Ricerche di Matematica
https://doi.org/10.1007/s11587-025-00981-x

®

Check for
updates

S-radical of an ideal and strongly S-n ideals

Unsal Tekir' @ - Eda Yildiz2@® - Hani A. Khashan3(@® - Ece Yetkin Celikel*

Received: 29 October 2024 / Accepted: 3 June 2025
© Universita degli Studi di Napoli "Federico II" 2025

Abstract

In this paper, we investigate some properties of S-radical which is a generalization of
classical radical. We moreover, determine S-radical of several types of ideals. Then
we introduce the notion of strongly S-n-ideals that is an intermediate class between
n-ideals and S-n-ideals. We investigate many properties of this class of ideals with
illustrative examples. Finally, we obtain some results related to strongly S-n-ideals in
amalgamated algebra.
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1 Introduction

In this article, we focus only on commutative rings with nonzero identity and nonzero
unital modules. Let R always denote such a ring and M denote such an R-module.
The set of all nilpotent elements, zero divisors and regular elements of R are denoted
by n(R), zd(R) and reg(R), respectively. Also, we denote the Jacobson radical of R
which is the intersection of all maximal ideals of R by Jac(R). In 2015, R. Mohama-
dian defined the concept of r-ideals in commutative rings as follows: a proper ideal P of
R is said to be an r-ideal if whenever ab € P and a € reg(R) for some a, b € R, then
b € P [17]. In [17], the author characterized r-ideals in some important classes of
rings such as integral domains, quasi-regular rings (rings whose total quotient rings
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are von Neumann regular) and rings satisfying Property R(thatis: all finitely generated
ideals consisting of zero divisors have nonzero annihilators). Afterwards, Tekir et al.
studied a subclass of r-ideals which is called n-ideals [19]. A proper ideal P of R is
said to be an n-ideal if ab € P and a ¢ n(R) forsome a, b € R imply thatb € P. The
authors showed that every n-ideal is also an r-ideal [19, Proposition 2.5]. But the con-
verse is not true in general. For instance, let R = Zg. While P = (3) is an r-ideal
in R, it is not an n-ideal. Also, they used n-ideals to characterize certain rings such
as integral domains, fields and rings whose Zariski topology is irreducible (namely,
rings having unique minimal prime ideal). A ring R (not necessarily commutative)
is said to be a U N-ring if every nonunit element in R can be written a product of a
unit and a nilpotent element [6]. The authors, also in [19, Proposition 2.25], showed
that a ring R is a U N-ring if and only if each of its proper ideals is an n-ideal. In
[12], the authors introduced S-n-ideals which are generalizations of n-ideals. Let S
be a multiplicatively closed subset of ring R. According to the paper [12], an ideal 1
disjoint with S is said to be an S-n-ideal of R if there exists an (fixed) s € S such that
foralla,b € Rifab € I and sa ¢ /0, then sb € I. This fixed element s € S is
called an S-element of /. That generalization is proper as we can built many examples
for S-n-ideals of rings which are not n-ideals similar to [12, Example 1 and 2]. On
the other hand, as a recent research, Yildiz et al. generalized the concept of the radical
of an ideal in a ring to S-radical of an ideal in [22]. For an ideal I of a ring R, the
S-radical of [ is defined by JI={aeR:sa"elforsomes e Sandn € N}.
The main aim of this article is to introduce a new generalization of n-ideals which
is also a subclass of S-n-ideals in terms of the S-radical. To achieve this goal, in Sect 2,
we investigate many properties of the S-radical of an ideal. For example, in Theorem

2.2, we prove the equality JI = ﬂ (P : sp) where Specs(R) is the set of all
PeSpecs(R)
ICP

S-prime ideals of R that we will define later. We totally determine S-radicals of the
ideals in the rings Z and Z, for any multiplicatively closed subset S. (see Theorems
2.7,2.10). In Sect 3, by using the idea of S-radical, we introduce a new class of ideals,
namely strongly S-n-ideal which lies between n-ideals and S-n-ideals. Let S be a
multiplicatively closed subset of a ring R. We call a proper ideal I of R disjoint with
S a strongly S-n-ideal if for a,b € R, ab € I anda ¢ I imply b € 0. Among
many results in this section, we give some characterizations of this class of ideals (see
Proposition 3.4, Theorems 3.5 and 3.6) ). We introduce a new characterization for U N -
rings in terms of those ideals (see Proposition 3.8). Also, we determine all strongly
Sp-n-ideals of the ring Z,, (see Theorem 3.9). As usual, we discuss the behavior of
strongly S-n-ideals under homomorphism, localization, cartesian products of rings
and the idealization rings (see Propositions 3.11, 3.16, 3.18). Furthermore, in the last
section, we study the S-radicals and strongly S-n-ideals in amalgamation rings.

In the following table, we provide a summary of the definitions of several families of
ideals in commutative rings that are essential to the discussions and results presented
in this paper. These definitions will serve as the foundational concepts throughout
the study, and understanding them is crucial for the comprehension of the subsequent
analyses and proofs. Let I be a proper ideal of a ring R.
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S-radical of an ideal and strongly S-n ideals

r-ideal If whenever ab € I and a € reg(R) for some a,b € R, thenb € I

n-ideal Ifab € I and a ¢ n(R) for some a, b € R imply that b €

S-n-ideal If there exists an (fixed) s € S such that foralla, b € R ifab € I and sa ¢ \/6,
then sb € [

Strongly S-n-ideal Iffora,b € R,abelanda ¢ I imply b € J0

UN-ring If every nonunit element in R can be written a product of a unit and a nilpotent
element

quasi-regular ring Its total quotient rings are von Neumann regular

Property R All finitely generated ideals consisting of zero divisors have nonzero annihilators

2 Some properties of S-radical

Let S be a multiplicatively closed subset (briefly, m.c.s.) of a ring R. The S-radical
of an ideal I of R has been defined by Yildiz et al. in [22] during the construction of
S-Zariski topology on the set Specs(R) of all S-prime ideals of R. In this section, we
study several properties of this concept.

Definition 2.1 [22] Let  be an ideal of aring R and S be an m.c.s. of R. The S-radical
of I is defined by

VI=1{aecR:sa" el forsomes e Sandn e N},

Moreover, an ideal I of R is called an S-radical ideal if JI=1.

Clearly, /T is an ideal of R containing +/1. However, this containment is proper
in general. For example, consider the m.c.s. S = {1, 2, 4, 8} of Z15. Then J(6) =
(3) 2 (6) = /(6). Also, this example shows that while clearly, every S-radical ideal
is radical, the converse is not true in general. One can easily observe that /7 is proper
in R if and only if I N S = @. Furthermore, it is clear that a € /T if and only if
sa € ﬁ for some s € S. The S-radical of the zero ideal 5/6 is called the S-nilradical
of R and denoted by Ng(R). Itis clear thatif S € T are multiplicatively closed subsets
of R, then «S/TQ UT.

Given an m.c.s. S of R, consider the natural homomorphism = : R — SR
defined by 7 (a) = ¢ foreacha € R. For any ideal I of R and any ideal J of S~IR, the
extension of / is denoted by S~/ = {L € ST'R: A = )Sﬁ forsome x € I,s € S} and
the inverse image of J is denoted by J¢. We can see that ~/1 = /(S—!1)¢. Indeed,
aef/f(:}saeﬁforsomeséS(:}%:“s—sES‘R/Y:VS‘U(:}aG
(«/5—11)‘ — /5Dy

Let S be a multiplicatively closed subset of a ring R. Recall that an ideal P of
aring R with P NS = ¢ is called S-prime if there is an element sp € S such
that whenever a,b € R, ab € [ implies spa € P or spb € P. In this case, sp
is called an S-prime element of P and (P : sp) is a prime ideal of R [11]. Also,
recall from [22] that (P : s) € (P : sp) for each s € §. The set of all S-prime
ideals of R is denoted by Specs(R). Moreover, the S-variety of an ideal I of R is
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defined as Vs(I) = {P € Specs(R) : sI C P for some s € S}. The S-radical of 1

is characterized in [22, Proposition 5] as JI = ﬂ (P : sp) and in particular,
PeVs(l)

Ns(R) = ﬂ (P : sp). However, in the following proposition we see that the

PeSpecs(R)
intersection can be taken over the subset {P € Specs(R) : I C P} of Vg(I).

Theorem 2.2 Let I be an ideal of a ring R and S be a multiplicatively closed subset
of R such that I NS = (. Then JI = m (P :sp).
PeSpecs(R)
1CP

Proof Clearly, ﬂ (P :sp) C ﬂ (P :sp). Letx € ﬂ (P :sp)

PeVs(l) PeSpecs(R) PeSpecs(R)
ISP 1cP

andlet P € Specs(R) suchthats! C P forsomes € S.Thenl C (P :s) C (P :sp)

where (P : sp) is a prime ideal of R that is a maximal element of {(P : s/)}s,es,

[22, Proposition 2]. Now, clearly (P : sp) € Specs(R) with I € (P : sp) and

sox € (P :sp) : Spwsp)) = (P : sp). Therefore, x € m (P : sp) and
P eVs(I)

Ji= () (P:ispy= (] (P:sp). O

PeVs(l) PeSpecs(R)
1Cp

We note that unless S C U(R), Vs(I) and {P € Specs(R) : I C P} are different
in general.

Example 2.3 Consider the ideal I = mZ x {0} of thering R = Z x Z where m # 0 and
let S = Zx (Z—{0}).Sinces = (0, 1) € SwithsI = (0, 0), then Vs(I) = Specs(R).
On the other hand, clearly, {0} x Z € Vs(I)\{P € Specs(R) : I C P }.

In particular, the following corollary follows from Theorem 2.2.

Corollary 2.4 If P is an S-prime ideal of a ring R, then <P = (P : sp) for any
S-prime element sp of P.

For anm.c.s. S of aring R and an ideal / of R, we note that S/ ={s + 1 : s € S}
is an m.c.s. of R/I. By Zg(S), we denote the ideal {r € R : rs = 0 for some s € S}
of R. In the following, we list some basic properties of the S-radical of ideals which
are analogous to those of radicals of ideals.

Proposition 2.5 Let R be a ring, S be an m.c.s. and 1, J be ideals of R. Then

JT is a radical ideal of R.

VI/T = Nsjr(R/1) and VT/NT = Zg, 5(S/VD.

ST+ T=VJT1+T

VT =91

ST+ YD) =S IRt S WWT+VT) =S IRt S~ (I +J) = SIR.

I N
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6. If I+ </J=R,then S'(I +J)=S"!R.
7. 1T =YInJ=JInJ.

Proof (1) Follows from Theorem 2.2 as ~/1 is an intersection of prime ideals of R.

) Letx+1 € \S/T/I and choose s € S such that sx € +/I. Then +DHx+1)=
sx+1 € ﬁ/[ = N(R/I)andso x + 1 € S/Ogr/; = Nsy;1(R/I). The reverse
inclusion can be achieved similarly. Next, let x + /1 € ¥/1/~/I. Then x € VT
and sx € /1 for some s € S. Therefore, (s + v I)(x + 1) = sx + 1 = /1
and so x ++/1 € ZR/ﬁ(S/«/T). Also, the reverse inclusion is similar.

(3) Since I C JTandJ C VI, 1+J C T+ Tandso J/T+J C 5\5/7+\S/7.
For the other inclusion, take a € \5) YT+ JJ.Then sa" € 1+ /7 for some
s € Sandn € N. So, sa”" = x + y where x € /1 and y € </J. Then there exist
s1,52 € Sand k,I € N such that s;x* € I and sy’ € J. This gives ssis2a €
T+ J where ss;sp € S and soa € T+ J. 1t follows that \S/ JI+JT -
JT + J and so the equality holds.

4) Since I C «S/_ J1 C W On the other hand, let a € \S/TI JI. Then sa €
\S/T fforsomeseSHence s'sa € /1 forsome s’ € Sandsoa € ~/1
as needed.

(5) If ST'WT +VJ) = SR, then (VT ++J)N'S # @. Thus, clearly (/1 +
JI NS # @and S~N(VT + JT) = ST'R. Conversely, suppose S~1(V/T +
JJ) = S"'R. Since (V1 + ¥/T)N S # @, we can choose s € (V1 + ~/T)NS.
Write s = a + b such that sja € NI sob € /J for some 51,52 € S. Then
ss1s2 € v T++/Tand so (WT+~/J)NS # @. Hence, S~ (VT ++/J) = S~'R.
Similarly, we can obtain that S~ (v/T + v/ J) = ST'Riff ST'(I + J) = S~'R.

(6) Assume that /T + ~/J = R. Then S~'(/T + ¥/J) = S~'R and so by (5),
SY1+J)=S"'R.

%) Thisfouowssince(‘/ 1(1J) <\/(S (S- 11)) <\/(S—11)0(S—1J))C
=< S—ll))cﬂ( S—IJ)C. o

Let S be a multiplicatively closed subset of a ring R. If [ is an ideal of R disjoint
with S, then we denote the set {s € S:sae~/Iforsome0#acR ] by S;. Recall

from [21] that an ideal I of R disjoint with § is called quasi-S-primary if there exists
an s € S such that whenever a, b € R and ab € I, then sa € JTorsheI.

Proposition 2.6 Let S be a multiplicatively closed subset of a ring R and I be an ideal
of R. If I is quasi S-primary, then 1 is prime. The converse part also holds if Sy is
finite.

Proof Since I is quasi S-primary, then there exists s € S such that whenevera, b € R
such that ab € I, then sa € VT orsb e JI. Let a,b € R such that ab € JT and
a ¢ ~/I.Then tab € /I for some t € S. As I is quasi S-primary and sta ¢ /I,
then sb € +/I. Thus, b € /T and ~/1 is prime. Conversely, suppose ~/7 is prime, S;
is finite and t = Hs € S.Letab € I forsomea, b € R. Since ab € JT and \S/Tis

SES[
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prime, sya € VT or sob € VT for some s1,82 € S. Thus, ta € VIorth e /Iand I
is an S-quasi primary ideal. O

Theorem 2.7 Let n = pi‘ pgz...p,?‘ where pi, pa2, ..., Pr are distinct prime integers.
Let S be a multiplicatively closed subset of Z, and I = ( pi' pg... p,t,’;’) a proper ideal of

m
Zpwith I NS =@ wherel <t; <rifori =1,2,---,m. Then JI = ﬂ (pi).
i=1
(Pigﬁs:@
Proof Letx € ¥/T andleti € {1,2,---,m}suchthat (p;) NS = @. Then there exists
s € S such that sx € VI = (p1p2---Pm) < (pi). Since s ¢ (pi), then x € (p;),
m m

and so x € ﬂ (pi). Conversely, let x € ﬂ (pi). It (pi) NS = @ for all

i=1 i=1
(pi)NS=0 (pi)NS=H

ie{l,2,---,m}, thenx € (p1p2...pm) = VI - JI. Suppose, say, (pi) NS =0
fori € {1,2,--- ,t}and (p;) NS # @ fori € {t + 1, .-, m}. Then clearly, we can
finds € SN (ps41...pm) and so sx € (p1p2...pm) = V1. Therefore, x € /I and the
required equality holds. O

For any prime p dividing n, we denote the multiplicatively closed subset
{1, p. P> P2, } of Z, by S,. As a corollary of Theorem 2.7, we determine the
Sp-radical of the ideals of the ring Z, for any prime p dividing n.

Corollary 2.8 Let n = p|' py...p;* where pi, pa, ..., pk are distinct prime integers
and let I = (ptl' p?...p,ﬁ’f) a proper ideal of Z, with I N S = B where 1 < t; < r; for
i=1,2,--- ,m. Then

SR/T = (pip2-- pi-1pit1--p) L €{1,2,--- ,m}
VI ie{m+1,m+2,--- k)

For example, in the ring Z360, we have %/(12) = (3), %/(12) = (2) and %/(12) =
(6) = /(12). Note that if m = 1 in the previous corollary, then /T = R and
/T =T = (py)forall2 <i<k.

Corollary 2.9 Let nsz pI‘ pgz...p;k where p1, pa, ..., px are distinct prime integers.
Then N, (Zy) = 0 = (pipa -+ piipiti - pi) foralli = 1,2, - k.

Let S be amultiplicatively closed subset of the ring of integers Z. Next, we determine
the S-radical of any ideal in Z disjoint with S.

Theorem 2.10 Let S be a multiplicatively closed subset of the ring 7 and let I = (n)
be a proper ideal of of the ring Z with I N S = ) where n = ptl1 péz...pi,’,” for distinct
m
prime integers p1, p2, ..., Pm. Then JI = m (pi)-
i=1

(pi)NS=0

Proof Similar to the proof of Theorem 2.7. O
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Specially, by considering S, = {1, P, pz, p3, } of Z where p is a prime integer,
we have:

Corollary 2.11 Let I = <pIl pgz...p,?‘) be a proper ideal of 7. and p be any prime
integer. Then

sp /7 | {pip2--pic1pi+1---pk)  p = piforsomei € {l,2, -k}
YT =
VI p ¢ {p1, p2, - it

Note that N, (Z) = N(Z) = (0) for any prime integer p in Z.

3 Strongly S-n-ideals

Definition 3.1 Let R be a ring, S be a multiplicatively closed subset of R and [ be a
proper ideal of R disjoint with S. Then [ is called a strongly S -n-ideal if fora, b € R,
ab el anda ¢ I imply b € /0.

For every ideal I of R disjoint with S, clearly, we have the following implications
n-ideal — Strongly S-n-ideal — S-n-ideal
We show in the next two examples that the arrows above are irreversible.

Example 3.2 (S-n-ideal that is not strongly S-n-ideal) Consider the multiplicatively
closed subset § = {p" : n € N} of the ring Z,, where p and ¢ are distinct prime
integers. Then the zero ideal is S-n-ideal by [12, Theorem 2(2)], but it is not strongly
S-n-ideal as gp e< 0 >andg ¢< 0 >butp ¢ V<0 > =<gq >.

Example 3.3 (Strongly S-n-ideal that is not n-ideal) Let R = Zj; and § =
{1,2,4,8}. Then the ideal I =< 3 > of R is a strongly S-n-ideal which is not
an n-ideal. Suppose that ab €< 3 > anda ¢< 3 > . Then b €< 3 >= +/0 and so
< 3 > is a strongly S -n-ideal. On the other hand, < 3 > ,@ \/(_) =< 6 > and so
< 3 > is not an n-ideal.

Now, we give a useful relationship between this class of ideals and the S-nilradical.

Proposition 3.4 Let I be an S-prime ideal. Then I is strongly S-n-ideal if and only if
I:s7)= J0 where sy is an S-prime element of I.

Proof Take a € (I : s7). Then sja € I. As SN I = {J and [ is strongly S-n-ideal,
we geta € J0. For the reverse inclusion, choose a € J0. Then s’a™ = 0 for some
s e Sandn € Zt.Soa* € (0:s) € ({ :s). Then ({ : s') € (I : s7) and
(I : s7) is a prime ideal by [22, Proposition 2]. Thus a € (I : s7), as desired. For the
converse, assume that (I : s;) = J0. Let ab € I. Then sja € I or syb € I. This
givesa € (I :s7) = J0orb e (I:s;) = /0, as needed. O

In the next two theorems, we characterize strongly S-n-ideals of a ring.

@ Springer



Unsal Tekir et al.

Theorem 3.5 Let R be a ring, S be a multiplicatively closed subset of R and I be an
ideal of R with I NS = (. Then the following are equivalent.

1. I is a strongly S-n-ideal of R.
2. Whenever J and K are ideals of R with JK C [ and J Q I,then K C J0.

Proof (1)=(2): Assume [ is strongly S-n-ideal of R. Choose JK C I but J Q 1
and K ,(Z J0. Then there exist a € J,b € Ksuchthatab € I buta ¢ I
and b ¢ \S/(_), a contradiction.

2)=(1): Letab € I witha ¢ I.Put J = (a) and K = (b). Then ab € (a)(b) =
(ab) C I with (a) ¢ T and this implies b € (b) € /0 which completes
the proof. O

Theorem 3.6 Let R be a ring, S be a multiplicatively closed subset of R, I be an ideal
of R with I N S = { and suppose /0 is strongly S -n-ideal of R. Then the following
are equivalent.

1. I is a strongly S-n-ideal of R.

2. Forideals I, I, --- I, of R, 11> ... I, C I implies either Iy C I or I; C J0 for
some k,l € {1,2,---,n}.

3. Forelements aj,as --- ,a, of R,ajas . ..a, € I implies eitheray € I ora; € J0
for some k,1 € {1,2,--- ,n}.

Proof (1)=(2): Apply inductiononn.Ifn = 2, we are done by Theorem 3.5. Suppose
n > 3 and the statement holds for n — 1. Let Iy, I, - - - I, be ideals of R
with I1I> ... I, € I. Then by Theorem 3.5, I1 I ... I,y S T or I, C J0.
Assume that I1/5...1I,_; € I. Then we have either I1[>...1,_» € I or
I,—1 € 3/0. By continuing this way, we obtain the desired result.

2)=(3): Put Iy = (ay).

(3)=(1): Itis clear by taking n = 2. m]

Proposition 3.7 Let R be a ring, S be a multiplicatively closed subset of R and I be
an ideal of R with I N S = (. Then we have the following.

1. IfI is strongly S-n-ideal, then I C J/0. Inparticular, if S Creg(R), thenl C N
2. /0 is a strongly S-n-ideal if and only if /0 is prime.

Proof (1) Leta-1=a € I.Since 1 ¢ I and [ is strongly S -n-ideal, we have a € /0,
as needed. If § C reg(R), sa” = 0 implies a € V0.
(2) Itis straightforward. O

Note that the converse of Proposition 3.7(1) is not true. For instance, consider the
multiplicatively closed subset S = {1, 2, 4} and the ideal /] =< 0 > of Z¢. Then
I € /0 =< 3 >, but I is not strongly S-n-ideal by Example 3.2. Moreover, in the
"particular" part, the condition S C reg(R) is necessary. For instance, consider the
multiplicatively closed subset S = {p" : n € N} of the ring Z ., where p, g are

distinct prime integers and k, > 1. Then the ideal J/ =< ¢ > is prime since J = ~/0
is strongly S-n-ideal by Proposition 3.7(2). Here, since S ¢ reg(Z pkqr) Observe that

JZ¢V0=<pg>.
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We recall that a ring R is said to be a UN-ring if every nonunit element is a product
of a unit and a nilpotent. In the following, we present a new characterization for
U N-rings in terms of strongly S-n-ideals.

Proposition 3.8 For an m.c.s S C reg(R) of a ring R, the following statements are
equivalent.

1. Every proper ideal of R is an n-ideal.
2. Every proper ideal of R is a strongly S-n-ideal.
3. Ris a UN-ring.

Proof (1)=(2) Clear.

(2)=(3) . We show that R has a unique prime ideal. Suppose that P is a prime ideal of
R. Then, from our assumption, P is a strongly S-n-ideal, hence P N § = 0,
P is also an S-prime ideal. So, P is an S-prime and an S-n-ideal by our
assumption (2). Hence, P € (P : s) = J0 by Proposition 3.4. Since
S C reg(R), we have P C J0 = +/0, and thus P = /0 is the only prime
ideal of R. Therefore, R is a UN-ring by [6, Proposition 2 (3)].

(3)=(1) Follows from [19, Proposition 2.25]. m]

Letn € Nand let p < n be a prime integer. Next, we determine all S),-n-ideals of
the ring Z,,.

Theorem 3.9 Let n = p\' py...p}* where pi, pa, ..., pi are distinct prime integers
andr; > 1fori =1,2,--- , k. Then

1. Iffori =1,2,---, k, Z, has a strongly S,-n-ideal, then k = 2.

2. If n = p}' p7?, then the only strongly S, -n-ideal of Z, are (p3’) where | <1, <r,
and the only strongly S,,-n-ideal of Z,, are ( p?) where 1 <t <ry.

3. Let ¢ < n be a prime integer distinct from p/s fori = 1,2, ..., k. Then Z, has a
strongly S,-n-ideal if and only if k = 1. Furthermore, every proper ideal of Zpl_n

is a strongly S,-n-ideal.

Proof (1) Supposek =1(n = pI‘ ). Then Z,, has no strongly S, -n-idealsas INS,, #
¢ for any ideal I of Z,. Suppose k > 3 and note that S”g/ﬁ = (p2--- pk) by
Corollary 2.9.1If I is a strongly S, -n-ideal of Z,,, then I C Sn/0 = (p2--- pk) by
Proposition 3.7(i). Assume / = <p£2 S p,i") where t; < r; foralli =2,3,--- k.

Then, p? (p5...p) € I'but p3 ¢ Iand p5...pJ* ¢ *"4/0 whichis a contradiction.
Thus, I is not a strongly S, -n-ideal of Z, . In general, there is no strongly S, -n-
ideal of Z,, foralli =1, 2, ..., k. Therefore, we must have k = 2.

(2) Suppose 1 < 1, < r; and note that(p;2> NSy, =0.1fab e (p;z> anda ¢ /0 =
(p2) = (p%), then b € (p7) as (p%) is primary in Z,. Thus, (p3) is a strongly
Sp,-n-ideal of Z,. Similarly, < plf) is a strongly S,-n-ideal of Z,. Now, suppose
I= (pi1 p£2> where 1 < #1, 1, < rp. Then p'p%? € I but p|' ¢ */0 = (py) and
péz ¢ I. Thus, I is not a strongly S, -n-ideal of Z,. Similarly, I is not a strongly
Sp,-n-ideal of Z,,.
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(3) Let I = <pt1‘ PR p,i") where t; < r; foralli = 1,2, ---k be a proper ideal
of Zy. It is clear that I N S; = #. From Theorem 2.7, we have %0 = V0O =
(p1--- pk) . Assume that k > 2 and [ is a strongly S-n-ideal of Z,,. Then, we have
pr(p2..pf) € I'but pit ¢ Iand p2..plt ¢ Y0, a contradiction. Hence, I is
not a strongly S,-n-ideal of Z,,. Thus, if Z, has a strongly S,-n-ideal, then k = 1.
Now, suppose that k = 1. Since S; € reg(Zp{-,- ), every proper ideal of Zp_r; isa
strongly S,-n-ideal by Proposition 3.8. O

The following lemma will be useful in the proof of Proposition 3.11.

Lemma3.10 Let f : Ry — Ry be ring homomorphism and S be a multiplicatively
closed subset of R. Then f(3/0g,) S /S)/Or,. If moreover, f is an epimorphism and
Kerf C JOg,, then the equality holds.

Proof Let b = f(a) € f(JOg,) where a € §Og,. Then sa € /O, for some
s € Sand so f(s)b" = f(sa™) = Og, for some m € N. Thus, b € -”S\V()Tez and
f (f/OTgl ) C f(S\VOng . Conversely, suppose f is an epimorphism and Kerf C \S/OT;»1 .
Letb = f(a) € /§)/0g, and choose s € S, m € N such that f(sa™) = f(s)b™ =

Og,. Then sa™ € Kerf C JOg, and so a € ) JOr, = /Og,. Therefore, b =

f(a) € f(¥0g,) and the other containment holds. O

Note that even if Kerf € /0g,, the reverse inclusion in Lemma 3.10 need not be
true if f is not an epimorphism. For example, consider R = Z; and S = {1, 2, 4, 8}
and f : R — R defined by f(x) =4x. Then f(S) ={1,4,8}and Kerf = J0g, =

1$/0g, =< 3 > but, £(J/0g,) = O,

Now, we are ready to give the following result.

Proposition 3.11 Let f : Ry — Rj be a ring epimorphism and S be a multiplicatively
closed subset of Ry. Then the following statements hold.

1. If I is a strongly S-n-ideal of R; such that Kerf C I, then f(I) is a strongly
f(S)-n-ideal of R;.

2. If J isastrongly f(S)-n-ideal of Ry and Kerf C \S/@, then £~ (J) is a strongly
S-n-ideal of R;.

Proof Firstly note that f(I) N f(S) = @.

(1) Let xy € f(I) withx ¢ f(I) for x, y € Ry. Then there exist a, b € Ry such
that f(a) = x and f(b) = y. So f(a)f(b) = f(ab) € f(I). This implies
that ab € f~Y(f(I)) = I + Kerf = I.1fa € I thenx = f(a) € f(I), a
contradiction. Thus ab € I with a ¢ I. Then we conclude that b € §0g, giving
y=F) € F(J0r) S 'S)0r,.

(2) Takeab € f~1(J).Then f(a) f(b) = f(ab) € J.As J isastrongly f(S)-n-ideal
of Ry, f(a) € Jor f(b) € '/0r, = f(/Or,). Thus we obtaina € f~'(J) or
be fUf(O0r)) = JOr, + Kerf = /Og,, as desired. O
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In view of Proposition 3.11, we have the following result.

Corollary 3.12 Let R be aring, S be a multiplicatively closed subset and I, J be ideals
of R with I C J. Then we have the following.

L. If J is a strongly S-n-ideal of R, then J/I is a strongly S-n-ideal of R/I where
S ={s+1:s € S). The converse is true if / < /0.

2. If R < R’ and I’ is a strongly S-n-ideal of R’, then I’ N R is a strongly S-n-ideal
of R.

Proof (1) Supposea+1I € (J/I)NS.Thena € JNS,acontradiction. So (J/I)NS =
#. Now consider the natural map 7 : R — R/I. Since J is strongly S-n-ideal,
7 (J) = J/I is a strongly S-n-ideal of R/I by Proposition 3.11 (i).

(2) Ttisclearthat (I’'NR)YNS = @.Letab € I'NR. Since ab € I' and I is a strongly
S-n-ideal of R’,a € I' or b € /0. They givea € ' " Rorb € §0x C 0k,
as needed. O

Proposition 3.13 Let R be a ring, S be a multiplicatively closed subset of R, I be an
ideal of R with I NS = (. Then S™'I is an n-ideal of ST'R and ST'INR =1 if
and only if I is a strongly S-n-ideal of R.

Proof Suppose that S~!7 is an n-ideal of S™'R and ™'/ N R = I. Choose ab € I
witha ¢ I. Then 42 € S~'7 with ¢ ¢ S7'1.1f4 € S™'1,ta € I forsome € S.
Then a = ’7“ € S7'I N R = I, a contradiction. This implies that % € +/S710. Then
there exists n € ZT such that (}T’)" e $710. So ub™ = 0 for some u € S. This gives
b € V0, as needed. Conversely, assume that / is a strongly S-n-ideal of R and let
ab ¢ §-17 with T S~11.Then uab € I for some u € S which implies that either

s1 82

ua € I orb € 0. In the former case, we have f—l = % e S~!I which gives a

contradiction. If the latter case holds, then there is an s € S such that sb € +/0. Thus,
b _ sb s~1/0 C +/S~10 and so S~ is an n-ideal of S~! R. Now we will show

52 552

that ST'ITNR =1.1tis c_lear that I € S—'I N R. For the reverse inclusion, choose
r € S~'INR. Then T = ; forsomei € I and s € S. So there exists u € S such that
ur € 1. Since I is strongly S-n-ideal, r € I oru € /0. Ifu € /0, s'u =0 € S for

some s’ € S which is a contradiction. Hence we conclude that r € I. |

Remark 3.14 Let R, R’ be rings, S, §’ be multiplicatively closed subset and I, J be
proper ideal of R, R’ disjoint with S, §’, respectively. Then I x J is not a strongly
S x §’-n-ideal of R x R’.Indeed, if I x J is a strongly S x S’-n-ideal of R x R’, then
since (1,0)(0, 1) € I x J, we have either (1,0) € I x J or (0,1) € 5/0pxr'. If
(1,0) € I x J, then we get 1 € I, a contradiction. Suppose (0, 1) € 5*5/0g z'. This
means that (s, s')(0, 1)" = (0, 0) for some (s,s") € S x §’ andn € Z*. Thus s’ =0
which gives again a contradiction.

Let M be an R-module. We recall that R «« M = {(r,m):r € R,m € M}
with component-wise addition and multiplication defined as (ry, m1)(rp, mp) =
(r1ry, rimy + romp) is a commutative ring with identity (1, 0) and it is called the
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idealization of M. For an ideal I of R and a submodule N of M, I & N is an ideal
of R o« M if and only if IM C N. Now, we will investigate the relationship between
strongly S-n-ideals of R and strongly S o< M-n-ideals of R o« M. First, we need the
following lemma.

Lemma3.15 Let M be an R-module, N be a submodule of M and I an ideal of a ring
R such that IM C N. Then **/I o« N = /T o< M.

Proof Let (a,m) € *“N/I o« N. Then there exist (s,m’) € § « M and n € Z*
such that (s, m")(a,m)" = (s,m’)(a", na"'m) € I o« N.So sa" € I implying
a € /1. Thus (a,m) € JT x M and **NT o« N € 1 «x M. For the reverse
inclusion, let (a, m) € ~/I «x M. Then sa" € I forsome s € S. (s, sm')(a, m)"*! =
(sa"t!, s(n 4+ Da"m + sm’a™"y e I « IM € I « N. Thus (a, m) € **N/I « N,
which completes the proof. O

Proposition 3.16 Let M be an R-module and N be a submodule of M with IM C N.
If I o« N is a strongly S o« M-n-ideal of R x M, then I is a strongly S-n-ideal of R.

Proof First note that since (/ x N)N(SxcM)=(UNS)x N =0,INS =@ Now
choose ab € I. Then (a,0)(b,0) € I «x N. As I « N is a strongly § « M-n-ideal
of Rx M, (a,0) el o« Nor(b0) e SO x M = \3/60<M.Thisgivesa el or
be \S/ﬁ, as desired. O

The converse of the previous proposition may not be true as we can see in the
following example.

Example3.17 Let R = Z, M = Zy5, S = {—1,1} and N = 0. Here, (0) is a
strongly S-n-ideal. Although (3,0)(0,5) € 0 o 0, neither (0,5) € 0 « 0 nor
(3,0) € N0 0= 0« M.

Proposition 3.18 Let M be an R-module and I be an ideal of a ring R. If I is strongly
S-n-ideal of R, then I & M is a strongly S o< M-n-ideal of R o« M.

Proof Let (a,m)(a,m’) € I « M. Then aa’ € I and this implies that a € I or
a € J0.Thus (a,m) € I <« M or (a’,m') € J0Ox M = **Y0 o« M. O

4 Strongly S-n-ideals in amalgamated algebra

Let R and R’ be two rings, J be an ideal of R and f : R — R’ be a ring homo-
morphism. The set Rx/J ={(r, f(r)+j):reR, jel}isa subring of R x R’
(with identity element (1g, 1z/) ) called the amalgamation of R and R’ along J with
respect to f. In particular, if Idg : R — R is the identity homomorphism on R, then
RXJ = Rx!9"J = {(r,r + j) :r € R, j € J} is the amalgamated duplication of a
ring along an ideal J. This construction has been first defined and studied by D’ Anna
and Fontana, [7]. Many properties of this ring have been investigated and analyzed
over the last two decades, see for example [8], [9].

Let I be an ideal of R and K be an ideal of f(R) + J. Then Ixn/J =
(G, f@)+j):iel,jeJyand K/ ={(a, fa)+j):acR, jeJ, fla)+ )€
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K} are ideals of R/ J, [9]. For a multiplicatively closed subset S of R, one can easily
verify that Sx/ J = {(s, fs)y+j):seS, jeJtand W = {(s, f(s)) : s € S} are
multiplicatively closed subsets of R/ J.

If  is an ideal of R, then one can easily prove that /I x/J = «/Ix/ J. Moreover,
N(Rx/J) = fOgvrs S +/Orx/J and the equality holds if / € /Og'. Indeed,
let (a, f(a) + j) € /Opys; and choose n € N such that (a”, (f(a) + j)") =
(a, f(a)+ j)" =0gysy-Thena" = Og and so (a, f(a)+ j) € 0z J. Suppose
moreover that J € /Og and let (a, f(a)+ j) € ~/Ogx/ J.Then thereism € Nsuch
thata™ = Og and so (a, f(a)+j)" = (@, (f(a)+j)™) = (Og, j/) forsome j’ € J.
Now, J € +/Og implies j’* = O for some k € Nand so (a, f(a) + j)"* = Ogyr -
Therefore, (a, f(a) + j) € \/Ogyss and the equality ,/Og, s, = +/Orx/ J holds.

Analogous to these facts, we have the similar identities for S-radicals.

Lemma 4.1 Consider the amalgamation ring Rx'J as above. Let S be a mul-
tiplicatively closed subset of R and I be an ideal of R disjoint with S. Then

Y TnT T = YTwT T = YTw! T and Vogur; € %/ f0mrs € Sopl J. If
J S Or,, then S 0p, ;= YOgpr, = SOgw/ J.

Proof Let(r, f(r)+j) € " YTwT . Then (s, f(s)+j)(r, () +)) € VInTT =
VIt J forsome (s, f(s)+j') € Sx/J. Thus, sr € /T and r € /1.1t follows that
(r, f(ry+J) e I/ J and so Sw«/] IxfJ € Ix/J. The proof of the reverse
inclusion is similar. Now, suppose (r, f(r) + j) € $ Mf\f/(m . Then (s, f(s) +
NG, fr) + j) € JOrury € O/ J for some (s, f(s) + j') € Sx/J. Thus,
sr € O, r € 0g and (r, f(r) + j) € SOgx/J. Since W C Sx/J, we have
YOrwry S %Y 0knrs S JOrx/J.If J S /Og, then the reverse inclusions
hold since \/Op s, = ~/Orx/ J. O

Next, for a multiplicatively closed subset S of R, we determine when the ideal
Ixf J is a strongly (Sx/ J)-n-ideal and strongly W-n-ideal in R/ J.

Theorem 4.2 Consider the amalgamation ring Rx/ J as above. Let S be a multiplica-
tively closed subset of R and I be an ideal of R disjoint with S. Consider the following
statements:

1. I/ J is a strongly W-n-ideal of Rx/ J.
2. Ix/J is a strongly (Sx/ J)-n-ideal of Rx/ J.
3. I is a strongly S-n-ideal of R.

Then (1) = (2) = (3). Moreover, if / € /0Og, then the statements are equivalent.

Proof (1)=(2) Clear, as ¥/0g,s; € SNf,’/ORMfJ by Lemma 4.1.

(2)=(3) First note that (Sx/ J) N (In/J) = ¢ if and only if S N I = @. Suppose
I/ J is a strongly (Sx/J)-n-ideal of Rx/J. Let a,b € R such that
ab € I anda ¢ $0g. Then (a, f(a))(b, f(b)) € IxfJ and (a, f(a)) ¢
S f sx/ly i f

Orx/ J D {/Op sy By the assumption, (b, f(b)) € Ix/ J and so
b € I as needed.
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Now suppose J € /Og'. We prove (3)=>(1). Suppose I is a strongly S-n-
ideal of R. Let (a, f(a)+ j1), (b, f(b)+ j2) € R/ J such that (a, fla)+
Jb, f(B)+ jo) = (ab, (f(@)+ j)(f(b)+ j2) € IS J and (a, f(a)+
j1) & YOgxrs = SOrx/J. Then a ¢ Og and since ab € I, we
conclude by the assumption that b € I. Thus, (b, f(b) + jo) € [ x/ J and
I/ J is a strongly W-n-ideal of Rx/ J. O

Corollary 4.3 Consider the amalgamation ring Rw' J as above where J C /Og. Let
S be a multiplicatively closed subset of R. The strongly (Sx/ J)-n-ideals of Rx ' J
containing {0} x J are of the form I« J where I is a strongly S —n-ideal of R.

Proof By Theorem 4.2, I x/ J isastrongly (Sx/ J)-n-ideal of Rx/ J for any strongly
S-n-ideal I of R. Let K be a strongly (Sx/ J)-n-ideal of Rx/ J containing {0} x J.
Consider the epimorphism ¢ : Rx/J — R defined by ¢(a, f(a) + j) = a for all
(a, f(a)+])) € R/ J. Since Ker(p) = {0} x J € K, then I := ¢(K) is a strongly
S-n-ideal of R by Proposition 3.11. Since {0} x J € K, we conclude that K = I x I,

O

Consider the amalgamationring Rx/ J as above and let K be anideal of R’. Then by

- —f
simple computations, we can conclude that v K/ = /K . Let T be a multiplicatively
closed subset of R’. Then clearly, the set T/ = {(s, f(s) + j) : s € R, j € J,
f(s) + j € T} is a multiplicatively closed subset of Rx/ J.

Lemma 4.4 Consider the amalgamation ring RxY J as above and let T C f(R) be
a multiplicatively closed subset of R'. Then

1. Tf/ORW'J c I OR/f and the equality holds if J € \/Og and Ker(f) € +/Og.
if = =/
2. If K is an ideal of R’, then WKf=T1K".
Proof (1) Let (r, f(r)+)) € T/0pysy.Then (s, f()+)) (r f(r)+)) € \/Opury
for some (s, f(s)+j) € TS . Thus, (f(s)+j) (f(r)+j) € J/Or where (f(s)+
j) € Tandso (f(r) + j) € I/0g.Hence, (r, f(r) + j) € Z/OR/ as requlred

Now, suppose J € +/Og and Ker(f) € +/Og and let (r, f(r) + j) € f/O_Rr
Then, (f(r) + j) € /0 and so t(f(r) + j) € /Og forsomet = f(s) € T
as T C f(R).Since J C /Og/, then f(sr) = f(s)f(r) € /Og and Ker(f) C
Og implies sr € /Og. Hence, (s, 1)(r, f(r) + j) € /Or X VOr' S /O pry-
Therefore, (r, f(r) + j) € 7//0g,r, and the equality holds.

(2) Suppose T  f(R) andlet (r, f(r)+j) € VET.Then (s, f(s)+j) (r, f(r)+

- —f _
j) € vK =JvK forsome(s f(s)—l—])eTf Thus, (f(s) + j) (f(r) +
j) € VK where f(s) + ] € T and so (f(r) +j) € VK. 1t follows that

(r, f(+])) € \/? and v fc \/_ .Conversely, let (r, f(r)+j) € \/_
so that f(r) + j € UK. Then t(f(r)y+j) € VK for some t € T and so
t"(f(r) + j)™ € K for some m € N. Choose s € R such that t = f(s).

Then, (s, )™ (r, f(r) + j)™ € K/ and so (s, t)(r, f(r) + 7)) € VK where
(s,1) € T/ Therefore, (r, f(r) + j)) € Tv f and \/— C T«/f O
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Theorem 4.5 Consider the amalgamation ring Rx/ J as above where f is an epimor-
phism. Let K be an ideal of R' and T be a multiplicatively closed subset of R’ disjoint
with K. If K/ is a strongly T -n-ideal of R/ J, then K is a strongly T -n-ideal of
R’. The converse is true if J C \/Og' and Ker(f) C +/Og.

Proof First, note that 7 N K = @ if and only if T/ N K/ = @. Suppose K/ is
a strongly T/ -n-ideal of R|><fJ. Let a’,b’ € R’ such that a’b’ € K and choose
a,b € R where f(a) = @’ and b = f(b) Then (a, f(a)), (b, f(b)) € Rx/J
with (a, f(a))(b, f(b)) = (ab, f (ab)) € K7, By the assumption, we have either
(a f(@) € T 0gurs S F or (b, f(b)) € K/. Thus, ' = f(a) € I/Og or

= f(b) € K and K is a strongly T-n-ideal of R’. Now, suppose K is a strongly T
-n—ideal of R, J € /Og and Ker(f) € +/Og. Let (a, f(a) + j)(b, f(b) + jo) =
(ab, (f(@)+jO(f(b)+ o) € K/ for (a, f(@)+ j1). (b, f(b)+ j2) € R/ J. Then
(f@+ju(fD)+)2) € KandSO(f(a)ﬂl) € YOr or (f(b)+j2) € K.ByLemma

4.4, we have either (a, f(a) + ji) € «T/OR/ - T,/ORM” or (b, f(b) + jp) € KT
and the result follows. O

In particular, S x f(S) is a multiplicatively closed subset of R/ J for any multi-
plicatively closed subset S of R. Hence, we have the following corollary of Theorem
4.5.

Corollary 4.6 Consider the amalgamation ring Rx! J as above where f is an epi-
morphism. Let K be an ideal of R' and T = f(S). Consider the following statements.

1. Igf is a strongly (S x T)-n-ideal of Rx/J.
2. K/ is a strongly T/ -n-ideal of Rx/ J.
3. K is a strongly T-n-ideal of R.

Then (1) = (2) = (3). Moreover, if J € /Og and Ker(f) € +/Og, then the
statements are equivalent.

We note that if J ¢ \/Og, then the equivalences in Theorems 4.2 and 4.5 are not
true in general.

Example4.7 Let R = Z, 1 = (0) = K, J = (3) € 0z = Oz and § =

{1} = T. We have IxJ = {(0,3n):n€Z}, K = {(3n,0):neZ} SxJ =

{(1,3n+1):neZ}, T ={(1—-3n,1):neZ}and ,/Opny = {(0,0)}.

1. I is a strongly S-n-ideal of R but I xJ is not a (strongly) (SxJ)-n-ideal of R J.
Indeed, we have (0, 3), (1,4) € RxJ with (0,3)(1,4) = (0,12) € IxJ. But

clearly, (0, 3) ¢ S™Y/Oryxyand (1,4) ¢ IxJ.
2. K is a strongly T-n-ideal of R but K is not a (strongly) T-n-ideal of RxJ. For

example, (—3,0), (—4, —1) € RxJ w1th( 3,0)(—4, —1) = (12,0) € K. How-
ever, (=3,0) ¢ /Ogwy and (—4, —1) ¢ K.
Corollary 4.8 Let I, K and J be ideals of a ring R and S be a multiplicatively closed
subset of R.

1. If I'xJ is a strongly (SxJ)-n-ideal of R J, then [ is a strongly S—n-ideal of R.
Moreover, the converse is true if J C 4/0p.
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2.

If K is a strongly S-n-ideal of RxJ, then K is a strongly T-n-ideal of R. The
converse is true if J C /0g.
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