi-S-primary element of I.

Remark 1. Let R be a ring and S a multiplicatively closed subset of R.

(1) Every S-primary ideal of R is a quasi-S-primary ideal and clearly the two concepts coincide for
radical ideals.

(2) For a proper ideal I of R, I is a quasi-S-primary ideal if and only if
√

I is an S-prime (S-primary)
ideal.
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(3) Let T ⊆ S be two multiplicatively closed subsets of R. If I is a quasi-T-primary ideal such that
I ∩ S = ∅, then I is also a quasi-S-primary ideal. Conversely, if for each s ∈ S, there is an element
t ∈ T such that st ∈ T and I is a quasi-S-primary ideal of R, then I is a quasi-T-primary ideal
of R. In particular, a quasi-primary ideal disjoint with S is a quasi-S-primary ideal. Additionally, if
S ⊆ U(R), then the concepts of quasi-primary ideals and quasi-S-primary ideals coincide. (see also
Proposition 5).

We give the following examples to show that the converses of these implications in Remark above are
not true in general.

Example 1. Consider the multiplicatively closed subset S = {1, 3, 9} and the ideal I = {0, 12} of the ring
Z24. Then I is not a quasi-primary ideal since 3 · 4 ∈ I but neither 3 ∈ √

I = (6) nor 4 ∈ √
I. However,

it is a quasi-S-primary ideal with a quasi-S-primary element s = 3.

Example 2. Let R = Z[X], P = 4XZ[X] and S = {4n | n ∈ N ∪ {0}}. Then P is an S-prime ideal of R;
so a quasi-S-primary ideal. Note that P is not a quasi-primary ideal because 4X ∈ P and for each n ∈ N,
4n /∈ P and Xn /∈ P. Thus P is a quasi-S-primary ideal of R which is not a quasi-primary ideal.

Example 3. Let p and q be distinct prime integers. Consider the ring of polynomials R =
Z+pxZ[x]/xn+1Z[x] and the multiplicatively closed subset S = {qn : n ≥ 0} of R. Then the ideal
J = (p2x2, px3, x4, x5, x6) is a quasi-S-primary ideal as

√
J = (px, x2, x3) is prime (so it is S-prime).

However, J is not S-primary since p2x2 ∈ J but neither sp2 ∈ √
J nor sx2 ∈ J for each s ∈ S.

The saturation of S is the set S∗ = {r ∈ R : r
1 is a unit in S−1R} or equivalently, S∗ = {x ∈ R : xy ∈ S

for some y ∈ R} is a multiplicatively closed subset of R and S ⊆ S∗, see [12]. Our next theorem gives
several equivalent conditions for an ideal I disjoint with S to be quasi-S-primary.

Theorem 1. Let I be an ideal of R disjoint with S. Then the following assertions are equivalent.

(1) I is a quasi-S-primary ideal of R.

(2) I is a quasi-S∗-primary ideal of R.

(3) There exists an s ∈ S such that (I : a) ⊆ (
√

I : s) for each a /∈ (
√

I : s).

(4) There exists an s ∈ S such that for any a ∈ R and any ideal K of R, if aK ⊆ I, then sa ⊆ √
I or

sK ⊆ √
I.

(5) There exists an s ∈ S such that for any two ideals J, K of R, if JK ⊆ I, then sJ ⊆ √
I or sK ⊆ √

I.

(6) There exists an s ∈ S such that for all ideals I1, . . . , In of R, if I1 · · · In ⊆ I, then sIk ⊆ √
I for some

k ∈ {1, . . . , n}.

(7) There exists an s ∈ S such that for all a1, . . . , an ∈ R, if a1 · · · an ⊆ I, then sak ⊆ √
I for some

k ∈ {1, . . . , n}.

Proof. (1)⇒(2). Since S ⊆ S∗, it is sufficient to show that S∗ ∩ I = ∅ by Remark 1(3). If α ∈ S∗ ∩ I, then
there exists an s ∈ S such that s is a multiple of α; so s = αr for some r ∈ R. Thus, we conclude s ∈ S ∩ I,
a contradiction.

(2)⇒(3). Let s∗ be a quasi-S∗-primary element of I. There exists an s ∈ S such that s = s∗r for some
r ∈ R. Let a ∈ R\(√I : s). We show that (I : a) ⊆ (

√
I : s). Let b be an element of (I : a). Since I is a

quasi-S∗-primary ideal of R, s∗a ∈ √
I or s∗b ∈ √

I; so sa ∈ √
I or sb ∈ √

I. This implies that sb ∈ √
I

because sa /∈ √
I. Thus b ∈ (

√
I : s), as needed.
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(3)⇒(4). Take the fixed s in (3) and assume that aK ⊆ I and sa �
√

I. Then a /∈ (
√

I : s) and from
(3), we get K ⊆ (I : a) ⊆ (

√
I : s), and thus sK ⊆ √

I.
(4)⇒(5). Take the fixed s in (4) and suppose that JK ⊆ I and sJ �

√
I for some ideals J, K of R. Then

there exists a ∈ J with sa /∈ √
I. Since aK ⊆ I and sa /∈ √

I, we conclude from (4) that sK ⊆ √
I, we are

done.
(5)⇒(1). Let a, b ∈ R with ab ∈ I. We conclude the result by taking J =< a > and K =< b > in (5).
(1)⇔(6). Suppose that I is a quasi-S-primary ideal of R. Then

√
I is an S-prime ideal by Remark 1(2)

and the claim follows from [14, Corollary 1]. The converse part is clear by putting n = 2 and (5)⇒(1).
(6)⇒(7). Suppose a1 · · · an ⊆ I for some a1, . . . , an ∈ R. Put Ij =< aj > for each j ∈ {1, . . . , n}.

Hence, sak ∈ sIk ⊆ √
I for some k ∈ {1, . . . , n} by our assumption (6).

(7)⇒(1). Take n = 2.

Lemma 1. Let I be an ideal of R disjoint with S. Then the following conditions are equivalent.

1. I is a quasi-S-primary ideal of R.

2. There exists an s ∈ S such that (
√

I : s) is a prime ideal of R.

Proof. This follows from [14, Remark 1] and the fact that I is a quasi-S-primary ideal of R if and only if√
I is an S-prime ideal of R.

Proposition 1. Let I be an ideal of R with I ⊆
n⋃

i=1
Ij where I1, . . . , In are quasi-S-primary ideals of R. Then

there exists s ∈ S and k ∈ {1, . . . , n} such that sI ⊆ √
Ik.

Proof. Suppose that I1, . . . , In are quasi-S-primary ideals and I ⊆
n⋃

i=1
Ij. Then I ⊆

n⋃
i=1

(
√

Ij : sj) and

(
√

Ij : sj) is a prime ideal for each j ∈ {1, . . . , n} by Lemma 1. Thus, the prime avoidance lemma implies
that there exists k ∈ {1, . . . , n} such that I ⊆ (

√
Ik : sk), and therefore skI ⊆ √

Ik.

Next we give a necessary and sufficient condition for a quasi-S-primary ideal of R to be S-prime.

Theorem 2. Let P be an ideal of R disjoint with S. Then the following conditions are equivalent.

(1) P is an S-prime ideal of R.

(2) P is an S-primary ideal of R and there exists an s ∈ S such that for each x ∈ R, sx2 ∈ P implies sx ∈ P.

(3) P is a quasi-S-primary ideal of R and there exists an s ∈ S such that for each x ∈ R, sx2 ∈ P implies
sx ∈ P.

Proof. The implications (1)⇒ (2) ⇒(3) are obvious.
(3)⇒(1). Assume that P is a quasi-S-primary ideal of R and there exists an s ∈ S such that for each

x ∈ R, sx2 ∈ P implies sx ∈ P. Then there exists a t ∈ S such that for all a, b ∈ R if ab ∈ P, then ta ∈ √
P

or tb ∈ √
P. Put s′ := st ∈ S. Let a, b ∈ R such that ab ∈ P. We show that either s′a ∈ P or s′b ∈ P. If

ta ∈ √
P, then (ta)n ∈ P for some n ∈ N. If n is even, then n = 2k for some k ∈ N; so by hypothesis,

s(ta)k ∈ P. If n is odd, then n = 2k + 1 for some k ∈ N, which implies that (ta)2k+2 = (ta)n+1 ∈ P;
so by hypothesis, s(ta)k+1 ∈ P. Thus there exists an n1 < n, (n1 = k if n is even and n1 = k + 1 if n is
odd) such that s(ta)n1 ∈ P. We continue this process, we obtain, s(ta)2 ∈ P or s(ta)3 ∈ P. By using the
hypothesis, we get s′a = sta ∈ P. In the same way we can prove that if tb ∈ √

P, then s′b ∈ P. Hence, P
is an S-prime ideal of R.
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In the particular case when S consists of units of R, we obtain the following result.

Corollary 1. Let P be a proper ideal of a ring R. Then P is a prime ideal of R if and only if P is a quasi-
primary ideal of R and for each x ∈ R, x2 ∈ P implies x ∈ P.

Proposition 2. Let I be a quasi-S-primary ideal of R. For an ideal J of R with J ∩ S �= ∅, I ∩ J and IJ are
quasi-S-primary ideals of R.

Proof. Since I ∩ S = ∅, clearly we have (I ∩ J) ∩ S = ∅ and IJ ∩ S = ∅. Suppose that s ∈ S is a
quasi-S-primary element of I. Let ab ∈ I ∩ J. Then sa ∈ √

I or sb ∈ √
I. Choose t ∈ J ∩ S. Then

sta ∈ √
I ∩ √

J = √
I ∩ J or stb ∈ √

I ∩ J. Thus I ∩ J is a quasi-S-primary ideal of R with a quasi-S-
primary element s′ = st. The proof is similar for IJ.

It is clear that the intersection of quasi-S-primary ideals of a commutative ring is not a quasi-
S-primary ideal in general. Our next proposition shows that under an additional assumption the
intersection of quasi-S-primary ideals is a quasi-S-primary ideal.

Proposition 3. If I1, . . . , In are quasi-S-primary ideals of R with the same radical, then
n⋂

i=1
Ii is a quasi-S-

primary ideal of R.

Proof. Put q :=
n⋂

i=1
Ii. Since the ideals I1, . . . , In are disjoint with S, we obtain S ∩ q = ∅. Let 1 ≤ i ≤ n.

Since Ii is a quasi-S-primary ideal of R, there exists an si ∈ S such that for each a, b ∈ R with ab ∈ Ii,
we have either sia ∈ √

Ii or sib ∈ √
Ii. Put s := s1s2 · · · sn. Then s ∈ S. Let a, b ∈ R such that ab ∈ q.

Assume that sa /∈ √
q. Then there exists a 1 ≤ j ≤ n such that sja /∈ √

Ij. Since Ij is a quasi-S-primary
ideal of R (with a quasi-S-primary element sj) and ab ∈ Ij, we get sjb ∈ √

Ij. This implies that sb ∈ √
Ij.

By hypothesis, for each 1 ≤ i ≤ n,
√

Ii = √
Ij; so sb ∈

n⋂
i=1

√
Ii = √

q. Thus q is a quasi-S-primary ideal

of R.

Recall from [13] that an increasing sequence (Ik)k∈N of ideals of a ring R is called S-stationary if there
exist a positive integer n and an s ∈ S such that for each k ≥ n, sIk ⊆ In. We next give a relationship
between the “S-stationary” and “quasi-S-primary” notions. Note that the proof is inspired by a result
proved by S. Visweswaran in [20].

Theorem 3. Let I be an ideal of R disjoint with S. Consider the following statements:

(1) I is a quasi-S-primary ideal of R.

(2) The ascending sequence (
√

I : sr) ⊆ (
√

I : sr2) ⊆ · · · of ideals is stationary for some s ∈ S and for all
r ∈ R.

(3) The ascending sequence (
√

I : r) ⊆ (
√

I : r2) ⊆ · · · of ideals is S-stationary for all r ∈ R.

Then (1)⇒ (2) ⇒(3).

Proof. (1)⇒ (2). Suppose that I is a quasi-S-primary ideal of R. There exists an s ∈ S such that for each
a, b ∈ R with ab ∈ I, we have either sa ∈ √

I or sb ∈ √
I. Let r be an element of R. We show that the

sequence (
√

I : sr) ⊆ (
√

I : sr2) ⊆ · · · is stationary.



4290 E. YETKIN ÇELIKEL AND A. HAMED

First case: r /∈ (
√

I : s). We show that for each n ∈ N, (
√

I : srn) = (
√

I : s), which implies that the
sequence (

√
I : sr) ⊆ (

√
I : sr2) ⊆ · · · is stationary. Let n ∈ N. It is clear that (

√
I : s) ⊆ (

√
I : srn).

Conversely, let α ∈ (
√

I : srn). Then (sαr)k ∈ I for some k ∈ N. Since I is a quasi-S-primary ideal of R
with a quasi-S-primary element s, we get either sαk ∈ √

I or sk+1rk ∈ √
I, which implies that α ∈ (

√
I : s)

or r ∈ (
√

I : s). Thus α ∈ (
√

I : s) since r /∈ (
√

I : s). Hence for each n ∈ N, (
√

I : srn) = (
√

I : s).
Second case: r ∈ (

√
I : s). Then sr ∈ √

I; so (
√

I : srn) = R, and hence the sequence (
√

I : sr) ⊆
(
√

I : sr2) ⊆ · · · is stationary.
(2)⇒ (3). Let r ∈ R. By hypothesis, there exists an n ∈ N such that for each k ≥ n, (

√
I : srk) = (

√
I :

srn) for all n ∈ N. This implies that for each k ≥ n, s(
√

I : rk) ⊆ (
√

I : rn). Indeed, let α ∈ (
√

I : rk).
Then sαrk ∈ √

I, which implies that α ∈ (
√

I : srk) = (
√

I : srn). This implies that sαrn ∈ √
I, and thus

sα ∈ (
√

I : rn). Hence, the sequence (
√

I : r) ⊆ (
√

I : r2) ⊆ · · · is S-stationary.

Recall from [16] that a ring R is said to satisfy accr (respectively, satisfy accr∗) if the ascending sequence
of ideals (I :R B) ⊆ (I :R B2) ⊆ (I :R B3) ⊆ · · · is stationary for any ideal I of R and for any finitely
generated (respectively, principal) ideal B of R. It was shown in [16] that the properties accr and accr∗
are equivalent. Our next example shows that the implication (3)⇒ (1) of Theorem 3 may fail to hold.

Example 4. Let R be a ring satisfying accr, S ⊆ U(R) and I a non-quasi-primary ideal of R (for example,
R = Z24 and I = {0, 12} as in Example 1). Since R satisfies accr, the ascending sequence of ideals
(
√

I : r) ⊆ (
√

I : r2) ⊆ · · · is stationary for all r ∈ R. But I is not a quasi-primary ideal of R.

Proposition 4. Let f : R → R′ be a ring homomorphism and S be a multiplicatively closed subset of R such
that f (S) does not contain zero. Then the following statements hold.

(1) If f is an epimorphism and I is a quasi-S-primary ideal of R containing Ker(f ), then f (I) is a quasi-
f (S)-primary ideal of R′.

(2) If J is a quasi-f (S)-primary ideal of R′, then f −1(J) is a quasi-S-primary ideal of R.

Proof. (1) First, we show that f (I) ∩ f (S) = ∅. Assume not. Then there exists u ∈ f (I) ∩ f (S), which
implies u = f (x) = f (s) for some x ∈ I and s ∈ S. Hence, x − s ∈ Ker(f ) ⊆ I and s ∈ I ∩ S, which is a
contradiction. Suppose a′b′ ∈ f (I) for some a, b ∈ R′. Say a′ := f (a) and b′ := f (b) for some a, b ∈ R.
This yields that there exists an s ∈ S such that sa ∈ √

I or sb ∈ √
I. Thus, clearly we have f (s)a′ ∈ f (

√
I)

or f (s)b′ ∈ f (
√

I), we are done as f (
√

I) = √
f (I).

(2) If s ∈ f −1(J) ∩ S, then f (s) ∈ J ∩ S, which is a contradiction. Hence, f −1(J) ∩ S = ∅. Suppose
ab ∈ f −1(J) for some a, b ∈ R. Then f (ab) = f (a)f (b) ∈ J and since J is a quasi-f (S)-primary ideal of
R′, there exists f (s) ∈ f (S) such that f (s)f (a) ∈ √

J or f (s)f (b) ∈ √
J. Thus, sa ∈ f −1(

√
J) = √

f −1(J) or
sb ∈ f −1(

√
J) = √

f −1(J), as needed.

Let I be an ideal of R disjoint with S. If we denote r + I ∈ R/I by r̄, then clearly the set S = {s : s ∈ S}
is a multiplicatively closed subset of R/I. In view of Proposition 4, we conclude the following result for
quasi-S-primary ideals of R/I.

Corollary 2. Let I ⊆ J be two ideals of R such that S ∩ J = ∅. Then the following statements hold.

(1) If J is a quasi-S-primary ideal of R, then J/I is a quasi-S-primary ideal of R/I.

(2) If R is a subring of R′ and I′ is a quasi-S-primary ideal of R′, then I′ ∩ R is a quasi-S-primary ideal
of R.

Proof. (1) First, observe that (J/I) ∩ S = ∅ if and only if J ∩ S = ∅. Taking the canonical epimorphism
π : R → R/I in Proposition 4 (1), we are done.
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(2) It is clear that (I′ ∩ R) ∩ S = ∅. The claim follows from Proposition 4 (2) considering the natural
injection i : R → R′.

We have a condition under which a quasi-S-primary ideal needs to be quasi-primary. By Z(R), we
denote the set of zero divisors of a ring R.

Proposition 5. Let I be an ideal of R disjoint from S. Assume that S ∩ Z(R/
√

I) = ∅. Then I is quasi-S-
primary if and only if I is quasi-primary.

Proof. Let a ∈ (
√

I : s). Then sa ∈ √
I, and hence (s + √

I)(a + √
I) = √

I. Since S ∩ Z(R/
√

I) = ∅,
we conclude a + √

I = √
I; i.e., a ∈ √

I. Thus (
√

I : s) ⊆ √
I and we get the equality as the converse

inclusion always holds. From Lemma 1,
√

I = (
√

I : s) is prime, so we get the claim. The converse part
follows by Remark 1(2).

Proposition 6. Let S ⊆ reg(R) be multiplicatively closed subset of a ring R and I an ideal of R disjoint
with S. Then I is a quasi-S-primary ideal of R if and only if S−1I is a quasi-primary ideal of S−1R and
(S−1√I) ∩ R = (

√
I : s) for some s ∈ S.

Proof. Let s ∈ S be a quasi-S-primary element of I. Notice that S−1I ∩ S−1R = ∅ as S ∩ I = ∅. Suppose
a, b ∈ R and s1, s2 ∈ S with a

s1
b
s2

∈ S−1I and a
s1

/∈ √
S−1I. Then tab ∈ I for some t ∈ S and sa /∈ √

I.
Since I is a quasi-S-primary ideal, we conclude stb ∈ √

I. Thus, b
t2

= stb
stt2

∈ S−1√I = √
S−1I and S−1I

is a quasi-primary ideal of S−1R. Let x ∈ (S−1√I) ∩ R. Then x = a
u for some a ∈ √

I and u ∈ S, which
follows xu ∈ √

I. This yields that sx ∈ √
I or su ∈ √

I. Since S ∩ √
I = ∅, the latter case is impossible.

Thus sx ∈ √
I, and hence x ∈ (

√
I : s). Therefore, (S−1√I) ∩ R ⊆ (

√
I : s). For the converse inclusion,

let y ∈ (
√

I : s). Then sy ∈ √
I. As S ⊆ reg(R), f : R → S−1R defined by f (a) = a

1 is an injective ring
homomorphism and y = y

1 = sy
s ∈ S−1√I. Thus, y ∈ (S−1√I) ∩ R and we have the equality.

Conversely, suppose that ab ∈ I. Then a
1

b
1 ∈ S−1I, which implies

( a
1
)n ∈ S−1I for some positive

integer n or
(

b
1

)m ∈ S−1I for some positive integer m. If the former case holds, van ∈ I for some v ∈ S,
which implies va ∈ √

I. Hence, a = a
1 = va

v ∈ (S−1√I) ∩ R = (
√

I : s) for some s ∈ S. Thus sa ∈ √
I.

For the case of
(

b
1

)m ∈ S−1I, similarly we get sb ∈ √
I. Therefore, I is a quasi-S-primary ideal of R.

Next, we characterize quasi-S-primary ideals in a cartesian product of rings.

Theorem 4. Let R = R1 ×R2 and S = S1 ×S2 where S1, S2 are multiplicatively closed subsets and I1, I2 be
ideals of rings R1, R2, respectively. Then I = I1 × I2 is a quasi-S-primary ideal of R if and only if either I1
is a quasi-S1-primary ideal of R1 and S2 ∩ I2 �= ∅ or I2 is a quasi-S2-primary ideal of R2 and S1 ∩ I1 �= ∅.

Proof. Let s = (s1, s2) be a quasi-S-primary element of I. Assume on the contrary that S1∩I1 = S2∩I2 =
∅. Let (a, b) ∈ I. Then (a, 1)(1, b) ∈ I, which yields either (s1, s2)(a, 1) ∈ √

I or (s1, s2)(1, b) ∈ √
I. Thus,

we get either sn
2 ∈ S2 ∩ I2 for some positive integer n or sm

1 ∈ S1 ∩ I1 for some positive integer m, a
contradiction. Without loss of generality, we may assume that S1 ∩ I1 �= ∅ and we will prove that I2 is a
quasi-S2-primary ideal of R2. First, S2 ∩ I2 = ∅ as S∩ I = ∅. Suppose ab ∈ I2 for some a, b ∈ R2. Choose
t ∈ S1 ∩ I1. Hence (t, a)(1, b) ∈ I implies either s(t, a) ∈ √

I or s(1, b) ∈ √
I. Therefore, s2a ∈ √

I2 or
s2b ∈ √

I2, as needed.
Conversely, we may assume without loss of generality that I1 is a quasi-S1-primary ideal of R1 with

a quasi-S1-primary element s1 ∈ S1 and S2 ∩ I2 �= ∅. Choose s2 ∈ S2 ∩ I2. Let (a1, a2)(b1, b2) ∈ I for
some a1, b1 ∈ R1 and a2, b2 ∈ R2. Hence a1b1 ∈ I1, which implies s1a1 ∈ √

I1 or s1b1 ∈ √
I1. Now

set s = (s1, s2) ∈ S. Observe that s(a1, a2) ∈ √
I or s(b1, b2) ∈ √

I and thus I is a quasi-S-primary
ideal of R.
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The following example shows that the condition S1 ∩ I1 �= ∅ (S2 ∩ I2 �= ∅) is crucial. Note that
I = I1 × I2 needs not to be a quasi-S = S1 × S2-primary even if both of I1 and I2 are Si-primary for
i = 1, 2, respectively.

Example 5. Let p and q be distinct prime integers. Consider the multiplicatively closed subsets S =
{pn : n ≥ 0} and T = {qn : n ≥ 0} of the ring Z. Then I = qZ and J = pZ are clearly S-primary
and T-primary ideals of Z, respectively, but I × J is not a quasi-S × T-primary ideal of Z × Z. Indeed,
(1, p)(q, 1) ∈ I × J but neither (s, t)(1, p) ∈ √

I × J = qZ × pZ nor (s, t)(q, 1) ∈ √
I × J for each

(s, t) ∈ S × T.

In view of Theorem 4, we conclude the following result.

Corollary 3. Let R = R1 × · · · × Rn and S = S1 × · · · × Sn where Si’s are multiplicatively closed subsets
of Ri’s for all i ∈ {1, . . . , n}, respectively. Then I = I1 × · · · × In is a quasi-S-primary ideal of R if and only
if Ik is a quasi-Sk-primary ideal of Rk for some k ∈ {1, . . . , n} and Sj ∩ Ij �= ∅ for all j ∈ {1, . . . , n}\{k}.

Recall that a proper ideal I of a commutative ring R is said to be weakly irreducible provided
that for each pair of ideals A and B of R, A ∩ B ⊆ I implies that either A ⊆ √

I or B ⊆ √
I

[18]. In the following proposition, we show the relationship between weakly irreducible and quasi-
S-primary ideals. For a proper ideal J of R, the notation ZJ(R) denotes {r ∈ R : ra ∈ I for some
a ∈ R\J}.

Proposition 7. Let I be a quasi-S-primary ideal of R satisfying Z√
I(R)∩S = ∅. Then I is weakly irreducible.

Proof. Let J, K be ideals of R with J ∩ K ⊆ I. Then JK ⊆ I which implies that there exists an s ∈ S such
that sJ ⊆ √

I or sK ⊆ √
I by Theorem 1(5). Suppose that sJ ⊆ √

I. If there is a j ∈ J\√I, then s ∈ Z√
I(R)

which contradicts to our assumption. Thus, J ⊆ √
I. Similarly, if sK ⊆ √

I, then we conclude K ⊆ √
I,

which shows that I is weakly irreducible.

In the ring Zn, we have the multiplicatively closed subset
{

1, p̄, p̄2, p̄3, . . .
}

of Zn, denoted by Sp, for
any prime p dividing n. In the following, we characterize all Sp-quasi-primary ideals of Zn.

Theorem 5. Let n ∈ N, p be a prime integer dividing n and I be a proper ideal of the ring Zn. Then I is
an Sp-quasi-primary ideal of Zn if and only if I =< qk > or I =< ptqk > where q is a prime divisor of n
distinct from p and t, k ≥ 1.

Proof. For a positive integer n, we define ω(n) to be the unique number of unique prime factors of n,
for example ω(24) = 2. To avoid the trivial case, we assume that ω(n) ≥ 2.

Suppose that I =< m >. It is clear that ω(m) ≤ ω(n). Let I be an Sp-quasi-primary ideal of Zn where
p divides n. We have the following cases.

Case I. Suppose that ω(n) = 2 and say p and q are prime factors of n. If ω(m) = 1, then I =< qk >

as I ∩ Sp = ∅ for some positive integer k. Suppose that ω(m) = 2. Then I =< ptqk > where t and k are
positive integers.

Case II. Suppose that ω(n) ≥ 3. If ω(m) = 1, then we are done similar to the first case. Let ω(m) = 2
and say p1 and p2 are factors of m. Assume that p is distinct from p1 and p2. Hence, pk

1pk
2 ∈ I for some

positive integer k but neither spk
1 ∈ √

I =< p1p2 > nor spk
2 ∈ √

I for all s ∈ Sp, we get a contradiction.
Thus p1 = p or p2 = p.

Next, we show that the case of ω(m) ≥ 3 is impossible. Assume that ω(m) = 3 and say, p1, p2, p3 are
prime factors of m. Without loss of generality, we show that I is not an Sp1 -quasi-primary ideal. Indeed,
pk

1pk
2pk

3 ∈ I for some positive integer k but neither s(pk
1pk

2) ∈ √
I =< p1p2p3 > nor spk

3 ∈ √
I. It can be
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easily seen that I is not an Sp-quasi-primary ideal of Zn for all prime factors p of n distinct from p1, p2,
and p3. The general case of ω(m) ≥ 3 can be verified by using the similar manner above.

Conversely, if I =< qk > where q �= p divides n, then I is a primary ideal with I ∩ Sp = ∅; and so I
is an Sp-quasi-primary ideal of Zn. Now, let I =< ptqk > and suppose that ab ∈ I for some a, b ∈ Zn.
If q divides a, then sa ∈ √

I for all s ∈ Sp. If q does not divide a, then clearly q divides b which implies
sb ∈ √

I for all s ∈ Sp, we are done.

We present the following result which enables us to built some interesting examples for quasi-S-
primary ideals that are not quasi-primary.

Proposition 8. Let I be an ideal of R disjoint with S. Let s ∈ S such that
⋂
n≥1

√
snR = (0). Then either

I = (0) or sI is not a quasi-primary ideal of R.

Proof. Assume that I �= (0). First, we show that
√

I �= √
sI. If

√
I = √

sI, then
√

I ⊆
√

s
√

sI ⊆ √
s2I.

By induction, for each n ∈ N,
√

I ⊆ √
snI. This implies that√

I ⊆
⋂
n≥1

√
snI ⊆

⋂
n≥1

√
snR = (0),

a contradiction since I �= (0).
Now, suppose that sI is a quasi-primary ideal of R, and let α ∈ √

I\√sI. Since sα ∈ s
√

I ⊆ √
sI, we

have either s ∈ √
sI or α ∈ √

sI. But α /∈ √
sI and s /∈ √

sI since I ∩ S = ∅; so we conclude that sI is not
a quasi-primary ideal of R.

Example 6. Let R = K[X, Y] be the polynomial ring in two variables X, Y over a field K, M = XR + YR
and S = R\M. Then S is a multiplicatively closed subset of R. Let n ≥ 1, and let In = Mn. We show
that Jn = (X − 1)In is a quasi-S-primary ideal of R but not a quasi-primary ideal of R. According to
[4, Proposition 4.2], for each n ≥ 1, In is a primary ideal of R. Since (X − 1) ∈ S and In �= (0), Jn is a
quasi-S-primary ideal of R. Now, it is clear that

⋂
n≥1

√
(X − 1)nR = (0). Since In �= (0), In ∩ S = ∅, and

(X − 1) ∈ S, by Proposition 8, Jn = (X − 1)In is not a quasi primary ideal of R.

We end this section by the following remark.

Remark 2. For any multiplicatively closed subset S of R, it is easy to show that if q is a quasi-S-primary
ideal of R, then for each s ∈ S, sq is also a quasi-S-primary ideal of R. Then we have the following chain
of quasi-S-primary ideals of R

· · · ⊆ snq ⊆ sn−1q ⊆ · · · ⊆ sq ⊆ q.
We define the height of q, written SQ-ht(q) to be the supremum of the lengths of all chains of quasi-
S-primary ideals contained in q. If there exists an s ∈ S such that for each n ∈ N, snq � sn−1q, then
SQ-ht(q) = ∞. For example, let X be an indeterminate over R. It is clear that (X) is an S-prime ideal of
R[X]. Then (X) is a quasi-S-primary ideal of R. Since for all s ∈ S and all n ∈ N, snq � sn−1q, we get
SQ-ht(X) = ∞.

3. Polynomial and power series rings

Let R be a commutative ring, S be a multiplicatively closed subset of R and X be an indeterminate. In this
section, we investigate quasi-S-primary ideals of the polynomial ring R[X], the power series ring R[[X]],
the Serre’s conjecture ring R[X]U and the Nagata ring R[X]N (the concepts of the Serre’s conjecture ring
and the Nagata ring will be reviewed in the end of this section).
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Theorem 6. Let I be an ideal of R disjoint with S. Then the following assertions are equivalent.

(1) I is a quasi-S-primary ideal of R

(2) I[X] is a quasi-S-primary ideal of R[X].
(3) I + XR[X] is a quasi-S-primary ideal of R[X].
(4) I + XR[[X]] is a quasi-S-primary ideal of R[[X]].

Proof. (1)⇔ (2). I is a quasi-S-primary ideal of R if and only if
√

I is S-prime by Remark 1(2) if and only
if

√
I[X] = √

I[X] is S-prime by [14, Example 4] if and only if I[X] is quasi-S-primary in R[X] again by
Remark 1(2).

(1) ⇔ (3). Assume that I is a quasi-S-primary ideal of R and let s ∈ S be a quasi-S-primary element of
I. Let f , g ∈ R[X] such that fg ∈ I + XR[X]. Since f (0)g(0) ∈ I, it follows that sf (0) ∈ √

I or sg(0) ∈ √
I;

so sf ∈ √
I + XR[X] or sg ∈ √

I + XR[X]. But
√

I + XR[X] ⊆ √
I + XR[X], and thus sf ∈ √

I + XR[X]
or sg ∈ √

I + XR[X]. Hence I + XR[X] is a quasi-S-primary of R[X]. The reverse implication is obvious.
(1) ⇔ (4). In the same way as (1) ⇔ (3).

In the next proposition we give with an additional assumption a necessary and sufficient condition for
the ideal I[[X]] to be quasi-S-primary in R[[X]]. First, we need to collect some necessary notions. Recall
from [1] that an ideal I of R is called S-finite if sI ⊆ J ⊆ I for some finitely generated ideal J of R and
some s ∈ S. Also R is called S-Noetherian if each ideal of R is S-finite.

Lemma 2. For a ring R, we have:

(1) If R is S-Noetherian, then for each ideal I of R, s
√

I[[X]] ⊆ √
I[[X]] ⊆ √

I[[X]] for some s ∈ S.

(2) P is an S-prime ideal of R if and only if P[[X]] is an S-prime ideal of R[[X]].

Proof. (1). First we show that
√

I[[X]] ⊆ √
I[[X]]. Note that this inclusion is always true and does not

require the assumption that R is S-Noetherian. Let P be a prime ideal of R such that I ⊆ P. Then P[[X]]
is a prime ideal of R[[X]] containing I[[X]]; so

√
I[[X]] ⊆ P[[X]]. This implies that

√
I[[X]] ⊆

⋂

P∈Spec(R), I⊆P

P[[X]] = (
⋂

P∈Spec(R), I⊆P

P)[[X]] = √
I[[X]].

Now assume that R is S-Noetherian. Since
√

I is S-finite, s
√

I ⊆ J ⊆ √
I for some finitely generated

ideal J of R and some s ∈ S. We show that s
√

I[[X]] ⊆ √
I[[X]]. Put J := (a1, . . . , an). For each 1 ≤ i ≤ n,

there exists an mi ∈ N such that ami
i ∈ I ⊆ I[[X]]. This implies that for each 1 ≤ i ≤ n, ai ∈ √

I[[X]]. Let
f = ∑∞

j=0 bjXj ∈ √
I[[X]]. For each j ≥ 0, sbj ∈ J; so sbj = ∑n

i=1 αijai, where αij ∈ R. Thus

sf =
∞∑

j=0
(sbj)Xj =

∞∑
j=0

(

n∑
i=1

αijai)Xj =
n∑

i=1
ai(

∞∑
j=0

αijXj) ∈ √
I[[X]].

Hence s
√

I[[X]] ⊆ √
I[[X]].

(2). Suppose that P is an S-prime ideal of R. Then by [14, Remark 1], (P : s) is a prime ideal of R for
some s ∈ S. It follows that (P :R s)[[X]] is a prime ideal of R[[X]] by [3, Theorem 4]. This implies that
(P[[X]] :R[[X]] s) = (P :R s)[[X]] is a prime ideal of R[[X]]. Thus P[[X]] is an S-prime ideal of R[[X]] again
by Lemma [14, Remark 1]. The reverse implication is obvious.

Proposition 9. Let R be an S-Noetherian ring and I an ideal of R disjoint with S. Then I is a quasi-S-
primary ideal of R if and only if I[[X]] is quasi-S-primary in R[[X]].
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Proof. Suppose that I is a quasi-S-primary ideal of R. Then
√

I is an S-prime ideal of R; so by Lemma 2(2),√
I[[X]] is an S-prime ideal of R[[X]]. Thus there exists an s ∈ S such that for each f , g ∈ R[[X]] with

fg ∈ √
I[[X]], we have sf ∈ √

I[[X]] or sg ∈ √
I[[X]].

On the other hand, by Lemma 2(1), there exists a t ∈ S such that t
√

I[[X]] ⊆ √
I[[X]] ⊆ √

I[[X]]. Now,
we show that I[[X]] is quasi-S-primary in R[[X]] with a quasi-S-primary element st. Let f , g ∈ R[[X]] such
that fg ∈ I[[X]]. Since fg ∈ √

I[[X]], sf ∈ √
I[[X]] or sg ∈ √

I[[X]]. This implies that stf ∈ t
√

I[[X]] ⊆√
I[[X]] or stg ∈ t

√
I[[X]] ⊆ √

I[[X]]. Hence, we obtain stf ∈ √
I[[X]] or stg ∈ √

I[[X]].
Conversely, if I[[X]] is a quasi-S-primary ideal of R[[X]], then I[[X]] ∩ R = I is a quasi-S-primary ideal

of R.

Let R be a commutative ring with identity and let R[X] be the polynomial ring over R. Let U be the
set of monic polynomials in R[X]. Then U is a multiplicatively closed subset of R[X] and the quotient
ring R[X]U is called the Serre’s conjecture ring of R. For an element f ∈ R[X], c(f ) denotes the content
ideal of f , i.e., the ideal of R generated by the coefficients of f . Let N = {f ∈ R[X] | c(f ) = R}. Then it
was shown that N = R[X]\

⋃
M∈Max(R)

MR[X] and N is a saturated multiplicatively closed subset of R[X]
consisting of regular elements of R[X] [17, pp. 17 and 18] (or [15, Proposition 2.1(1)]). The quotient ring
R[X]N is called the Nagata ring of R. For more on the Nagata ring, the readers can refer to [15] and [17].

Theorem 7. Let I be an ideal of R disjoint with S. Then the following statements are equivalent.

(1) I is a quasi-S-primary ideal of R.

(2) I[X]N is a quasi-S-primary ideal of R[X]N .

(3) I[X]U is a quasi-S-primary ideal of R[X]U .

Proof. First, it is easy to prove that for each s ∈ S,
(
√

I : s)[X]N = (
√

I[X]N :R[X]N s) = (
√

I[X]N :R[X]N s).
(1) ⇒ (2). Assume that I is a quasi-S-primary ideal of R. Then by [14, Remark 1], there exists an s ∈ S

such that (
√

I : s) is a prime ideal of R. This implies that (
√

I : s)[X] is a prime ideal of the polynomial
ring R[X]. We show that (

√
I : s)[X] ∩ N = ∅. Suppose that there exists an f ∈ (

√
I : s)[X] ∩ N.

Then sf ∈ √
I[X] and c(f ) = R; so c(sf ) ⊆ √

I, and thus sR = c(sf ) ⊆ √
I, a contradiction because

I ∩ S = ∅. Now, since (
√

I : s)[X] is a prime ideal of R[X] with (
√

I : s)[X] ∩ N = ∅, (
√

I : s)[X]N is a
prime ideal of R[X]N . This implies that (

√
I[X]N :R[X]N s) is a prime ideal of R[X]N , and hence I[X]N is

a quasi-S-primary ideal of R[X]N .
(2) ⇒ (1). Suppose that I[X]N is a quasi-S-primary ideal of R[X]N . Then by [14, Remark 1], there

exists an s ∈ S such that (
√

I[X]N :R[X]N s) is a prime ideal of R[X]N . This implies that (
√

I : s)[X]N is
a prime ideal of R[X]N . To complete the proof of this assertion it is sufficient to prove that (

√
I : s) is a

prime ideal of R. Let a, b ∈ R such that ab ∈ (
√

I : s). Since (
√

I : s)[X]N is a prime ideal of R[X]N , a ∈
(
√

I : s)[X]N or b ∈ (
√

I : s)[X]N . Assume that a ∈ (
√

I : s)[X]N . Then a = f
g for some f ∈ (

√
I : s)[X]

and some g ∈ N; so ag = f ∈ (
√

I : s)[X] which implies that aR = ac(g) = c(ag) ⊆ (
√

I : s). Thus
a ∈ (

√
I : s). In the same way we prove that if b ∈ (

√
I : s)[X]N , then b ∈ (

√
I : s). Hence (

√
I : s) is a

prime ideal of R.
(1) ⇔ (3). We proceed exactly as (1) ⇔ (2).

Let D ⊆ E be an extension of integral domains. Recall that a fractional ideal I of E is said to be
extended from D if I = JE for some ideal J of D. Also D is called a Prüfer domain if for every non-zero
finitely generated ideal of D is invertible. It was shown in [2] that D is a Prüfer domain if and only if
every ideal of D[X]N is extended from D, where N = {f ∈ D[X] | c(f ) = D}. Using this result and
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Theorem 7, we give a characterization of quasi-S-primary ideals of the Nagata ring D[X]N , where D is a
Prüfer domain.

Corollary 4. Let D be a Prüfer domain and S a multiplicatively closed subset of D. Then the following
statements are equivalent.

(1) Each proper ideal of D is quasi-S-primary.

(2) Each proper ideal of D[X]N is quasi-S-primary.

We end this section by the following remark.

Remark 3. In [19, Corollary 2.27] it is shown that if every proper ideal of a ring R is S-prime, then R is
a field. Is R a field if every proper ideal of a ring R is S-primary?

Let D be a one dimensional (Krull dimension) domain with a unique maximal ideal which is not a
field (for example, a one-dimensional valuation domain) and S consists of units of D. Then every proper
ideal of D is primary (S-primary). Indeed, the only prime ideals of D is (0) and M because dim(D) = 1.
On the other hand, let I be an ideal of D. We show that I is primary (S-primary). If I = (0), then I is
primary. If I �= (0), then M/I is the only prime ideal of the ring D/I. This implies that (0) is a primary
ideal of D/I (because

√
(0) = M/I). Hence I is a primary ideal of D. But D is not a field.

4. Quasi-S-primary ideals of amalgamation rings

In the classical ideal theory, pullbacks have for many years been an important tool in the commutative
algebra because of their use in producing many examples. The D + M construction by Gilmer and the
Nagata’s idealization are typical examples of pullbacks. (See [9, 12, 17] ) In order to set up a more general
setting of the idealization, D’Anna and Fontana introduced and studied the amalgamated duplication
of a commutative ring R along an R-module M [5]. In [8], the authors developed the concept of the
amalgamation equipped with an ideal by using a ring homomorphism. We start this section by giving a
relationship between quasi-S-primary ideals of a ring R and those of the idealization ring R(+)M. First,
let us recall the notion of idealization ring R(+)M. Let M be an R-module. We recall that R(+)M =
{(r, m) : r ∈ R, m ∈ M} with coordinate-wise addition and multiplication defined as (r1, m1)(r2, m2) =
(r1r2, r1m2 + r2m1) is a commutative ring with identity (1, 0) and it is called the idealization of M. For
an ideal I of R and a submodule N of M, I(+)N is an ideal of R(+)M if and only if IM ⊆ N. Moreover,
the radical of I(+)N is

√
I(+)N = √

I(+)M. Note that if S is a multiplicatively closed subset of R, then
S(+)M and S(+)0 are multiplicatively closed subsets of R(+)M.

Proposition 10. Let S be a multiplicatively closed subset of a ring R and M be an R-module. For an ideal
I of R disjoint with S, the following statements are equivalent.

(1) I(+)M is a quasi-S(+)M-primary ideal of R(+)M.

(2) I is a quasi-S-primary ideal of R with a quasi-S-primary element s ∈ S.

(3) I(+)M is a quasi-S(+)0-primary ideal of R(+)M.

Proof. (1)⇒(2). Suppose that (s, m) is a quasi-S(+)M-primary element of I(+)M and ab ∈ I for some
a, b ∈ R. Then (a, 0)(b, 0) ∈ I(+)M, which implies either (s, m)(a, 0) ∈ √

I(+)M or (s, m)(b, 0) ∈√
I(+)M. Since

√
I(+)M = √

I(+)M, we conclude either sa ∈ √
I or sb ∈ √

I. Thus I is a quasi-S-
primary ideal of R.

(2)⇒(3). Suppose that (a, m1)(b, m2) ∈ I(+)M for some (a, m1), (b, m2) ∈ R(+)M. Then ab ∈ I
yields sa ∈ √

I or sb ∈ √
I, and thus (s, 0) is a quasi-S(+)0-primary element of I(+)M.

(3)⇒(1). This follows from Remark 1 (4) as S(+)0 ⊆ S(+)M.



COMMUNICATIONS IN ALGEBRA® 4297

Let R and R′ be two rings, f : R → R′ be a homomorphism, let I, J and K be ideals of the rings R, R′ and
f (R)+J, respectively. In [8], two types of ideals of R 	
f J are studied: I 	
f J = {

(i, f (i) + j) : i ∈ I, j ∈ J
}

and Kf = {(a, f (a) + j) : a ∈ R, j ∈ J, f (a) + j ∈ K}. Moreover,
√

I 	
f J = √
I 	
f J and

√
Kf = √

K
f

[11, Lemma 8]. Whenever S is a multiplicatively closed subset of R, it can be easily shown that S 	
f J ={
(s, f (s) + j) : s ∈ S, j ∈ J

}
and W = {

(s, f (s)) : s ∈ S
}

are multiplicatively closed subsets of R 	
f J. For
more detail regarding to amalgamated rings, the reader may refer to [6]-[8].

In the following, we investigate the equivalent statements for the ideal I 	
f J which is (S 	
f J)–
primary in R 	
f J.

Theorem 8. Consider the amalgamation of rings R and R′ along the ideal J of R′ with respect to a
homomorphism f : R → R′. Let S be a multiplicatively closed subset of R and I be an ideal of R disjoint
with S. Then the following statements are equivalent.

(1) I 	
f J is a quasi-W-primary ideal of R 	
f J.

(2) I 	
f J is a quasi-(S 	
f J)-primary ideal of R 	
f J.

(3) I is a quasi-S-primary ideal of R.

Proof. Observe that (S 	
f J) ∩ (I 	
f J) = ∅ if and only if W ∩ (I 	
f J) = ∅ if and only if S ∩ I = ∅.
(1)⇒(2). Since we have the inclusion W ⊆ (S 	
f J), we are done by Remark 1(3).
(2)⇒(3). Let I 	
f J be an (S 	
f J)-primary ideal of R 	
f J and let a, b ∈ R such that ab ∈ I.

Then (a, f (a))(b, f (b)) ∈ I 	
f J, which implies that there exists an element (s, f (s) + j) ∈ S 	
f J
such that either (s, f (s) + j)(a, f (a)) ∈

√
I 	
f J or (s, f (s) + j)(b, f (b)) ∈

√
I 	
f J. From the equality√

I 	
f J = √
I 	
f J, we conclude either sa ∈ √

I or sb ∈ √
I, as needed.

(3)⇒(1). Suppose that (a, f (a)+j1)(b, f (b)+j2) ∈ I 	
f J for some (a, f (a)+j1), (b, f (b)+j2) ∈ R 	
f

J. Then ab ∈ I, which follows that there exists an element s ∈ S satisfying either sa ∈ √
I or sb ∈ √

I.
Thus, (s, f (s))(a, f (a) + j1) ∈ √

I 	
f J =
√

I 	
f J or (s, f (s))(b, f (b) + j2) ∈ √
I 	
f J =

√
I 	
f J and

I 	
f J is a quasi-W-primary ideal of R 	
f J.

Let T be a multiplicatively closed subset of the ring R′. Then one can easily verify that the set T̄f =
{(s, f (s) + j) : s ∈ R, j ∈ J, f (s) + j ∈ T} is a multiplicatively closed subset of R 	
f J.

Theorem 9. Consider the amalgamation of rings R and R′ along the ideals J of R′ with respect to an
epimorphism f : R → R′. For an ideal K of R′ and a multiplicatively closed subset T of R′ disjoint with K,
K̄f is a quasi-T̄f -primary ideal of R 	
f J if and only if K is a quasi-T-primary ideal of R′.

Proof. First, note that clearly T ∩ K = φ if and only if T̄f ∩ K̄f = φ.
Let K̄f is a quasi-T̄f -primary ideal of R 	
f J and a′ := f (a), b′ := f (b) ∈ R′ for a, b ∈ R such that

a′b′ ∈ K, Then (a, f (a)), (b, f (b)) ∈ R 	
f J with (a, f (a))(b, f (b)) = (ab, f (ab)) ∈ K̄f . Hence there
exists an element (s, f (s) + j) of K̄f such that either (s, f (s) + j)(a, f (a)) = (sa, (f (s) + j)f (a)) ∈

√
K̄f or

(s, f (s) + j)(b, f (b)) = (sb, (f (s) + j)f (b)) ∈
√

K̄f . The equality
√

K̄f = √
K

f
yields that f (s) + j ∈ T

and (f (s) + j)f (a) ∈ √
K or (f (s) + j)f (b) ∈ √

K. Thus K is a quasi-T-primary ideal of R′.
Conversely, suppose that K is a quasi-T-primary ideal of R′. Let (a, f (a) + j1)(b, f (b) + j2) ∈ K̄f

for some (a, f (a) + j1), (b, f (b) + j2) ∈ R 	
f J. Then (f (a) + j1)(f (b) + j2) ∈ K, which follows
that there exists a f (s) ∈ T such that either f (s)(f (a) + j1) ∈ √

K or f (s)(f (b) + j2) ∈ √
K. Hence,

(s, f (s))(a, f (a) + j1)) = (sa, f (sa) + j1f (s)) ∈ √
K

f
or (s, f (s))(b, f (b) + j2)) ∈ √

K
f
, and thus we are

done by
√

K
f =

√
K̄f .
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