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1 Introduction
The multi-variable Hermite polynomials have been used in the analysis of charged-beam
transport problems in classical mechanics as well as in the formulation of quantum-phase-
space mechanics. Umbral methods have been largely exploited to study the properties of
the Hermite polynomials. Recently Dattoli et al. applied the method of umbral to obtain
certain results for the Hermite polynomials [8]. The study of umbral formalism provides
a fairly helpful tool in many topics of practical nature concerning physics of free electron
laser. In this paper, we extend the umbral treatment of the Hermite polynomials from two
variables to three variables.

We begin with some umbral results on the 2-variable Hermite polynomials (2VHP)
H,(x,y). We recall that 2VHP H,(x,y) are defined by means of the following generating
function and series definition [2]:

o0 t”
> Hy(x,9)= =& (1)
n!
n=0
and
(3] e
H,(x,y)=n! —_, 2
D) =1 ) =2k @
k=0
respectively.
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The boundary conditions for 2VHP H,,(x, y) are as follows [8, 21]:

H,(x,0) = x" (3)

and

H,(0,y) = n!F(Zi D ‘cos(n%) , (4)

2

respectively.

In this paper, we employ the umbral method to the 3-variable Hermite polynomials.
Also, we exploit the umbral method to obtain several extensions of the 3-variable Hermite
polynomials. Recently, Dattoli et al. gave an umbral method for 2VHP H,,(x, ¥), which plays
an important role in the field of special functions and applied mathematics to obtain all
the relevant properties of the other special polynomials as well as special functions [8].

In [8], Dattoli considered the idea of umbra, denoted by l;y, for 2VHP H,(x, ) as follows:

r'z+1)

B0 = ;

cosr— ‘ (g0 #0), (5)

where ¢y is known as polynomial vacuum and l;y acting on the state ¢ yields 2VHP
H,(x,).

The exponential of umbra l;y is particulary important to derive the generating functions
for 2VHP H,,(x,y). The exponential of umbra l;y is as follows [8]:
o= . (6)

In view of equation (5), 2VHP H,(x, y) can be reduced binomially as follows:

Hy(x,9) = (x+ by)" o, (7)
see [8].
Dattoli [8] introduced the 2-parameter 2-variable Hermite polynomials 2P2VHP H,,(x,
yB a):
Hy(x,y1B, o) = B (x + b2) "o (8)

The generating function of 2P2VHP H,,(x,y|B,«) is as follows:

© t" B o
ZHn(x,ylﬂ,a); ="y eqp(y2t), ©

n=0

where

oo
Clar+pB+1)x"
e,p) (%) = Z cos

, (10)
ar+p
= T(&5=+Dr!

<o¢r+ﬁ )
7
2
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see [8], which is a generalisation of the exponential function. It is worthy to note that
x2
ea,0)(x) =€ . (11)

Now, we recall that the 3-variable Hermite polynomials (3VHP) H,(x, y,z) are defined by
means of the following generating function and series definition [6]:

oo t_n
Z —H(%,9,2) = exp(xt +y£* +zt%) (12)
n!
n=0
and
L H, el )2
n-3k\X»
Hn(x,y, z) = n! Z W, (13)
k=0
respectively.
The operational definition of 3VHP H,,(x,y,z) is as follows [6]:
H,(x,y,2) = eZD’%*yD’%x”, (14)
where
D, := d
T dx

The Gould—Hopper polynomials (GHP) H™ (%, y) are defined by means of the following
generating function and series definition [13]:

o0 tn
> H ) = (15
e n!
and
[%] H—mT 5,1
H™ (x, y) = n! Z >y (16)
no Y= — ri(n - mr)!’
respectively.
Since
~ y% r!
mbr = —Am > 17
3 Po NEFSNR (17)

1 r=mp,peN,
Am,r = pp (18)
0, otherwise.

Dattoli [8] defined GHP H,Sm) (x,9) in terms of the nth power of the binomial given by

H" (x,9) = (& + mb,)"$o. (19)

Page 3 of 16
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The 3-variable generalised Hermite polynomials (3VgHP) HE™ (x, y,z) are defined by
means of the following generating function [11]:

oo t"
D Hwy,2) = e (20)
n=0 :

and equivalently by

(5]

H) (%, 9)2"

H,(f'”’)(x,y, z) = n! ; s (21)
The operational definition of 3VgHP HS™ (x, ,2) are as follows [11]:

H®™(x,,2) = exp(zD5, + yD")x" (22)
and

H,(f"")(x, Y,2) = exp(szc)Hflm) (%, 9). (23)

In this paper, motivated by the work of Dattoli on the umbral behaviour of the Hermite
polynomials [8, 10], we extend the umbral formalism to the 3-variable Hermite polyno-
mials. In Sect. 2, we define an umbra for the 3-variable Hermite polynomials and obtain
umbral definition for 3-variable Hermite polynomials and 3-variable generalised Hermite
polynomials. In Sect. 3, we introduce an extension of 3-variable Hermite polynomials to
4-parameter 3-variable Hermite polynomials by using the umbral formalism and estab-
lish certain results involving these polynomials. In Sect. 4, we discuss some special cases
of 4-parameter 3-variable Hermite polynomials. Some concluding remarks are given in
Sect. 5.

2 Umbra and 3-variable Hermite polynomial
In [3,7, 8, 16], it is established that the umbral method serves as an important tool to deal
with certain properties of special functions. In this paper, by making use of their method,
we introduce the umbral definition of the 3-variable Hermite polynomials H,(x,y,z). In
this section, we also obtain the umbra for 3VHP H,(x,y,z) and study some of its new
properties.

Taking x = 0 and y = 0 in equation (13), we obtain the boundary condition for the 3-
variable Hermite polynomials H,(x, y, z):

il
Hn(oroyz): l
L3+

ni
2cos?’—|cosnn|). (24)

In view of equation (24), we introduce the following umbra:

r

- Zgr!
Vo= rZ+1)

2cos r%‘ — | cos rn|) (o #0), (25)

where ¢, acts on the vacuum .
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It follows from Eq. (25) that
ety = . (26)

Using equations (6) and (26) in equation (12), we get the following umbral form of the
generating function of 3VHP H,,(x, y, z):

o0 t_n Z’ .
D_Hilny,2)s = e gy, (27)
n=0 :

which on expanding the exponential function in the right-hand side and then comparing
the equal powers of ¢ from both sides of the resultant equation gives the following umbral
definition of the 3-variable Hermite polynomials H,(x, y, z):

Hy(%,9,2) = (x + by + &) oo
_ e(EZ+by)Dxxn¢0 Wo

= 66ZDan (x! J’)Woy

where l;y is acting on ¢ and ¢, is acting on Y.

The use of the above equation allows a significant simplification of the theory of 3VHP
H,(x,y,z), and it would be largely exploited in the field of special functions. We note that
such a point of view has opened new avenues in the derivation of lacunary generating
functions and for the relevant combinatorial interpretation [12].

Now, we obtain the umbral definition and umbral operational definition of the 3-variable
generalised Hermite polynomials (3VgHP) HY"™ (x,y,72).

In view of equation (25), we introduce the following generalised form of umbra ¢,:

. Z57!
sczl/’o = @As,m (28)
where
1 r=sp,peN,
As,r = (29)
0, otherwise.
If we take A3z, = (|2cosr%| — |cosrm|), then for s = 3 equation (28) gives (25) and ¢, %o
reduces to ¢, Y.
By equation (28), we have
ety = e (30)

Using equations (23) and (30), we get

Hy(,S'WI)(X; ¥,2) = exp(sesz)H;(qm)(% Vo, G
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which on further simplification gives umbral operational definition of 3VgHP H ) (x, ¥,2)
as follows:

Hr(ls,Vn) (x,9,2) = lseztmby)Dx 41 dovro

= exp(s&.Dy) (% + mb,) " do Vo,

where ml;yrqbo and 4¢," Vo are defined in equations (17) and (28), respectively.

By using Crofton identity given in [9]
3 f () =f(x+ m)LD;”'l), (32)
we obtain 3VgHP H'"™ (x,y,z) binomially as follows:
HY™ (3,9,2) = (6 + by + &) $ovo. (33)

In the next section, we generalise the 3-variable Hermite polynomial to 4-parameters 3-

variables Hermite polynomials arising from umbral method.

3 An extension of the 3-variable Hermite polynomials
It is realised that the advantage of umbral method is that this method serves as an impor-
tant extension of certain special functions that cannot be extended by using classical op-
erational method; see for example [14, 15]. In this section, by using the fact that the power
of these umbras can be any real numbers, we extend the 3-variable Hermite polynomials
to 4-parameter 3-variable Hermite polynomials by using the Hermite umbras given as ley
and ¢, in equations (5) and (25), respectively.

Further, we study the properties of the 4-parameter 3-variable Hermite polynomials
H,(x,y,2|8,a;p,q) and apply the umbral method to aforementioned polynomial.

We introduce the 4-parameter 3-variable Hermite polynomials (4P3VHP)

H,(x,y,z|B,a;p,q) given by
Hn(x;)’; Z|13; o;p, q) = Z’faf(x + 2;1 + Ez)n(powo, (34)

where o, 8, p and g € NU {0}.
By equation (34), we have the following generating function for 4P3VHP H,(x,y,z|8, a;
»9q)

Theorem 3.1 The generating function of 4P3VHP H,(x,y,z|8,«; p, q) is given by

ad t" B o p q
D Huy2lfroip ) = €y e ()28 € (211), (35)
n=0 :
where
o0
C(p+qgr+1)x (p+qnrm
Epglx) = = (‘2003 - \cos (p+ qr)n| . (36)
XO: T(EL 1) 3
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Proof From equation (34), we have

Z H (x,9,2z|8,05p,q Z x+b°‘ +¢0)" oo
n= 0 =0

A [
Jf,iclzy x+by +cz)t¢0 l[f0~

Since itis obvious that [x+5%,¢1] = 0 and [x, @;] = 0 and using the Weyl decoupling identity
(9]

AB_ AbeT | k=[A,B] (keC) (37)

in the above equation, we find

> = Hy(,3,21B, 05 p,) = B ebe eV ey, (38)

which, on expanding the exponentials in the right-hand side, gives

00 00 bar+l3tr e8] Cp+qsts
Z H Wy zlBipa)=et ) Z——3  =——dovo.
n= 0 r=0 s=0

Now, using equations (5) and (25), we get

X n
_‘Hn x;y;ZLB;Ol;p;q)
n=0 n

o0 ar
8 Clar+B+1)y2t"
= eMtyz c
) Z F(‘”;ﬁ +)r!

<ar+ﬂ >’
0S8 T
2

0o s
» Fp+gs+1)z3¢t (p +gs)
X z3 ———— | |2cos
Z M(EE + 1)s! 3

r=0

‘—km@+mho.

s=0

Using equations (10) and (36) in the right-hand side of the above equation, we get assertion
(35). a

Remark 3.1 The function &, 4(x) is a generalisation of ¢*, as for p = 0 and ¢ = 1 in equation
(36), we get £y 1(x) = e

Next, we obtain the following series definition for 4P3VHP H,(x,y,z|8,®; p, q)-

Theorem 3.2 The series definition for 4P3VHP H,(x,y,z|8,; p, q) is given by

. 2": T'(p+qr+ l)z%HyH(x,ﬂﬂ,a)

D(E&EE + Dri(n—r)!

p+qrm
3

H,(x,y,z|8,05p,9) =
r=0

dl

2cos

’ — |cos(p + gr)m |>, (39)
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where H,_.(x,y|8,a) denotes 2P2VHP given by means of the following generating function:

- " xt, B s
D Ha@y1B,0) — = €y e (y22).

n=0
Proof From equation (38), we have

o]

¢ .
> Hulwy,21B,aip,q) = BEae B gy,

n=0
which, on expanding exponentials in the right-hand side of the above equation, gives

00 00 n

Z H("’y'z'ﬁ“f" DI Z”’*’”—%%

nO n= 'rO

n )/? x+ba)n rcl’*qrtn

Mg

o doo-
n=0 r=0

Using equations (8) and (25), we get

Z H(xyzlﬁapq)— ZZF(‘U”””)Z 3 H,,(x,y18,@)

pard D(&EE + Dri(n—r)!
(

Comparing the equal powers of ¢ from both sides of the above equation, we get assertion
(39). O

(p+grm
3

2cos

‘ — |cos(p + gr)m |>t”

Further, we discuss an alternative formulation of the theory of the generalised Hermite
polynomials using umbral formalism, which will be embedded with the technique devel-
oped in this paper.

Now, we obtain the following result.

Theorem 3.3 The following formula for 4P3VHP H,(x,y,z|B,«; p,q) holds:

H, (%, 9,2|8,05p,9))

ZZ( ) ( ) ,,(x,y,zla(r—s)+f5,a;q(k—r) +p,q). (40)

r=0 s=0
Proof From equation (34), we have

)n+k

doo

n+k(x’y’z|,3’ 2 ): fAf(x+b°‘
apn Ak A
- fcp(x+b;‘ +¢f) (x+b;‘ +¢1) oo



Raza et al. Advances in Difference Equations (2020) 2020:640 Page9of 16

Expanding the first bracket of the right-hand side of the above equation binomially, we

have

Hyi(%,3,2|B,5p,q)) = DU Z ( ) x+ b2) e85 (x4 b + 29) "ot

Again, expanding the first bracket of the right-hand side of the above equation binomially,

we find

k r

Hmk(x,y,zlﬁ,a;p, Z ( )( ) s@;(r—s%ﬁez(k—r)ﬂ?(x " Z); . 8Z)n¢0w0

r=0 s=0

Using equation (34) in the right-hand side of the above equation, we get assertion
(40). O

For k = n, Theorem 3.3 gives the following result.

Corollary 3.1 The following index duplication formula for 4P3VHP
H,(x,v,2|8,a;p,q) holds:

Hy,(x, 9,218,059, 9)

_ZZ( )() (%3, zla(r —5) + B,asq(n—r1) + p, q). (41)
r=0 s=0

Further, we obtain the following result.

Theorem 3.4 Thefollowing argument duplication formula for 4AP3VHP H,(x,y,z|8,o; p,q)

holds:
DC) ()
X
s)\r)\u 25U

|a(r—u)+ﬁ,a;q(s—r)+p,q>. (42)

n s r
H,(2x,9,2|8,0;p,q)) = (
s=0 r=0 u=0

’

x Hy_s <x; %

NN

Proof From equation (34), we have

LBop ];a & I;; &
Hn(zx,y,zlﬂ,a;p,q)=bycz[(x+ 5t 5) + <x+ 5t E)] oo,

which on simplification gives

R " in I;a ez n-s [;a ez s
H,(2%.3,208,05p,4) = D)2 Y (s) (’” P 5) <’” P E) Povo-
s=0
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Expanding the second bracket in right-hand side of the above equation binomially, we find

H,(2x,y,2|8,05p,9)

nos pe DANT /adN ST
g n\ (s Y Gz y Cz
- yci’§§(s)<r>(’”7*f) (+3) (5) o

which on further simplification gives

memsanana-ite S35 ()(0)(0)<(5)(G)
i i ACVAZA 2 2

X x+];—;+§ ;th/f
5ty 0V0o-

Using equation (34) in the right-hand side of the above equation, we get assertion (42). [J

Now, we find the following series representation of the 4-parameter 2-variable Hermite

polynomials in terms of the 4-parameter 3-variable Hermite polynomials.

Theorem 3.5 The series definition of 4P2VHP H,(x,y|8,a;p, q) is given by
" (n
H,(x,y1B,030,q) = ) <r> (~1)"Hyy(x, 3,21 B, 05 + q1,q). (43)

r=0

Proof From equation (34), we have
Hy(x,y1B, 05 p,q) = B2 (s + b + &4 — 1) "o, (44)

from which, on expanding binomially, we get

H, (%918, p,4) bﬁcpz() Y (o + B + )" povo. (45)

Using equation (34) in the above equation we get assertion (43). d

Remark 3.2 For taking p = 0 and g = 1 in equation (44) of Theorem 3.5, we get the follow-
ing series representation of 2P2VHP H,(x,y, |8, «):
"\ (n
H,(x,y18,0) =) ( )(—1)’ wr (3,218,057, 1). (46)
r

r=0

Remark 3.3 For taking 8 =0, @ =1, p =0 and g = 1 in equation (44) of Theorem 3.5, we
get the following series representation of 2VHP H,,(x, y):

Hn(x’y) = Z (:) (_l)an—r(x:y: z|-L;r, 1) (47)
r=0
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Now, we obtain the operational definition of 4P3VHP H,(x,y,z|8,a;p, q).
Since D, H,(x,y) = nH,_1(x,y) and D,H,(x,y,z) = nH,_1(x,7,z), it can be verified that

Ho(x.9,21B,0:p,q) = ¥ ) (V2 D2)25 € (3 D2)",
and for taking & = 1 and 8 = 0, we have
H,(x,%, 20~ 1:0,q) = 25 €, (3 D,) Ho (. 9).
In the next section, we consider some special cases of the results established in this section.

4 Special cases

In this section, we obtain certain new as well as known special polynomials by using suit-
able choices for parameters and variable z in equations (34), (35) and (39) as special cases
of 4-parameter 3-variable Hermite polynomials.

In the following table, the umbral definitions, generating functions and series definitions
of certain polynomials are listed.

For the same choices of parameters «, 8, p and g considered in Table 1, equations (41)
and (42) give the index duplication and argument duplication formulas for the special
polynomials mentioned in the same table. The respective formulas are listed in Table 2.

In the concluding remarks, we present further argument supporting the effectiveness of
the umbral method.

Table 1 Some new and known special polynomials

S.No. Para- Polynomials Umbral definition Generating function Series definition
meters
B e 1 Al
_ . BB B a0 t ClptriN)z 3" HnriylBe)
q=1 Hn(x,y,z|1B,a;p,1) yC§<X+by +) oo €y Ze g2 023 Epr230 N3 OW

(|2cos M|—|cos(p+r7‘r\

B 1 p q
_ : a\n 1,5 30,3 3 n F(p+qr+WzTHn oyl |
Il a=1  HnlyzlB.1:p.0 C?(x+by+c oo €y Zeq 2023 Epgle3n YL, T i
(12 cos w | = |cos(p +gnm|)
B B 1B ! C(p+r+1), p;,/-( 18,1
_1 . AP A B, oas t, 7 bl n +r+1)z n-rxy
MMl Z;J, Hn(x,y,z18,1;p.1) )/[!Z)(XW)/*CZ)”‘#OV/O eXyZem’ﬂ)(y2f)z’5 5p,1(2§t) /7‘.2,_ W
(|2cos (DH” |-|coslp+nm|)
8B b 4 29 B 4 i o Tl ooyl
IV. p=0 Hnlxy,z1B.e-q) b, (c+ b5 +E2) oo Xy 2 1% 0€0,4@3 1) Y, W X
(]2 cos @l— | cos(gnrr])
~ N /3 o 3
Voo =0 HpyzBai) BB vedovn ety T eq g2 0 ”‘Z %
=1
B 1 q g
. L q 3
VI. a=1; Hn(x,y,z1B,1;-.q) bf(erby +c?)”¢ox/fo Xty2 E(W,ﬂ)(y? r)EO’q(Z3 ) ”‘-Z?:o %W
p=0 3
(|2cos W;” | - coslgnr])
. . B 13 2]
VI a=1 HkdB e uebyreagowy &2 eq,p2 et ‘Z %;y)w”
p=0
g=1
a P q @
VI B=0  Hnly,zl-ep,q) E‘?(XHBO‘ +eNgovg ey 2023 Epgle3 ) Yy l"(p+q!+Biq, Hn-rbyl-e)
’ F(T+1)f!(n—r)l
(|2 cos (p—Jr@ | = |cos(p +gnm|)
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S.No.  Para- Polynomials Umbral definition Generating function Series definition
meters
Ol P 1 r p;r
IX B=0  Hnlyzapl)  LurbE i dovy  Meol 2 023 65130 Xy w
g=1 ( +1)ri(n-r)
(\Zcos% —|cos(p+nNr|)
210 4 B
X. a=1; Hn(,y,21-,1;p.9) C‘?(X+by+( Moo X 23 Epqlz31) n‘.Z,”:O r(erq(’;Jrq, 5 ‘(H” )’(Xy>
+1)ri(n-n)!
B=0
(\Zcos(p—fﬂ | = cos(p +gnm|)
. 2 8 1 I‘(p+r+1)zDT o) o
XI. a=1  Hpyz-p ) Burby i) govy &M 23 g3 MY, rE (” ; Y
B=0;
g=1 (\Zcoswlflcos(pwrn’
PO a q 3‘
XII. B=0; Hnx,y.z|-,a;-,q) (x+b7 +C§)”¢O¢O exre(ayo)(y 2 [)Eo’q(z3 1) nl , 0 W
p=0 ( (gnm
|2cos “5=| - | cos(anm )
- B e yn t % 3 ]ZHN 3, (Xyl-@)
XIIL. B=0; HnWy.zl- =1 (+ b +22) dovrg e o) 2 0e” ‘Z 0o IR
p=0;
qg=1
N 2 q 3‘
XV, a=1 Halyzltimg) rby+eegwg @ g3 ¥ W
=0
B (qr)n _
p=0 (|2cos | - | cos(gnm|)
XV. a=1; Hn(x,y,2) (x+by + ) P e(xr+yr2+zr3) 6] ‘Z ]M 6l
. ﬁ— ; nX.y, y Tz PovYo M(n-3n!
=0;
p=0;
qg=1
XV p=0;  HnlylBa 86 o+ b2 gy, (8] exfy"f’e vZ 018 nl Llarspin” ’yw;ﬂ x
=0, v p =0 M 1)(o-ry
z=0 |(cos aqﬂn’)\
B .; 8 1 C(+p+1x" s
XVIL - p=0; Hn(xylB. 1) b, (x+by)" g ey Zeq 20 Y, = Y~ x
q=0 ! (2L -
a=1; |(cos #7‘[)
z=0
o Wi, S
. s t Clart )"y
XVIIL. ﬁféJ, Hn(x,y|- e) x+56)"dg X e(ayo)(yTI) ”‘Zr_o W x |(cos & &« "))
p=0;
q=0;
z=0
. 2 2 - K120y
XIX. B=0; Hn(x,y) (x+by) gy (8] ST 2] nl Z, 20 ,,n 51 [2]
p=0;
a=1;
q=0;
z=0

5 Concluding remarks

Gaussian integral representation of Hermite polynomials as well as specific umbral meth-

ods play an important role in classical problems arising in quantum optics, quantum me-

chanics, biomathematics and engineering (see for example [1, 17-20]). They are exploited

to calculate the optical mode overlapping and transition rates between quantum eigen-

states of the harmonic oscillator. A general method allowing the direct evaluation of these

integrals has not been developed. Babusci et al. described a unifying method, flexible for

generalisation, which provides a direct method for the evaluation of this class of integrals

4, 5].
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Table 2 Index and argument duplication formulas

S.No.

Polynomials

Index duplication formula

Argument duplication formula

B

Vil

VL.

XI.

XIL.

XIIl.

XIV.

XV.

XVI.

XVII.

XVIII.

XIX.

Ha(,y, 218,050, 1)

Hn(,y,2IB.1;p.q)

Hax,y, 218, 1:p,1)

Ha(x.y,21B,0-,9)

Ha(x,y,218,0;=1)

Hnx,v,218,1;-,9)

Ha(x,y,218,1;-1)

Ha(Xx,y, |-, a;p,q)

Hy .y, 2= 0;p, 1)

Halx,y,z|-,1;p,q)

Hol,y,zl=1;p,1)

Halx,y. 2|~ a;-,q)

Halx,y,z|-a;=,1)

Hi(,y,21=,1;-,q)

Ha(x,y,2)

Hy(x,y1B,0)

Halx,y18,1)

Ha(x, yl-, o)

Ha(x,y)

Yoo (VO Ha .y, Zleelr = 5)+ B.atzp+n=1,1)
Yo Yoo () (X Halcy, 2l =5+ B,1:q(n = 1) +p,a)
Yoo (NOXH Xy, 2l =s+ B, ;n=r+p,1)
Yoo (N OXHax,y, Zloelr = 5) + B, ot gln -
S (OO Haly Zlor =)+ Boain —r, 1)
Yoo (NOXH Xy, 2lr =5+ B,1;g(n -
Yo X () OeHa by, zlr=s+ 8,10 =11
Yo Yo () () Halxy, Zlexr = s),06:9(n = 1) + p,q)
Yoo (DO Ha Xy, Zlaelr = s),e;n =1+ p, 1)
Yo Y (V)X Haly,2lr 5,100 =N +p, )
oY (N OX Haly,zlr=s,1;n = r+p,1)

Yo Y () (OHa .y, zloelr = 5), e q(n = 1),q)
Yo Y (NOX Halxy, zleer = 5),ct;n = 1,1)

Yo Yoo () ()% Haly, 2Ir =5,1:9(n = 1), q)

5 Sl () (6 Habisialr =5, Tin 1,1

Yoo ()X Halx,yleeln =n) + B, cx)
Yoo (X Haleyln=r+B,1)
oo (X Halx,yla(n = r), o)

Lo (X Haxyin 8

PIRD DD B 0()(5)(L)Xu25;u x

Hnsb, &, Sloer—u) + Ba;s—r+p,1)

ZSOZrOZuO()()() Yt X

Hos0, 5, 51r=u+ 8,195 =1 +p,q9)

p OZrOZUO()()(u) zs;u;(

Hoss06, %, 31r—u+ B, ;s —r+p,1

Yo Yo 2o (D Q) (X 577 X
Hoos0, %, S leer = u) + B, o qls = 1), 9)
Yo Lo Lo (D Q) O 5 %
Hosb, 8, Slaer—u) + Bas =1, 1)
Yo Y0 2o (DO 0¥ 7 x
Hs(, 5, 51r=u+ B,1;965-1),q)

™
ii
o
7
™
e 5
I
—
)
N
—~

-0 OO 7 x
Host, 5, 51 =u+ B, 1;5-1,1)
T0 Xm0 T (DO O 5t >
Hns(x, 5, 5 lee(r = u),0;q(s = 1) +p,q)
Yo Lo Xio ()OO 57 %
Hos(, 5, 5 lae(r=u), ;s =+ p, 1)
Yo Lo Yo ()OO 57 %
Hns(, 5, 51r=u,1;q(s =1 + p,q)
Yo Lo Xio ()OO 57 %
Hps(x, glr— 1,5—r

™
N:\KM NE\KM r\EKM r\EKM r\EkEﬂm r\EkM r\EKM rx}|\<M V{JI‘<M o<
21

o200 (DO (O 5

Hnes(x, 5, 5 loe(r = u), a;q(s = 1), q)
Yo X e (OO 7 x
Hyos(x, §|a(r—u),a s—=r,1)
Y0 im0 2im0 (DO QX 77 %
Hos(, 5,5 1r=u,1;q(s = 1),q)
Ero T Do ()00 3

s 5, 5P -0, 155,
Yo Lo (O 5 %
Hos(, 5 |la(s =1 + B, o)

We consider the following integral:

o0
I, :/ H,,(ax+b,y,z|ﬁ,oz;p,q)e_”‘2+§xdx.
—00

By equation (48), we have

[e¢]

n=0

" e [ "2
Y L—=> | Hylax+byzlBc;pq)—e *dx,
n! — ) n!

(48)

Page 13 of 16
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which on using equation (35) gives

00 n 00
B p
L= ="y e (y7£)25 £y (23 1) / et gy (49)

n=0 n -
Since

/00 ebx—ax2+c dx = \/_Eeiz +c

o Ja

see [5], presenting the Gaussian integral, we find

i[ 'y e (5 0)25 € 3t)ﬁ o, b0, (50)

— =e"y%e z z ex — + —=t).
Z " y2ewp(y? P NG p c 4c 2%

Using equations (1) and (35) in the right-hand side of the above equation, we obtain

t}’l+V

WV at a
Zln;=$e p( )ZZH by,ZIﬂ,ap,q)H(z 4C>n,r,

n=0 n=0 r=0

Next, comparing the equal powers of ¢ from both sides of the above equation, we get

VT (N (n at a
fn-%exp(a);(r) H,(b,y,218,0;p,)H (2 40) (51)

In view of equations (48) and (51), we get the following result:

f H,(ax + b,y,z|8,u;p, q)e_cxz"s" dx
JT 52 “ (n ag a’
= — r b b » O P, H
NARAVT x; | Hnr(b,3, 218, 03, 9) 2 Ie
Again, using equation (35) in the right-hand side of equation (50), we find
2r tn+2r

00 o \/—
Zl”;:_ Xp( )ZZH <b+ o 02Baipg )(‘l 4¢) nir!”

n=0 : n=0 r=0

Comparing the equal powers of ¢ from both sides of the above equation, we get

2
I, = ﬂexp (€—>n'

4c

[%] 1 2r

S (m—2r)ir!

n 2r<b+ g,y,Z|/3»Ol Pr ) a (52)

(4c)

r=

In view of equations (48) and (52), we get the following result:

o0
/ H,(ax + b,y,z|8,a; p, q)e‘cx2+§x dx
-00

(4]

JT £2 ‘ 1 ak a”
= — -— . 71—[;47 r ~ ) » 05 P, M
L xp 4c e VX:O: (m—2r)r! (bt 2c »2p.apq (4c)r
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Similarly, for the same choices of parameters «, 8, p and g considered in Table 1, we can
evaluate the integrals involving the special polynomials mentioned in the same table.
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