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1 Introduction, motivation and definitions

The class of multivalent or (p-valent) functions in
U={z:zeCand|z] <1},

with series representation
o0
f@=2"+) a2 (peN={1,23,..}), (1.1)
n=1

is denoted here by A(p). We note that

A1) := A
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Moreover, the class of multivalent or (p-valent) starlike functions is denoted by S*(p),
which consists of functions f € A(p) that satisfy the following condition:

(')
Eh<f(z)>>0 (Vz e V).

It is easy to see that
S$*(1) =87,

where by §* we denote the class of starlike functions in the open unit disk U.
We next recall that the class S* of starlike functions was generalized by Janowski [7] as
follows.

Definition 1 ([7]) A function f € A is said to belong to the class S*[X, L] if and only if

q{(“ - D) - (X -1)

L ) >0 (-1SL<XZ1).
L+ ) - (x+1)

In order to present, we adopt the following notations and definitions. Throughout this
article we assume that

0<g<1l and peN={1,2,3,...}.

Definition 2 For 0 < g < 1, we define the g-number [A], by

= (A eC\ {0},
g = Z],’:quz1+q+q2+---+q"’1 (A=jeN),
0 (= 0).

Definition 3 The g-factorial [j],! g-factorial is defined as follows:

j
[04:=1 and [f],!=] [kl

k=1

It is easy to see from Definition 2 and Definition 3 that

ot A
qlggl_[/]q j and qlggl_[/]q- J
Definition 4 For f € A, the g-difference (or the g-derivative) operator D, in a given sub-
set of the set C of complex numbers is defined by (see [5] and [6])

f2)-f(q2)
D f)z) = -7 z70) (1.2)
f(0) (z=0),

provided that f/(0) exists.

Page 2 of 15



Khan et al. Advances in Difference Equations (2021) 2021:440 Page 3 of 15

We can easily see from (1.2) that

. . f@-flgz)
AN = g S

for a differentiable function f in a given subset of C. Furthermore, from (1.1) and (1.2) we

obtain
(D40) @ = [plgz"" + Y [+ plganpz" ™, (13)
n=1
(D)@ = Plalp = 10g2"?+ ) [+ plgln +p = Uiz, (1.4)
n=1
(OFf) (@) = [plgt+ ) [n[;]jq!ﬂwz"y (1.5)
n=1 !

where (@;p)f)(z) denotes the g-derivative of the function f(z) of order p(p € N).
Now, for each function f of the class A(p), the expression in (1.1) when differentiated s

times with respect to z yields

<®(qs)f) 2) = [plg! 5 4 Z [n+pl,! ﬂn+pzn+Pis.
[p - slq! [ 7

The branch of g-calculus has many applications in various branches of mathematics and
physics. Also, the operator D, (g-derivative operator) has some remarkable and distinc-
tive applications, which makes it significant. Ismail et al. [4] were the first who made use
of the g-derivative operator and starlike functions and defined a new class §* of g-starlike
functions. However, initially, it was Srivastava [24] who used the basic (or g-) hypergeo-
metric functions

@5 (t,5€Ng={0,1,2,..} =NU{0})

in geometric function theory (GFT) of complex analysis (see, for details, [24]). Very re-
cently, Srivastava’s published review article [25] gave another flavor to this subject. In his
published review article [25], Srivastava highlighted the triviality of the so-called (p, q)-
calculus.

The aforementioned works of Ismail et al. [4] and Srivastava [24, 25] motivated a number
of mathematicians to give their findings. In the above-cited work by Srivastava [25], many
well-known convolution and fractional g-operators were surveyed. For example, Wongsai-
jai and Sukantamala [35] studied certain subclasses of g-starlike functions from different
viewpoints and prospectives. In particular, they studied various coefficient inequalities,

inclusion properties, and sufficient conditions. Furthermore, the work of Wongsaijai and
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Sukantamala [35] was systematically generalized by Srivastava et al. [33]. In fact, by mak-
ing use of the g-calculus and the Janowski functions, Srivastava et al. (see [33, 34]) de-
fined three new subclasses of g-starlike functions. Several other authors (see, for example,
[16, 18,20, 22, 29, 30]) studied and generalized the classes of g-starlike from different view-
points and prospectives. For some more recent investigation about g-calculus and frac-
tional calculus in geometric functions theory and in other branches of mathematics and
physics, we may refer the interested reader to [1-3,11-15,17, 19, 21, 26, 27, 31, 32, 36, 37].
In this paper, we shall be concerned mainly with generalizations of the works presented
in [8, 33], and [35].

Definition 5 (see [4]) A function f € A is in the functional class S; if
fO)=f(0)-1=0 (1.6)

and

I D)z~ s Lq (L.7)

By means of some higher-order g-derivatives, the following subclasses of multivalent
g-starlike functions, which are associated with the Janowski functions, are defined below.

Definition 6 A multivalent function f of the class A(p) is in the class S(ZJ) [p,v,s, X, L] if

L-1) V(@ N (

" ( @PN ) >0,
(L4 DZQNE 5 gy

@Y1

We call S(’;‘l) [p,v,s,X, L] the class of multivalent higher-order g-starlike functions of the
first type involving Janowski functions.

Definition 7 A multivalent function f of the class A(p) is in the class S(Z,z) p,v,s, X, L] if

o)
B
S

<

o

(

L-1)2" —(xX-1

-1 @9N ( ) !
vy (V4S) - _

L+ )ZRND gy 14l -4
B

We call S(fﬁ) [p,v,s,X, L] the class of multivalent higher-order g-starlike functions of the
second type involving Janowski functions.

Definition 8 A multivalent function f of the class A(p) is in the class S(t,,s) [p,v,s,X,L] if

V+S)
(L- l)z (Q(é) Ne) xX-1)
q )2 1l <1
(v+s) - ‘
(L+1)2 2 SO (x oy
)

We call S(Zﬁ) [p,v,s,X, L] the class of multivalent higher-order g-starlike functions of the
third type involving Janowski functions.
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Remark 1 First of all, it is easy to see that, for (0 < o < 1),

Sen[1,1,0,(1 - 2a),-1] =S¢, 1) (@),

S(*q,z)[l, 1,0,(1 - 2a),-1] S (@),

and
Sia[11,0,(1 - 2a),-1] = 5, 5 (@),
where the function classes
Sn(@); Sgo(@), and S5 (@)
were studied by Wongsaijai and Sukantamala [35]. Secondly, we have

S(*q,l) [1; 17 OrXr L] = S(*q,l) [X¢ L];

Sp[1,1,0,X,L] = S X, L],
and
St3[L,1,0,X,L] = S 5 [X, L],
where the function classes
S(Z,D [X,L], 8&2) [X,L], and S(Z,s) [X,L],
were studied by Srivastava et al. [33]. Thirdly, for (0 £ « < 1), we have

S(*q,l) [p, v, 8, (1 -2a), —1] = S(Zyl)(p, v, 8, ),

St [P v (1= 2a0),-1] = ¢ o) (b, v,5,0),
and
Stz [P v (1-2a),-1] = 8¢ 5 (b,v,5,0),
where the function classes
S vs,a), SgoPvs,a), and (5 (p,v,s ),
were studied by Khan et al. [8].
In this paper, many properties and characteristics such as, for example, sufficient con-
ditions, inclusion results, distortion theorems, and radius problems are investigated. We

also indicate relevant connections of our results with those in a number of other related
works on this subject.
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2 Main results

We start here by giving an inclusion results for the classes
S(*q,l) [p: v, S)Xy L]: S(t[,Z) [p; v, SIXIL]’ and S(t]ﬁ) [p,Vy S;X)L]

of the generalized multivalent g-starlike function classes, which involve the Janowski func-

tions.

Theorem 1 If-1<L<X <1, then
S(*q,g) [p; v, SyX! L] C S(*q'z) [p! VyS:X’L] C S(*q,l) [p’ v, S;XrL]'

Proof Firstly, we let f € S 3)[p,v,5,X, L]. Then, by Definition 8, we see that

VD)
(L-1)* :©(qsb‘>£)(2) -1
‘ — -1/<1,
(L +1)2 2 LD (xy)
®PNe)
so that
V(©(V+S) (
(L-1)7 @’é)f){:) --D q
’ (qv+s -1 + 1 < 1 + 1 (2.1)
L+ 1) 22 DD (x4 d .
®PNe)
By applying the triangle inequality in equation (2.1), we get
(L- 1)% xX-1D
st . SR R (22)
(L 1) f)(Z)_(X+1) -q -q
f)(Z)

The last expression in (2.2) now implies that f € S, , [p, v,5, X, L], that s,
St P, v,8,X, L] C S(; o) [p,v,5, X, L].

We next suppose f € S(Z,z) [p,v,s,X,L], so that

_ z"(’i)qv
(L-1) (@‘;fx -@-D 1
feSyylpvs XLl — 1 <
(L+1)% x+1) 1 74
®PNe)

by Definition 7.
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Since
A A P
1 -1 @) X-0
> p—
_ vy (V+s) _
=g 1 1)Zgg) & _xy1y 174
q
'@
L-1)"—2 2 _(x-1
|1 _( el XY
1-¢q (L+1)27V( D& _(x +1)
@9n@
we have
V(’Dv”f)(Z)
L-1)"5 12 (x-1
q’f<( : ) ( ))>o (ze )
' @U*f)(2) '
(L+1)%—(X+l)

This last inequality now shows that f € S ,[p,v,s,X, L], that is,
S vis, X, L1 C S ) p, v, 8, X, L],
which completes the proof of Theorem 1. d

Remark 2 First of all, if we put v=s+1=p =1 in Theorem 1, we get the corresponding
result due to Srivastava et al. [33]. Secondly, if we put

X=1-2a (0Za<1l) and L=-1,

Theorem 1 gives the corresponding result that was proved by Khan et al. [8]. Thirdly, if
we assign the following values to the parameters in Theorem 1:

X=1-2a (0Za<1l) and -L=v=s+1l=p=1,
we get the result which was proved by Wongsaijai and Sukantamala [35].

Corollary 1 (see [35]) For0Za <1,
Spsla) CSpo(a) CSyy(@).

Finally, below a sufficient condition for the class S(*q,3) [p,v,s,X,L] is given, which also
includes the corresponding sufficient conditions for the function classes S(”;’l) [p,v,s,X,L]
and 5(*,,,2) p,v,s,X,L].

Theorem 2 A function f € A(p) having form (1.1) is in the class 5(2,3) p,v,s, X, L] if it sat-
isfies the following coefficient inequality:

[e¢]

Z(zT(Z,n) + |T(3,n)|)|an+p| < |4 =277, (2.3)

n=1
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where
— [p]q' [p]q'
Tl_(W—S—ﬂg_Tp—ﬂé)’ (2.4)
_ (1 +plg! [n+pl,!
T(Z,n)_([n+p_s_v]q!_ [n+p_s]q!)’ (2.5)

B L+Dm+yl! X-D[r+ply!
T(3”)_([n+p—s—v]q!_ [n+p—s],! >’ (2.6)
and
L+ Dlply! X +1)[ply!
= ([p—s—v]q! T p-sly! ) 7

Proof We begin the proof of Theorem 2 by assuming that the condition in (2.3) holds true.
Then it is sufficient to show that

:D (v+s) f) (2)

|@_D< ) (X_D_1<L
v @ V+S,
L+ 1)27( f){z);z —(X+1)
We have
vy (V+s)
‘ L-)=gr 0 - -1 ) 1'

_ 2‘ 205" Ne) - (D71)(2)
(L+ D@ - (X +D@PNHE)
_ ’ Y12P7 + 300 Yo dnsp?™ P
YazP=s + Y o0 YamAnsp2 P
< 2014232 Yomldny|
= al = 08 Mm@

(21 = 1), (2.8)

where Y1, Y(o,n), Y3,0), and Yy are given by (2.4), (2.5), (2.6), and (2.7) respectively. We see
that the last expression in (2.8) is bounded above by 1 if

oo
> (2Tam + 1 Taml) any| < |1 Tal - 273,
n=1
which completes the proof of Theorem 2. d

Remark 3 First of all, if we put v=s+1=p =1 in Theorem 2, we get the corresponding
result due to Srivastava et al. [33]. Secondly, if we put

X=1-2a¢ (0Za<1l) and L=-1,

Theorem 2 is reduced to the known result, which was stated and proved by Khan ez al. [8].
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3 Analytic functions with negative coefficients
The main aim of this section is to present some classes of multivalent g-starlike functions
involving the functions with negative coefficients. A subset of the class .A(p) which con-

tains all such functions with negative coefficient, that is,

f@=2" =) lanyl2" (3.1)

n=1

will be denoted here by 7. We also let

TS vs, X, L= Sl o, vos, X, LINT - (=1,2,3). (3.2)
Theorem 3 If-1 < L<X <1, then

TSP v,s, X, L1 =TS0, v,8 X, L1 =T S(, 3[p,v,8, X, L].
Proof By the virtue of Theorem 1, it suffices to show that

TSyl v,s, X, L1 C TS(, 5P, v,5,X, L].

Indeed, in the light of Definition 6 for a function f € TS( ;)[p, v, 5, X, L], we have

()
oS N,
2@ -
(L+1) (@(qs)f)(z) -(X+1)
q
so that
(L- I)M —(X-1)
%< @PNE@ ~ 1) > 1
L+ 1)17”9 DB _(x +1)

f (2)

After some elementary and simple calculations, we deduce that

1\

-1,

m( 2(®V1)(2) - 2 (DY f)(2)] )
(L +1)2@Yf)@) - (X + 1)DPf)(2)

that is,

N YizP~° Zrolil Yondnip?" P >_1
20 -1.
Yazb=s =30 Yamnp2™ P

If we now choose that z lies on the real axis, then

2@Yf)(2)
®1)(2)
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assumes real values. In this case, upon letting z — 1— along the real line, we get

[o¢] [o¢]
201 =) 2 omlanpl Z ~Tal + D [ Tamllanpl, (3.3)

n=1 n=1

where Y1, Y2, Y31, and Yy are given by (2.4), (2.5), (2.6), and (2.7) respectively. We
see that the last expression in (3.3) satisfies the inequality in (2.3). Hence our proof of

Theorem 3 is now completed. d

Remark 4 First of all, if we put v=s+1=p =1 in Theorem 3, we get the corresponding
result due to Srivastava et al. [33]. Secondly, if we put

X=1-2a¢ (0Za<1l) and L=-1,

Theorem 3 gives the corresponding result that was proved by Khan et al. [8]. Thirdly, if

we assign the following values to the parameters in Theorem 3:
X=1-2a (0Za<1l) and -L=v=s+1l=p=1,

we have the following known result.

Corollary 2 (see [35, Theorem 8]) If0 < « < 1, then
TS (@) =TS @) =TSz (@).

Corollary 3 Let the function f of the form (3.1) be in the class TS, p,v,s,X,L] (j = 1,2,3).

Then
ITy| - 27
oy < — 220 (3.4
Y@ + [T
The following function f;(z)
Yyl - 27
o=z - 20 _en 5)

Y@ + 1 Yenl)

is best possible, where Y1, Y (o), Yan), and Y4 are given by (2.4), (2.5), (2.6), and (2.7),
respectively.

By means of Theorem 3, it should be understood that Type 1, Type 2, and Type 3 of the
multivalent g-starlike functions which involve the Janowski functions are similar. There-
fore, for convenience, we state and prove the following distortion theorem by using the
notation 7S, [j,p,v,s, X, L] in which it is tacitly assumed thatj = 1,2,3.

Theorem 4 Iff € TS;[j,p,v,s,X,L] (7=1,2,3), then

Yyl -27
[f2)| =r° - (lﬂ—1>rp+1 (neN)|z°|=r" (0<r<1) (3.6)
Yy +1Yenl)



Khan et al. Advances in Difference Equations (2021) 2021:440 Page 11 of 15

and

Yyl —27
If@)| =rP+ (m)r“l (neN) [z°|=r" (0<r<1). (3.7)

The equalities in (3.6) and (3.7) are attained for the function f(z) given by (3.5) and where
Y1, Yo ny Y30, and Yy are given by (2.4), (2.5), (2.6), and (2.7), respectively.

Proof The following inequality can be easily deduced from Theorem 2:

o0 oo
(2Yen + 1TEn1) D lauwpl <) (2 am + [ Tam!)ldup] < Yal =271,
n=1 n=1
which yields
o0 oo
|1E|_'2YH 1
@S+ ) ™ <P 4Py g | SrPy ——— Pl
sl ; " ; e 2Yey + [ Teyl)
Similarly, we have
|T4| - 2'Y\l rp+1

)

o0 [e¢]
@] =7 = laup P = 1P =P " |ayy| = 1P
n=1 n=1

2@y + 1 Ten)

where Y1, Y24, Y(3,2), and Yy are given by (2.4), (2.5), (2.6), and (2.7), respectively. The
proof of Theorem 4 is now completed. d

Remark 5 First of all, if we put v=s+1=p =1 in Theorem 1, we get the corresponding
result due to Srivastava et al. [33]. Secondly, if we put

X=1-2a¢ (0Za<1l) and L=-1,

Theorem 4 will give the corresponding result that was proved by Khan et al. [8]. Thirdly,
if we put

X=1-2a¢ (0Za<l) and -L=v=s+1l=p=1
in Theorem 4 and let g — 1—, we have the following known result.

Corollary 4 (see [23]) Iff € TS*(a), then

l-a) , 1-
r—(m)r < [f(z)| <r+ <2_

The next theorem (Theorem 5) can be proven similarly as we proved Theorem 4, so we

a\ , ~
a>r (|z| —r(0<r<1)).

choose to omit the details involved in our proof of Theorem 5.

Theorem 5 Iff € TS, [j,p,v,s,X,L] (j=1,2,3), then

oz (B2 e
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and

1)(| V| =27
oo+ (I -

The function f;(z) given by (3.5) is the extremal function.
If in Theorem 5 we take
X=1-2a¢ (0Za<l) and -L=v=s+l=p=1,
and let ¢ — 1—, we get the following known result.

Corollary 5 (see [23]) Iff € TS*(a), then

1- (2(21__;))r§ @ <1+ (2(21__5))r (Il =r(©<r<1).

Finally, for the class 7S, [j, p,v,s, X, L] (j = 1,2, 3) of multivalent g-starlike functions with
negative coefficients, the results related to the radii of close-to-convexity, starlikeness, and
convexity are deduced.

Theorem6 Letf € ’TS;[j,p, v,8,X,L] (j=1,2,3). Then, for |z| < ro(j,p,n, X, L, x), the func-
tion f is p-valent close-to-convex of order x with (0 < x < p), where

1
. [(2T(2,n) + | TEn) - X)] "
o = in
(|4l =271)(m + p)

n>1
The function f;(z) given by (3.5) is best possible.
Proof Using Theorem 2 in conjunction with (3.1), for |z| < ry, we find that

f'@@)

z-1

P‘ <p-x (l2=n).
We have thus completed the proof of Theorem 6. g
Remark 6 If we put
X=1-2a¢ (0Za<1l) and L=-1,
Theorem 6 gives the corresponding result that was proved by Khan et al. [8].

Theorem7 Letf e ’TSZ‘I[j,p, v,8,X,L] (j=1,2,3). Then, for |z| < r1(j,p,n,X, L, x), the func-
tion f is a p-valent starlike of order y with (0 < x < p), where

r1 = inf (3.9

[(m,n) 1 Tanm)p - x)]f«
(gl =2 +p—x) |

The result is sharp for the function f;(z) given by (3.5).
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Proof Using arguments similar to those in the proof of Theorem 6, it can be seen that

' ‘
-pl<p-x (e =n)
f PITP ( %
which evidently proves Theorem 7. O

Remark 7 1f we put
X=1-2a¢ (0Za<1l) and L=-1,
Theorem 7 gives the corresponding result that was proved by Khan et al. [8].

Corollary 6 Let f € TS lj,p,v,8,X,L] (j = 1,2,3). Then, for |z| = ra(j,p,n, X, L, x), the
function f is a p-valent convex of order x with (0 < x < p) where

1
2Y (2. Y3.u - n
o= ii[ 2Yam + [ Tamel - x) } ' (3.10)

(Ia] = 271)(m + p)(m + p — x)

The result is sharp for the function f(z) given by (3.5).

4 Concluding remarks and observations

The works presented in this paper are basically motivated by the well-established usage of
the basic (or g-) calculus in the context of geometric function theory. Several subfamilies
of multivalently (or, more precisely, p-valently) g-starlike functions in the open unit disk
U have been introduced and investigated here rather systematically. We have also high-
lighted some known and new facts of our results in form of remarks and corollaries which
significantly make the results important.

The usage of basic (or g-) series in many diverse areas of mathematics and physics makes
it very important. By making use of basic (or g-) series some wonderful works have been
done (see, for example, [28, pp. 350-351]; see also [9, 10, 15], and [14]). Moreover, as we
described in Sect. 1, from Srivastava’s observation [25] about the so-called (p, g)-calculus,
we arrived at the point that indeed the result presented in this paper can be produced for
the rather straightforward (p, ¢)-variations.
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